SYDNEY BOYS HIGH SCHOOL

ViR, TUiE
2%, 3
q 3 v

EXTENSION 2
MATHEMATICS COURSE

July 2001

Assessment Task # 2

Time Allowed: 2 hours (plus 5 minutes Reading Time)

Examiner: Mr E Choy

INSTRUCTIONS:

Attempt all questions.

All questions are of equal value.

All necessary working should be shown in every question. Full marks may not be
awarded if work is careless or badly arranged.

Standard integrals are provided on the back of this page. Approved calculators may
be used.

Return your answers in 4 sections: Question 1, Question 2, Question 3 and Question
4. Each booklet MUST show your name.

If required, additional Answer Booklets may be obtained from the Examination
Supervisor upon request.

Marks

Question 1
(@ By using a suitable substitution find 2
J xcos(n?) dx
®) 2
Find J Plxrdr
(¢) () Find constants 4, B, C such that 3
1 _ 4 + By C
G+ +1) 1l A+l
(ii)  Hence evaluate 2
S
W INA +1)
@ By considering cos® x=1-sin’ x, or otherwise, evaluate 3
o
o Lsing
(e} Using = cos28 show that 3
l
j 1% pen
GV1+x

Question 1 is continued on the next page




Question 1 continued Marks

® (i) Given that
o
P+

1

Show that 7, , = —;—J’ 008" u du

(i)  Hence, find Z; leaving your answer in terms of x.

Section 2 (Start a new answer booklet) Marks

2x 10
x*+1

(@ The diagram below represents the curve f(x)=

1,y y=r(

v

(_1’ - I)

Sketch the following on separate number planes, without using
caleulus.

@ y=fx

@ y=rl

@) pf=70)

vy y=r@2x

©  rxflx=1

@iy  y=®
(vi)  p= max( /i (x),%), where max(a, ) is defined below:

aif az b

max(a,4)= {bif b2a

Question 2 is continued on the next page




Question 2 (centinued)

()

(©)

@

Sketch the graph over the interval =3 < x <3 of the function which

is defined forallx e R by

f(x)=x-ifor0<x<1

f(=x)= f(x) forall x
f(x+2)= f(x)forall x

Two students, A and B, were asked to find % for the curve
2
x
—ty=3
v y

Student A worked at it directly, using the quotient rule and

obtained the answer ———.
o

Student B made life easier by multiplying through by y and the
differentiating. B obtained the answer -3:—2—’;——
-~y

Has somebody made a mistake or can the two solutions be
reconciled?

[63) Express in the form  rcis o

(\Ei +1*
-y
(i) By considering (1-7)’, show that

a-if=8

Marks Question 3 (Start a new answer hooklet)

4 @

)
2 © O
(ii)
(iii)
@
4
(©)

If P(x)=2x"~ 204" + 744" - 120x + 72 has two double roots, then
factorise A(x).

A person wishes to make up as many different parties as he can out of 20
persons, each party consisting of the same number.

@) How many should he invite?

(i)  To how many of these parﬁes will the same person be invited?

Express i and (1+7)" in mod-arg form
Simplify cisf + cis(—6)

Let M, N be positive integers. .
The polynomial +*#(1- x)" when divided by 1+ 2* has a remainder of

ax+b.
Using the results from (i) and (ii) above, or otherwise, show that

= () | P2 o - () cof L2

4

A 200 g mass moving on a smooth horizontal surface encounters a
resistance of %%;— N when its speed is v m/s.

Show that its speed is reduced from 3§ m/s to 1 m/s in a distance of
30 cm.

An object of mass m kg is thrown vertically upwards.

Air resistance is given by R =0-05mv* where R is in newtons and

v ms™"is the speed of the object.

(Take g =9-8ms™)

If the velocity of projection is 50 ms™, find the time taken to reach the
highest point.

Marks




Question 4 (Start a new answer booklet) Marks
(@ (@ Showthat 2—7isaroot of the equation 272 — 2 +22+10=0 5
(i) Hencesolve 7' =27 - 7 +2z+10=0
7

() Eight people are to be seated at a round table.
@ In how many ways is this possible?

(i)  In how many ways can the people be seated if two of the eight
people must not sit in adjacent seats?

(iiiy  If the eight people are four men and four ladies, how many ways
can they be seated, if no two men are to be in adjacent seats?

(iv) Ifthe eight people are four married couples, how many ways can

they seated if no husband and wife, as well as no two men, are to
be in adjacent seats?

Question 4 is continued on the next page

Question 4 continued

() Two circles touch externally at a point T.
A and B are points on the first circle such that AT = BT, and C and
D are points on the second circle such that 4C and BD meet at T.

B

D
(i) Copy the diagram and include the information above.

(i)  Provethat ZB4C=ZLACD
(iii)  Prove that ABCD is a trapezium with two equal sides.

The line BC cuts the first circle in ¥ and the second circle in /7,
and the line 4D cuts the first circle in U and the second circle in Xl

@iv)  Prove that the points U, ¥, W and X are concyclic.

THIS IS THE END OF THE PAPER
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= 27, d
2 cu = 22 .oy = AIX 24 ¢ RO
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8 smx
-_[ sec? xdx — j
cos’ x

z ok
= tan—— js secxtanxdx
4 Jo

=1-(v2-1)=2-V2




% 1-x
o [
’ 0 1£() r

1+x
dx
x=cos20=dx= —25in20d6 = ~4sinf cos 8d0 IL,=| —= Let x=atan®
b4 J (x2 +a* )"+5 - dx=asec* 0d6
x=—1==>9=5;x=1=>6=0
2 2 asec’ 040
1—cos26 = 2sin? 8;1+ cos20 = 2cos” 6 I,= —
0 . J (aztan26+a2) 2
=I,_,|tan6|><(—4sm9¢os€d0) ]
: asec® 6d0 s )
z T =| — tan’0+1=sec” 0
=222sin’0d6 tan6| = tan6 for 06 <~ ) (@secto)

3 j asec’ 0d6
a

z z
=22 (1-cos26)d6 =2[6 - Lsin20] g

=2xZ=n 1 _de
= —‘;—"J cos>™ 646
G n=2a=1
I, = J c0s°0d0

= I (0052 0 cos 9)d6

= | (1-sin® 6)cos6df o= tan6
= ‘f (cos@ —sin*Bcos 9)d9

=sin6—-j sin” @ cos0do x 1+x
=sin6 - [ sin’ 0d(sin6) .

= sin6—%sin39+c
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(\/§i+1)4 SGi+1=2cisZ

. 3

2(d)() ——-—*—(1 5 -
== -i) 1—i=«/§cis(———) e
— 4
p— 16cis4—7t e
_ = > [DMT] _

2ﬁcis(———)
..... 4
----- 257 T
= 42cis 2t = 4-f2cis —

_ V2cis 2 V2 01812 L
_ I L S T ) M > .'
e e -8x o I

= 8¢
(3) P(x)= 2x* = 20%° + 74x* —120x+ 72
@ This has two double roots, call them ¢, ¢, B&p
200+28=20/2=10= 0+ =5
ot + B +4af =36
202B+ 20 = 60 = 200+ f) =60 = 50f8=30=0f=6
ng: 5} =a,f=23
So the double roots are x = 2,2,3, 3

Alternatively P(x)= 25 —20x% + T4x* —120x+ 72 = 2(x* - 10x° + 37x* — 60x + 36)

So applying the Remainder Theorem by testing 36 ie x = +1,42,#3,%4,36,49,%12, +18,136
So getting to x=2=> P(2)=0. Then use the fact that (x— 2)* is a factor to get
P(x)=2(x— 2% (x— 3)* and hence the same result.
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(i

(iii)

(v)

D

ZBAC = /BTE (alternate segment theorem)
ZBTE = ZDTF (vertically opposite angles)

/DTF = ZACD (alternate segment theorem)
. ABIICD (alternate angles are equal) = ABCD is a trapézium and ADTC is

isosceles.
AATD = ABTC (SAS) = AD=BC & ZADC = ZBCD.

ABCD is a cyclic quad (4BCD is an isosceles trapezium)

WXCD and ABUV are cyclic quads too.
Let ZBCD = x = LUXW = x (exterior angle of a cyclic quad).

As well ZBAC = x (opposite angles in a cyclic quad ABCD)
- ZBVU = x (opposite angles ina cyclic quad ABUY)

~ ZBVU = LZUXW = x

Hence UVIX is a cyclic quad since the exterior an
opposite interior angle.

gle of the quad is equal to the




