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General Instructions

¢ Reading time — 5 minutes

* Working time — 3 hours

* Write using black or blue pen

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this
paper

¢ All necessary working should be
shown in every question

Total marks — 120
*  Attempt Questions 1-8
e All questions are of equal value

STANDARD INTEGRALS
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NOTE: Inx=log, x, x>0
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Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks
Question 1 (15 marks)
(a) Find J ———dl_ 2
16x* 1
b) Bvaluate jxln xdx 3
1
c) i) Find real numbers @ and b such that 2
5x* +x+8 a bx—1
2 = +
(r+1)(x* +3 x+1 x+3
Sx’+x+
(i)  Hencefind | 2 X8 2
(x+ D) +3
(d)  Find jtan" xdx 2
(e) Using a suitable substitution, or otherwise, evaluate: 4
2
2
Jx_ dx
N
1]
Ind of Question 1
Higher School Certificate Trial Examination, 2008 page 2
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Marks
Question 2 (15 marks) Use a SEPARATE writing booklet.
(@ leta =1-31i.
(i) Find the exact value of | o | and argx. 2
(i)  Hence express (1 -3 i)“’ in modulus-argument form. 1
(b) Express /7 —24i in the form a + ib, where ¢ and b are real. 3
(c) Sketch the region in the complex plane where the two inequalities 3
0< Arg(z)s%z and | z—2i || z| both hold.
(d) Sketch the locus of z satisfying ] z-3 |+| z+3 l = 10. 3
Show any intercepts with the axes.
Question 2 continues on page 4
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Question 2 (continued)

(e) A

B(b)

A(a)

The points A, B and C on the Argand diagram represent the complex numbers
a, b and ¢ respectively. AABC is equilateral.

T 4
Let w=cos— + isin—.
3 3

Marks

. a-b
(i) Show that = w. 1

-b
(ii) By writing another similar expression for w, prove that 2

2 2 2
a’+b”+¢” = ab+bc+ca
End of Question 2
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Marks
Question 3 (15 marks) Use a SEPARATE writing booklet.
(a) The equation x* +3x* —5x—2 = 0 hasroots &, £ and 7. 2
. s - 2
Find a cubic equation with integer coefficients whose roots are 3 % and —.
4 14
(b)  Consider the curve x* + y> + xy = 3.
2x +
(i) Show that D[ty . 1
dx x+2y
(ii)  Hence find the coordinates of any stationary points. 2
Question 3 continues on page 6
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Question 3 (continued)

(c) The diagram shows the graph of y = F(x) where f(x): %xz (x-3).

¥

Marks

On the answer page provided, draw separate sketches of the graphs of the following:

1,
i p=—x" |x-3 1
@ y=gx[x-3]
) y=— 1
Tk
@i ¥ =-s) 2
(iv) y= tan™'(f (x)) 2
Question 3 continues on page 7
Higher Schoo! Gertificate Trial Examination, 2008 page 6
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Marks
Question 3 (continued)

@ O 1

«— 20 —>»
A parabolic segment has height / and width 2a.

Use Simpson's Rule with three function values, to show that the exact area

. . 4ah
of this segment is =5

(i)

A\
=

The base of a solid is the region in the xy plane enclosed by the circle
2 2_ 2
Xy =,

Each cross-section perpendicular to the x-axis is a parabolic segment with
height one half its width.

units® .

L. 167
Show that the volume of the solid is

End of Question 3
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Marks Marks

Question 4 (15 marks) Use a SEPARATE writing booklet. Question 4 (continued)

(a) The point P({.‘p, i] is a point on the hyperbola xy =c*.
p

(b) T a 1
The tangent to the hyperbola at P intersects the x and y axes at A and B \'Vv
respectively and the normal to the hyperbola at P intersects the second 1
branch at Q. |
|
A y :
|
|
I , X
B | =
12
I
P| cp, £ |
p !
» X |
i i
4 |
@ !
The shaded semicircle in the diagram above is rotated about the line x=2.
i) Using the method of cylindrical shells, show that the volume V of the 1
@) Show that the equation of the normal at Pis py —c = p3 (x - cp). 2 resulting solid is given by
1
(i)  Show that the x coordinates of P and Q satisfy the equation 2 V= J“W (2= x)f1 -2 dx

2
xz—c[I ~L3Jx——c—2— =0
p P

and hence find the coordinates of Q.

(iii)  Given the distance AB =2c pl+ Lz , show that the 2
\ p

area of AABQ = cz[pz +-1—2] .
p

(i) Hence find the volume of the solid. 3

Question 4 continues on page 10

(iv)  Find the minimum area of AABQ . 1
b

(You may use the inequality % + —~ 2z 2 fora,b>0.)
a

Question 4 continues on page 9
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Question 4 (continued)

(©)

Marks

Two circles C, and C, intersect at A and B. C, passes through O, the centre of C,.

X lies on the arc AOB and AX intersects C, againat Y.

(i) State why ZAOB =2x ZAYB. 1
(ii) Prove that XY = XB. 3
End of Question 4
Higher School Certificate Trial Examination, 2008 page 10
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Question 5 (15 marks) Use a SEPARATE writing booklet.

(a) @) Show that if @ is a double root of 7 (x)=0 then f (@)= f(a)=0.
(ii) Find all roots of the equation 2x® —5x7 —4x+12=0 given that
two of the roots are equal.
(b) i) By drawing a diagram, or otherwise, find the solutions of z°> =1.

(i) Show that cosz—ﬂ' + cos4—ﬂ- :—l.
5 5 2

. 2z
(iti)  Hence find the exact value of cos?.

(c) 11 persons gather to play basketball by forming 2 teams of 5 to play each other.
The remaining person acts as a referee.

Marks

i) In how many ways can the teams be formed? 2
(ii) If two particular persons are not to be in the same team, how many 2
ways are there then to choose the teams?
End of Question 5
Higher School Certificate Trial Examination, 2008 page 11
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Question 6 (15 marks) Use a SEPARATE writing booklet.

(a) The sequence {a, } is given by:

a, —(n—-2)a, forn>1.

3
a,=2a, =5 and (n+1)a,,, =a,,
. . n+1
Prove by induction that for n 21, a, = —
n!

Marks

(b)  The region bound by the curve y = 8x? — x* and the x axis in the first quadrant

is rotated about the y axis to form a solid. When the region is rotated, the
horizontal line segment / at height y sweeps out an annulus.

S {2,16)

A\ 4

/

(i)  Show that the area of the annulus at height y is given by 2716 -y .

(i) Find the volume of the solid.

Question 6 continues on page 13
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Marks
Question 6 (continued)
(¢) (i) Differentiate xcos" ' x. 1
x
B
Giy Letl, = ~fxcos" x dx forn=0,12,.- 4
0
Show that for n>2
1 n—1
I, = -~ 1,
" n’ n ?
z
2
(iii)  Hence evaluate jxcos4 x dx. 2
0
End of Question 6
Higher School Certificate Trial Examination, 2008 page 13

Mathematics Extension 2




Question 7 (15 marks) Use a SEPARATE writing booklet.

Marks

(a) @) If z=cosf+ isind, show that z+ l = 2cos# and 2
z
w1
z" +— = 2cosnf.
z
. B 1 5 5
(i)  Hence show that cos’ @ = — cos560 + — cos360 + >cos@. 2
16 16 8
(iii)  Hence find the general solution to the equation 3
16cos® @ = 15c0s38 + cos58.
Question 7 continues on page 15
Higher Schoo! Certificate Trial Examination, 2008 page 14
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Question 7 (continued)
For parts (b) and (c) you may use the following identity:

PER
oxSs

If£=£,then£:£=
[ o S

® O R

Show that 2M _ Area AROM
MS Area ARMS

(i) A

In the diagram, Z, X and Y lie on the sides of AABC AB, BC and CA
respectively such that AX, BY and CZ are concurrent.
D is the point of concurrency.

(@) Show that BX = Avea ABD

XC  AreaAACD

(8) Hence proveE oy Az

. . = 1.
XC YA 7B

Question 7 continues on page 16

Marks
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Question 7 (continued)

(c) a, x, v, z are real numbers such that

cosx+cosy+cosz _ sinx+siny+sinz _

cos(x+y+2z) sin (x+ y + z)

Marks

(i) Use the identity given earlier to show that 1
cisx + cisy + cisz
a = —F————
cis (X +y+ z)
(ii)  Hence show that 2
a = cos{y+ z) + cos(x+ z)+ cos(x+ y)
End of Question 7
Higher Scheol Certificate Trial Examination, 2008 page 18
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Marks
Question 8 (15 marks) Use a SEPARATE writing booklet.
(a)
In the diagram, X and ¥ are arbitrary points on the ellipse and tangents to the
ellipse at X and ¥ meet at the point P. The points S, and S, are the foci of
the ellipse, and S, “and S, are the reflections of S, and S, across the
tangents, as shown. S, S,* and the tangent at X intersect at the point M.
You may assume, without proof, the following two properties of an ellipse:
I. The sum of the focal lengths from any point on an ellipse is constant.
2. The reflection property:
Tangents to an ellipse are equally inclined to the focal chords drawn
through the point of contact.
(i) Prove AMXS, = AMXS, * and hence show that §," XS, is 3
a straight line. [Note that similarly, S, YSZ* is a straight line.]
(i)  Provethat §,°S, = 5,5," 2
@iiiy Hence state why AS,” PS, = AS,PS,". 1
(iv)  Deduce that £S PX = £§,PY. 2
Question 8 continues on page 18
Higher School Certificate Trial Examination, 2008 page 17




Question 8 (continued)

What value of x maximizes the expression log, x —x +1?

Marks

(®) @) 1
(ii) Deduce that log, x £ x—1 for x> 0. 1
(iii)  Consider the set of n positive numbers 2
DPys Pasewor p, Suchthat py+p,+...+p, =1
Use the result in part (ii) to show that
log,(np,) + logl(npz) + ... + log, (np,) < 0
(iv)  Deduce that n" p,p, ...p, < 1. 1
(V) LetA =x +x+..+x (5, x, ..x 2 0) and set 1
R R
P A']Z A’m'l" e
v+ +.o0+
Prove that 2272 T 0 5 WX X, x, .
n
(vi)  Show thatfora, b, ¢, d >0, with abed =1 1
a*+b> +ct+d* vab+ac+ad +be+bd +cd 2 10.
End of Paper
Higher School Certificate Trial Examination, 2008 page 18
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Question L (15 marks)

_Calc

(a) f ol ,

| Lln(‘fx-h!léx"- I) +C
J
) wu=lnx . dv x
dM-= = V.= _’_? _

fx Inx_dx. 'f_f,

EXTENSION TT

chain cole. 11

Reverse

[:c"lnx ] J‘ % e

i
zMS"'
.
—
<,
: ‘@

(1
N‘lap
| ‘
—_
<[

f

<=| -
S—

|
L
o
el |
[ S

@0 a3 v,

Qﬂ_ Cov\.“' .

_b=2 / S

(x+ ')(x‘+ )

2x- alx .

x*+3

f =Tt

3

e il (s L (2 |

(4).

fHantscde

B Unﬁvana

Sema. s;l/
Mls+mdq’m :j

g o anctuel

= { tons(sectm= o) dx

sSinXx d=e

= S“so;cix+av_\f=_c; SInE. dx )
cos>c
o m;:mx S In Ccos ::c} e —




fg—c’rx‘) Lt

-+

J4—oc*

'\
s
L

14

I

o

it tg way,

Rt x= 2sin®

dx = ,2co,s,&,,,ot9 o

| xz20-66=0

X220

S
; ’S?-fj(f\’— cos 7,@)‘”’"”0\9 V4

ol

.,

I} sin*O
- 2.cosO

S 45!?\"9 oUO

. 2c0s© 48 V-

20 sin26]™
do

| Ahis shovld have, loean an
| _eosy svbstituhion Yo _spot

Ak

T

|l Whilst s is the easier
|| method, no ona saw to de

alx. /

eata s

Question 2__(15 mafks)w -

] (3), =2

| Comm /6 & Reas [3

\

v

_arga: -7a

Nﬁ

(n) (\ §3i)

= (Rcis™)
= R cis "'0'"7)
s a( C|$ (11‘73)

orib = JF-241

(o+il) = - 7_4..
(a o)+ ’).o\o I

or-b* = CD

| (QJ :

/| A

/ |

_24i

Always s;mpl- HM, ,
7ar3umm+'ib +ha, mec,.o(a, B
00»4@%""
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Jerribly mean da'ﬂmiu

o = 14 ®

N T L

|| _meem covvect perhaps. ..

so\o n ® > a‘—‘.ﬁi = F

.
- ot -l4Y4 =

(at. \G)Ca. + ct) =
- S (sw\ca_ aefl R)

G

have given o adrotic
_with_irrotionok _roots!
It your_answer_doesn' -/-

You . shovld_cledt sver
Yovr. NW“"% _

! ;.,,&f-"sc ,,,};1”3;_.,,




Q2 cont.

o5 ez¥%
Cbor(i-ed
290 =)

|l shovld “not have to dive.
|Linto_an_olaebraic mass.

B LB LB

- 1‘1'.1»\,(?:) .

3 ||V 0sAulR)¢3Y,
WY Jr-2il=lzl

Correct mgi on

|l You shovld be obla v shekch
| 12217 [\ by just thinkieg
|| abaut. You shovldu'thave 4o
leesevt o a«lﬂ&bf@,

IV ellipse, foei (23,0)
= 20=10

/S x inteveepts = 15
v Y intercepts = 2 4t

his s a standard question
youshould lnow the answer

To stvaight away. You

Comm 3

ICEDICEORN I D I

ob-ot-Lr+eb = cr-lec - oc + alo

Q1 cont.

.N&w,,,skip, a_guestion

without even ‘«x{ﬁiv,\ﬂ, ,

Gy 8A = & xcisTe

(anticlockwise. rotation 6373) I

o-b = (Crb)..ww

wen it s the “style

1I__of guestion_uow dread

| mokt 1+ mf.éwf tuvn oot

 c-b .

b-c _ s also wevhs

(i) Similarky eza > /|

b-o. ,

D o-b =’ P
c.—lai lo-o.

A~ &

ob+becaco zotrb et /|




,_quo.s-\-'uo-v\ 3 (|5 Marks)_”_m_rw

,(a) x'%éxfsx 2:0 v.moampx

2 (e}
'R!V &%ua"‘:m NITL\ roc‘l’ _o%- -;— -;,—-'

g y-ases

8+|13-103-ZU’=0 ,

Comm /b

'U +55 ,—65+Lf--o /

) rygemyed

(.)2x+23du +(xoby+5\ ol

/

& (w2

dy | =(2x+y)
dx s+ 23

(H)FavSP .o
S 9=

ogEm2x

| Supstitvte back inte
--—lx 1o obtain Y coovd.

x*+ (;2x) +rx.(- "-3 .
- x* =3
B = ‘7= +| . -1 v
B o v = -'2. 4‘2

Il the. ov;ﬁmal equation

aIves l'- pom"’s o mo+ a"

2.) (=1 ,+Q-) V]

é which ase.. da*'umars

Comm b
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Question 3(c) continues on next page
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Q3 cont.

Question 3 (continued)

(© (i y

(iv) y

e

4‘- W
S O

= (9, + 45,,1- 53)

3

= ;;-_ ( o+ 4—,;\«“- o)

(n) Cross - seckion:

I‘—

_,‘,,S_im,p,sm'i,ruk, approximates.

areas by tinding the orea
bound b _the parabole.

| ,-I'hrouok 3 given. porks.

Thus, when vsed -Fmd.
e am_,,,bovwd by a_parabela

ks a,c:h,m,“&. EXALT

N

| S eT—
[ S 2;5 e

_Voluma.

R TR
. 4

frea = tah =

Prea = ,,,,..‘EG""* x*)
3

)
A ST

"

2y J#(r‘ %) oo /

G“ w\ﬂ w[db

Not many 3"@/7"5

hool as /m,o-/v‘k-s

Higher Schoal Cerlificate Trlal Examination, 2008
Mathematics Extenslon 2




Question. 4 (Smarks)

(a) (') x= °P

dw L =t

oho -

EQ ﬂ MOKMPH— -

Y=o p (- C-P)

Pﬂ-—c. 5 P3(x-cp) \/ 1

Cale /% Reos [5

Cole |

(\l) Por pom"s oc m‘\' P Y(Q .solue. s\mu\-\-
% coord of PL Q satish

5- 8< m c=p h——cp)

] —7 PDC- —CP .T.+CDC— —PC 'Q

Smco. X ww& o{: P(cp) & Q(’)

-0 /
L

You con't show the

e eguation by svbstituting

,,bmuggn_yg_u_.mwe.,ugm kenow

| So you shovldn't evesn

Q yet.

bother th@(ﬁna,. o

are._tha coots oF -Hms

pebn k|

Prodwek 4-\: roots = ‘/P"

E)_xcawd,-Q = -GZ"P"

3

e e

o \5 ,;agrcLQ

v

o
‘X.-
¢*)

Q(/s

QY cont.

(iii) AB =

Preo ARRQ, =

(W)

_.)

Mlmmuw\ _orep. = ch \/

2 ,P",,‘f.,—";g,, o

L. There was some povy
. ﬂdgih‘g, geing on hee,

zxhexPa |

T

'7"_,;'2;:&.9%7;3’ cj(m_'.;_‘.)?, S

()

.E_ bo,
= Z 'Plv'a>

L
b
P+

T?Z'

An e,asy mark nF 7éu
vnderstand :neq;/allhu,,,
Y used the himd,




V=

2wehn.
2w (2-x). 2y

] :ll ;u

(..> V:en fmt‘mz«j -2 T e ;ff,. = s

'\/\f"‘
AM I""

Qo.duos = Q-'x. HQJS\/\"- 2.5

Wl /T T/

= w -\ T (1-x*
8,'“'1& |-|- e +21‘-[/,!’( . x) '], .

" éﬁiﬂ;lﬁf[ﬁa -]

. o =A% it VO

|cac3

() Angle subtended ok the contre

s hmcc_ H angle su\ow a\'\’

 Reas

| ’I'hls is a re,al nic.,c;.,

“ v stvaightfovwarel q,/es'ho'n

dat coold be writhen

7 -7 out clwrl:] 8. cmc,:wv‘l:j,.

e drombroa, by oo/

T I

LhoBz2x (from .)

CLANG= LAOB = Aot |

(ama\u lwl‘hn. Soama. scamud‘ are, u,,lal.)

UXeY= LAY -IXNB |

= Qo= oL
= oL

(ethw MMG‘LO% A alo 'Hnn..wm o

_of e L7 opposike m+o.navm\us)

L XY=XB




Question. 5 (15 marks)

co..)(i) Assome. ot is a._dovele. root of -F(‘n.) 0|
Aan f() e (x-e @) (L £@)=0])

Reas |8

_ The syllabus certainky
states thet you need

) = (e QL) + QUR). Z0t-s)

v

b lenow Hhis ,l)!"DQ‘F .

= (o) [ Q' () + 20()] | B

() = (moe) (L) O () + 20, (xY]

L A@efWe=0

i) f() = 9_x3 Sxt-Un+ 12

I

)

| 'fiS;;;i;\i coot is a solution to f'(n)c0 |

1(3%1'—5'&-2) R |

in_a_ park i, except
vse _parki W

L was_svrprised. hows
__many_

=72 ev 71-*"13

AT T A ) A@Lbu. root

~ Prod. Roots = - ’l/o.. = -6

7 D third root = =6 =:_‘§_
2

" Roots:

2,4, |

TSOLQ,‘\','LQY\,_S,,LE? \ ,C'sz% ,,‘%i,-"f?s, o

_ What else_woulol you do B T
(i) Sum POo+$ = a.

started with
‘lot the roots be o, o '
u,d,f : (cos /.|.|5|v\ /) (COS/ —isn /) O

o
=) |+ Qcosg +Qcos" =0

ey UL AR
(i) cosz/s +tcos—g =T/ e
.,,CQ&_,?; 4-(2 cos" ’1" —I) = '/7_

QS cont.

(h),(.s_),m,,,,g,,,,,,,, 2SS

e~

mL /;)

O M. | sol uh a'v\. 7 . A

cis™¥s, cisw % .l
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Reao Y (i i)
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|+(cos?’/ + usm"

)-l-(cos,g -\smzﬁ) 0
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clear on how you.

Ccos¥% + costg = Yo
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"

lbeos* Vs +2c0s % -] = O

—CoS —5- = _-_-_2_"'__5

-
c0s%g

= o4

sine 2% ts aw'l'a.

k Rso cos¥F >




QS cont.
HE HF
(.6 —iy-;'} Fir

:_,jﬁi fg’

overwuwhw & / —
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 Question. & (1S marks)

® Roqpirad To Prove e = 22l
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