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Question 1. (15 marks) ’ ~ Marks

Question 2. (15 marks) Marks
(@) Find: (i) J. L dx s {a) If kis a real number and z = k - 2i express (iz) in the form x + 1y 2
x+8 where x and y are real numbers.
(i) {— .
X +9 (b) Solve the equation 2
z=3z-1
{(b) Use integration by parts to find ' 3 where z =x+1y (x, y real)
J xInx
{c) On an Argand diagram shade the region specified by both the 3
(c) Use completion of squares to find 2 conditions
dx
I‘/e—x-'x‘ﬂ Im(z)<4 and |z-4-5i|<3
. {ing. 9
@ i) Find real numbers a, b and ¢ such that — ! - 1— b +-5 4 (d) If cisf = cos 0 +isindexpress
. X2 - x) x 2—-x
(4cisa )’ (2cispy’
. ' dx
i) Hence evaluate j BT in modulus-argument form.
T X (2-x)
(e) Use the substitution x = tany to show that ' 3 \e) \ w z% W) Tre ZAX+T
1 i
I Bt E t it is urely fms4
S 1y "8 ' i
: Flocud ¢f w 0!

0
= If cand B are real show that (o + Bif*” + (B~ aif* =0. 2




Question 3. (15 marks)

(a)  Consider the function
x3
flx)= 7
i) Show that f'(x)= E[S;;C]
(L—x)

ii) Use the first derivative f'(x) to determine the nature of the
stationary points.

iii) Write down the equations of any asymptotes.

iv) Sketch the graph of y = f(x) showing all essential features.

() i) Sketch the graphs of y=sinx and y=+/sinx for 0<x < —725 on
the same diagram.
2 b3
ii) Hence show that 1< J‘«/sin xdx < 5
0
NOTE: You are NOT required to evaluate the integral I«/ sin xdx
0
(c) In the diagram below po/ints P and Q represent the complex numbers

z, and z, respectively.

56

Qt2)

[¢]

i) Copy the diagram in your examination booklet and indicate the
point representing the complex number z, +z,

— ii) If the length of PQ is |2, — z,| and |z, — z,| =|z, + z,| what can be

. z
said about ~%
Zy

Marks
8 (@)
(b)
(c)
a
(d)
3

Question 4. (15 marks)

The real cubic polynomial ax®+9x*+ax=30 has —3+ias a root.

i) Show that x*+6x+10 is a quadratic factor of the cubic
polynomial.

if) Show that a = 2.

iii) Write down all the roots of the polynomial.

Show that the polynomial P(x)=nx"" —(n+1)x" +1 is divisible by (x—1)*

i} Sketch the graphs of y=

1
;— and y= 21 on the same set of
x +1 X +2

axes. :

ii) The area bounded by the two curves in (i) and the ordinates at
x=0 and x = 2 is rotated about the y-axis. Use the cylindrical
shell method to show that the volume of the resulting solid is

7z1n§.
3

A drinking glass is in the shape of a truncated cone, in which the

internal diameter of the top and bottom are 8cm and 6cm respectively.

A M B

AB = 8cm
CD = 6cm

R P |

i) I the internal height of the glass, MN, is 10cm show that the
area of the cross-section x cm above the base is

2
7|3+ X cm?,
10

i)} Hence find by integration, the volume of liquid the glass can
hold (answer to the nearest mL).

Marks




Question 5. (15 marks)

2 2
The equation of an ellipse E is given by %+y? =1
i) " Find the eccentricity of E

ii) Write down the
a) coordinates of the foci
B) equations of the directrices
v) equation of the major auxiliary circle A.

iii) Draw a neat sketch of E showing clearly the features in part ii)

iv) A line parallel o the positive y-axis meets the x-axis at N and
the curves E, A at P and Q respectively. If N has coordinates
(3c0s6,0) find the coordinates of P and Q. [P and Q are in the
first quadrant]

v) Show that the equations of the tangents at P and Q are
J5xcos + 3ysinf = 3.5 and xcosf+ ysinéd =3 respectively.

vi) Show that the point of intersection R of these tangents lies on
the major axis of E produced.

Mvii) Prove that ON+ORis independent of the position of P and Q on
the curves.

Marks

Question 6. (15 marks)

(@)

(b)

i) A particle of mass m falls vertically from rest, from a point o, in
a medium whose resistance is mkv, where kis a positive
constant and v its velocity after t seconds.

Show that v= §(1 _ e—kt)
k

ii) An equal particle is projected vertically upwards with initial
velocity U in the same medium. [The particle is released
simultaneously with the first particle].

Show that the velocity of the first particle when the second
particle is momentarily at rest is given by U

+
where Vis the terminal velocity of the first particle.

s

ABCD is a cyclic quadrilateral.

The sides AB and CD produced intersect at R and the sides CB and
DA produced intersect at S. ST and RT intersect AR and CSat Pand Q
respectively.

The bisectors of CSD and ARD meet at T.
Let AST =BST=a and ART =DRT =pfand 4BS=0.
i) Show that TPB+TOB=a+ f+26

if) Prove that ST is perpendicular to RT.

Marks




Question 7. (15 marks)

a) 5 1043 .
(@) Given that tan56 =%4—1—(1%;% , where t=tan@ [Do not prove this]

i) Solve the equation tan5¢=0for 0<0<x

ii) Hence prove that
T, 2w
a) tan 5 tan == J5

B) tan2£+tan22r—=10
5 5

1
i) Show that _[xtan'] x a’x=—;—(x2 +Dtan™ x——2—x+c

! 1
— ii) If u, = [¥"tan” x dx for n> 2 show that
JECE

T 1 n—1

_—_—un—Z
2(n+1) n(n+1) n+l1 "

(c) Show that the number of ways in which 2n persons may be seated at
two round tables, n persons being seated at each is

(2n)!

n2

(d) i) There are 6 persons from whom a game of tennis is to be made
up, two on each side. How many different.matches can be
arranged if a change in either pair gives a different match?

ii) How many different matches are possible if two particular
persons are to both play in the match?

Marks

Question 8. (15 marks)

(a) Suppose g, b, cand d are positive real numbers.

i} Prove that d +2 >2.
b a

i) Deduce that a+b+c+b+c+d+c+a?+a+a?+a+b2

12.
a b c
U iii) Hence prove thatifa+ b+ ¢+ d =1, then:
Lilililos
a b c d
(b} Two stones are thrown simultaneously from the same point O in the

same direction and with the same non-zero angle of projectiona , but
with different velocities Uand V(U< V).

The slower stone hits the ground at a point P on the same level as the
point of projection.

At that instant the faster stone is at a point Won its downward path,
making an angle S with the horizontal.

AN

2\

o

P
— i) Show that V(tana +tan f) = 2U tana
s . 1 3
~ ii) Deduce thatif g= Ea then U < ZV
(c) i} Show by graphical means that

Inex>e™ forx=1

— ii) Hence, or otherwise, show that

In(nley>e™ (En——l}

e-—1

Marks
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T 2009 Mathematics Extension 2 Trial HSC: Questions 7 & 8 solutions
; % — 1083 +5¢ . .
I\ . 7. (a)} Given that tan56 = WTIE LT where ¢ = tan @ [Do not prove tlus]:

i) Solve the equation tan56 =0 for 6 <9 < .

Solution: tanbf = 0,
50 = 0+nw, n=0,1,2,3,...

9=

5|
= 0,

nJ
N

T 3w 4w
4

B 5

ol 3

ii) Hence prove that
9
@) tan % tan —57-r- =5,

Solution: Method 1—
5 — 1083 + 5t = 0,
(¢! — 1082 +5) = 0,
10 % /100 — 20
t=0ort? = —
= §+2v5,
Sot = +(5+2v6).
can’s-’ = v6-2v/8, tan 3?” = -5 +2v5,
tan-z—;—r- = V54275,  tan T = 52V

5
. ta.n%tan 2?" = VB -,
= /5.

Solution: Method 2—
t5— 103 + 5t = 0,
t(t4 — 102 +6) = 0,
t=0ort*—1024+5 = 0.

i ban— x tan 2_57r_ x tan 3?“ % tan 4?" = 5, (product of roots)

T 27 prs L
tang xtan? X (—ta.n?) x (—ta.ug-) = 5,

. k) 27
i.e. tan? 5% tan? ;5~ = 5,
Hence tan ;—E tan?‘" = +/B.
(Positive as both %, and 2F are in the 1% quadrant).

tan? 1—5: + tan? 157[ =10.

B

==

Solution: Method 1—
tan“%+tan’?" = 5-2/5+5+2V5,
= 10.




Solution: Method 2~ (takmg roots 2 at n. tlme) : Solutiony Method 2— )
~10 = tan = tan 2 + tan = tan %- + ton = 5 ta.n + + tan 2?” tan %E a Uy = 2™ tan~! 2 der, ’ u = tan™t,
(] . ’_
+tan2—-tan4 -l-f:ana—w1:an4—7r o1 tan—1z]" 1 b ogntl il e de,
5 [ 6 = |— - — | —ds, o = a2 ds
-t ¢ b " 2 pan ™ (—ten ) 4+t 21 ¢ 2 n+1 0 1;L+l 14 ey
= ang m15+an-5- ——an-s—- +aug(- ang)+a.ns —an5 _ - 1 /- ($2+1)a:"‘1—:c""" ’ "=n+1‘
2 2 1 2
+tan—1£(—tan—7f)+ —tan——7£ (—-tanz), 4(n+1) n+ I+a 1 n-1
5 5 5 5 : T 1 z = gl
2n S in+1) +1 Bt T TrE®® RSO
= —tan? -——ta.nz—, (n ﬂ‘ n & v = (n-1)z""*dg,
] 21r5 » L + 1 [""ltn“’ ] I 1 do,
10 = ton® T + tan? oL - T imtD n+1 PrIE T, T+g?
5 5" a—1 ! o v = tan~".
1 I : rEs g AL s
(b) 1) Show that /:::tan'1 zdx = E(:z:2 +1)tan "tz — cwto ’ - v . n—1
= - 4(n+1)_n(n.+1)+4(n+1)_ n+l)u""2'
Solution: 1= Tt Lt =1 s tanie of = ods, -7 1 .
olusion: —?zan z—i T—}i—z"__ ? “‘m;z Y mz ) Wn+l) n{n+l) n+1 n—2
- f e e = =,
= ’—f,-can—lm—f+“"l Tye TS TIsm YT :
i 2 (c) Show that the number of ways in which 2n persons may be seated at two round tables, E]
= --(a:2 + 1) tan~lz — 2 +ec 7 persons being seated at each is
2 2 (2n)!
1 PYRR
ii) If g = / z" tan™! ¢ dx for n > 2, show that (am)!
o T 1 n—1 . Solution: Ways of choosing people for one table is 2"Cj, = L L—
U = - - Un—3. (2n —n)inl
2n+1) n{n+l) n+l ‘Ways of arranging each table is (n — 1)I
Solution: Methed 1— .. Total ways = ( ) (n=Dln -1}
g = | z™tan"'zds, = g™t (2n)|
0 uw = (n-1)z""?dz, ' Y
2"z + 1) ten"'s  o* ! ¢ zten~ mde '
= —_— T = v = ztan T
12 o »= 2?41 ta.n‘; 2T (d) i) There are 6 persons from whom a game of tennis is to be made up, two on each side. How
_n ; 1 (:z:’ " l)z"‘z tan—) o dx ) 2’ many different matches can be arranged if a change in either pair gives a different match?
i
n—1 — Solution: Ways of choosing 1% pair = 8Cj,
2 : . ways of choosing 274 pair = 1C;.
r 1 n-1/[! 1 But pair order not important,
=-————————f g tan~l 2 dz 6l 4l 1
4 2 2 . Number of matches = ——.—.=,
n—1 2 ITTET)
e ™ Ztan"lzde = 45.
n—1 ';:" !
2 [7] o ii) How many different matches are possible if two particular persons are to both play in the
n— T n n-—1 n-11 match?
1+ un*z‘aﬁ‘_ ) U2 + p) .7_1:'
n+1 T n-—1 1. b . - | Solution: If the two are on the same team,
9 Up = 1 g Um-2T 5o . we only need to choose the other team: 10, = 6.
. = L _n- 1 If the two are on opposing teams,
"= n+1l) nn+l) n+l? (4 ways to get one partner)x (3 ways to get the other) = 12.
.. Number of matches is 6 + 12 = 18 altogether.




(a) Suppose e, b, ¢ and d are positive real numbers.

i) Prove that 2y Z— 22

b
Solution: (a—0? 20,
@ —2ab+ 0% > 0,
o + b2 > 2ab,
ca b
=4+ -22a5a,b>0.
b a
d b
i) Deducethata+b+c+b+c+d+c+d+a+ +a+ > 19,
d a b ¢
. o a ¢ '
Solution: Similarly 3 + 2 > 2,
a, d
—+=-22,
%-‘_a 2
c
-2
iy
—F- >
d+g/2,
AR
b e, d, o c, d b, d, a b ¢
PN W i S W - —-—+=+-=-212
Adding, —+ +a+b+b+b+c+c+c+d+db+d/1‘
L
b+c+d+u+c+d a+b.d+a+ +c2 1
a b ¢ d
iii) Hence prove that if ¢ + b+ ¢+ d = 1, then
11 1
2ilaiys
+b+ +d’16
Solution: Now a+b+ec=1-4d,
a+b+d=1—¢
a+c+d=1-b

it iisn
a
RS B
11 1 1
B -
Soa+b+ +d/15

(b) Two stones arve thrown simultaneously from the same

point O in the same direction and with

the same non-zero angle of projection ¢, but with different velocities U and V (U < V).

The slower stone hits the ground at & point P on the same level as the point of projection.

At that instant the faster stone is at a point W on its downward path, making an angle g with

the horizontal.

w
B
@
o] P
i) Show that V{tanc + tan g) = 2U tan .
Selution: For the OP path, For the OW path,

=0, ij=-g,
&= Ucosea, ¢ = Usino—gt,

At P, b= 2Usma

So at W, :z:—Vcosa,y Vsing —2Usinea.
y _ sina 2Using

& cose  Veosa!'
fe, —Vianf = Vtana —2Utane,

V(tana + tan ) = 2U tan .

o= Utcosa, y= Utsino:—g%. T

=0, i= -9
&= Vcosea, 3= Vsina—gi,

2
Vicosa y= Visina-—gh.

ii

=

Deduce that if § = %a, then U < ﬁV.

4
. 2tan § _ 2U x 2tan §
Solution: V(—__l—t +tan § ) = —-——————~1_tm2%,
V(2tang +tan$ ~tan? &) = 4Utan §,

V(?3~tan2"‘ = 4U, (as tan % #0)

v tan“‘

N
ie. U < — (as tan? § > 0).




(c) i) Show by graphical means that

Inex >e ™  forz > 1.

Solution: Iner = Ine+Ing,
= 1+Ina.
Y
3
2
1.
. OI

ii) Hence, or otherwise, show that

n —n et —1
].n('n!e)>e (e—l)'

Solution: lnnle® = lnne.(n — e.(n— 2)e.(n—3e...(1)e,
Inne +In{n —L)e+In{n—2)e+:+- +1ne,
e~ 4 el—n+ ez—n doorn e 5—1,

e (ltet+e®+ - +em 1),

e -1

e—-1/"

vV VvV

e




