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Total marks - 60
Attempt Questions 1-3
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (20 marks) Use a SEPARATE writing booklet.

(a)

(b)

(c)

(d)

(e)

®

(2)

(h)

)

(i) Calculate |15-20i],
(ii) Find arg| -1 —ii .
/2

Solve x? = 4x-20 over the complex field.

The polynomial z3-7z2+25z-39 has one zero equal to 2+3i. Write down
its three linear factors.

(i) Differentiate xInx.

(i) Hence show that a primitive of Inx is xInx - x.
Give the domain and range of 3cos™!3x.

Find the square roots of 5+12i.

Show that z-i is a factor of z3+2iz2%+3i.

Prove that the complex numbers 1+6i, 3+10i, and 4 +12i are collinear
on an Argand diagram.

The curves y =Inx and y =x-1-1 intersect near x = 1-5. Use one iteration
of Newton’s method to get a better estimate.

Ext2Ma(02Nol —2—

Marks

SBHS




Marks
Question 3 (20 marks) Use a SEPARATE writing booklet.

iy Show that =1-u?+u*-ub+ud-.
(@ T2 2
(ii) By integrating both sides of the above expression from 0 to x, show 3
by a suitable choice of x, that LIS S W G
4 3 05 7

® @ z=x+iyand z' =1+ -1—, obtain an expression for z’ in the 3
Z
form x'+1iy’, and hence express each of x’ and y’ in terms of x and y.
(ii) Find an algebraic relation between x' and y’ when z has constant 3
argument 0.
©) 2 :
6,6
.
0 T T N O O O O
A
o x'
The lines in the above figure represent the streets in a city. A messenger
wants to get from (0, 0) to (x, y), where x, y are non-negative integers,
moving in the positive directions of x and y only.
Let the number of possible routes be denoted by f(x,y).
(i) Evaluate f(k,1). 2
(ii) Show that f(k+1,2) = f(k,2) + f(k+1, 1). 3
(iii) By means of mathematical induction or otherwise, prove that 4

f(m,2) = —;—(m2+ 3m + 2) for all non-negative integral values of m.

End of paper
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Question 2 (20 marks) Use a SEPARATE writing booklet.

d -1
Prove that —cot™lx = .
®) dx 1+x? 3
(b) A A line DE parallel to the base BC of a triangle ABC 3
F cuts AB, AC in D and E respectively. The circle
E  Wwhich passes through D, and touches AC at E,
meets AB at F. Prove that F, E, C, B lie on a
D circle.
C
B
(c) (i) Sketch the locus of z on an Argand diagram such that 2
|z] = |z+1-v/3i].
(ii) Describe the locus of z shaded on the Im 3
diagram. 3
- _3\< i)
/
/
/
s/
(d (@) Use De Moivre’s theorem to express cos 38 in terms of cos and 3
sin 36 in terms of sind.
(i) Use the result to solve the equation 8x3-6x+1 = 0. 2
27 4n )
iiiy Deduce that cos—— + cos—— = cos—.
(iii) 9 9 9 2
2

. [Hint: try completing the square.]

(e) fz dx
0 y2x-x?
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{(c) (11) Method 2

2 mi2! 2

k+2) k+2 k43 Lox ~3x~-4
f(/c,Z):)( X /!,f(k+l,1)=( ] ),f(_/c+l,2)= ; ) .................. .
1
(k+2) (uz) (k+3J L&~ T
+ =
{ ZJ R T e L @ o g
S i L. n+1 n n Q- & 3, 3
bccauseoﬂ’ascalsre]atlonshlple =0 1+ | R
1 i i—
‘5 s
@~y uz ity
() (11)  Note that m>0
(m-:-}l\ (m+2l (m+2)m+1) 2 4 @ : AR
f(m.2)=| =- = =—;(m +3m{~f) @l} }uwfrwt, -«
\

FEF = Ané - 6
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I
i()l( with mathematical inducticn J . s
' Pl 3 et

> = : “ Rfl_
Whenm =0, LHS = f(0,2)= » I ., o 2"{‘ wE m . }(]/
RHS = (¢ +g/.()+,7.)=1 W '77"“/
Sotrue for m =0 90&‘ - Lo \?\ /m” e n/]

Assume true for m = kie j'(_k,2)=-§(kZ +3k +2)
NTP that /(k+1,2)=4((k +17 + 30k +1)+2) =1 (k? + 5k +6))
LUS= f(k+1.2)

=f(k2)+ f(k+ 1)) from (ii)

SiFekaetrn pom o X
=4(K 43k +2) +1(2k +4)
=-;( +5k +6))
S0 by the principle of mathematical induction, f(m,2)= -ZL(m2 +3m + 2), m20

12) oy

(d) (I\ Cd‘@lQ = ((A/)GJL J0)
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Question 3

; _ 2 4
(a) ) NTP]+u2_l—u +u —-~-forlul<l yA
RHS = 1-4 + ' —-.. an infinite geometric series with a =1, r = -2/
~ 8. existssince|u|<1:uz<1.'.|rl<l
< a 1
Sn—__—‘\_ E
1-r  1-(-=1") ]+uzQ
(i) J d"=J (l—u +u - )a’u 3
0 0
£ Il‘ u‘
tan u]U u— +_5'—
0
t Y3 Xs
a e
n X X + 5 +
Letx=1
- n I 1
tan =S =1~ 4~ -
4 3°5 QED
®» s=x+ip, I =x iy =1 +_1_ 3 (i)  argz = @=constant 3
1z  x-iy ) tanG:X
z l.l2 xP+y? x
] . \”-—1: 2.).’
1+—=1+ f-’);:( + 2.X' )—1 d Ty
z X+ X+ y Xty o2
~ 7)Y =7 2
x'=1+ 7r _)y':— 7y T
x*+ x° -hy2 Y
—y 2 2
.'_.=L‘“_V_=X:[an9
x'—1 x X
x+37
. tanf =~ r
- X
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Method 1z Addition Principle

A corresponds to (1,1)
B corresponds to (2,1)
K corresponds to (£.1)

I 2 k

There is 1 way to get to (0,1) and | way to get to (1,0). So thereis | + 1 =2 ways o getto A.
There is 1 way to get to (2,0) and 2 ways to get to (1,1). So thereis [ + 2= 3 ways to getto B.

So there are k + | ways to get to K.
Method 2:

Use R to denote every time one move to the RIGHT is taken, and U to denote one move UP.
To get to K, there must be k R’s and only 1 U. So that 1 possible route is represented by the
word RRR:--- RRRU . So all possible words would give all possible routes.

This means the number of permutations of k + 1 letters, with k letters exactly the same

(k1) k+1
e————k! —/(11—[‘

(i1) Method 1:  Addition Principle The number of ways to get to N is

cqual to the number of ways of
getting to L + the number of ways
of getting to M.

> L| N f(k,2) = number ways to [.
’ f(k+1,1) = number ways to M.
—AL_B KM f(k+2,2) = number wavs to N.

ic f(h,2y+ flh+11)= f(k+22
QLD




