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YEAR 12 — TRIAL 2001 — EXTENSION 2

QUESTION 1
a) Find J. __sicj_x__ dx
V11— tan? x

b) i) Find a, b and c such that

16 ax+b c
+

X2+ H2-x) x>+4 2-X

i) Find | 16 dx
(x2 +4) (2-x)

¢)  Find jl—nzﬁ dx
X

d) Use the substitution t= tan—g— to show that

T

jz o 1 _1(1j
=—tan | —
o 4sin®—2cosb+6 2 2

MARKS

[\




QUESTION 2

b)

d)

—1

The complex number Z moves such that Im (Zl )'—* 1.

Show that the locus of Z is a circle and find its centre
and radius.

i) Find the square root of the complex number 5 — 12i

1+4/5-121

ii) Given that Z =
2+ 21

and is purely imaginary,

find 7%

i) Shade the region in the argand diagram containing all
points representing the complex numbers Z such that

|Z-1-i|<1 and —%sArg(Z—i)s%

ii) Let ¢ be the complex number of minimum modulus
satisfying the inequalities of 1 ).

Express ¢ in the form x +yi

1 in modulus / argument form.

VB +i

I .
Hence, evaluate cosl—2~ in surd form.

Express ¢ =
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QUESTION 3 MARKS
a) Consider the equation x> +7x —6i=0.
1) Given that this equation has no purely real root, show that 1

none of the roots is a conjugate of any of the others.

ii) If 21 is one of the roots and the other two roots are purely 2
imaginary, find the other two roots.

b) y

The above diagram shows the graph of y = f(x).
Sketch on separate diagrams the following curves,
indicating clearly any turning points and asymptotes.

1

) y=—o 1
)y )
i) y=1f(x|) 2
iii) y =Inf(x) 2
iv) y =sin }(f(x)) 2
c)
2i
> X

Q)
The locus of a point Z, moving in complex plane such that
Arg (Z -2+/3) - Arg (Z - 2i) = g is a part of a circle.
The angle between the lines from 2i to Z and from 2+/3 to
Z is o as shown in the diagram.
1) Show that a = % 2

ii) Find the centre and the radius of the circle. 3




QUESTION 4
y
a)
K P(x,,,)
X
!ﬂ
B

b)

The point P(x;, y;), where x; >0 and y; > 0, lies on the ellipse

2 2
% + y_2 =1. The normal at P intersects the x axis at A and the
a b
y axis at B.
a’x b2y
i) Show that the equation of the normal is —= - —< =a? —b?
X1 Y1

ii) Explain why the point A cannot be the focus of the ellipse.
iii) Find the ratio in which A divides the interval BP internally.
iv) Find the midpoint M of AB in terms of x;and y;.

v) Given that H divides the interval OM in the ratio 4:1,

show that the locus of H is an ellipse .

M y

O

The points K and M in a complex plane represent the complex
numbers o and P respectively. The triangle OKL is isosceles

and ZOKL = ? The triangle OLM is equilateral.

Show that 302 + B2 =0
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QUESTION 5

a)
b)

Inx

Solve x® a'™ =x, wherea>0andx > 1

A farmer plants tomato seeds on his farm. After p days,
he stops planting as he starts to collect his grown tomatoes.
Assume that the equation for the number of seeds planted

when 0<t<pis %ts— = AS where A is a positive constant, and
that whent=0, S = S,

i) Find an expression for S(p)

i) Assume that the number of tomatoes to be collected is
given by %trl: = 2B S(p)t where B is a positive constant, and
that whent=p, T=0
show that T=BS;e*? (t>-p?)

iif) Given that A = 0.032, find the value of S for which the number
of tomatoes T can be maximized on 75 day (i.e. t = 75).

The base of the solid K shown in the diagram is the region in
the xy plane enclosed between the semi-ellipse 4x > + 9y? =36
and the y axis. Each cross section perpendicular to the x axis is
an equilateral triangle.

1) Consider a slice of the solid with thickness Ax and distant x
from the y axis. Find the area of this slice in terms of x.
ii) Find the volume of the solid K.

iii) Solid J has the same base as solid K but its perpendicular cross
sectional slice is an isosceles right angled triangle with its
hypotenuse in the xy plane.

Find the ratio of volumes of solid K to solid J.
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QUESTION 6

b)

A particle P of mass m is initially at rest on the highest
point A of a hemisphere centred at O and with radiusr.

. o . . 1 =
The particle P is given a horizontal velocity v = Z\/gr

and begins to slide down the surface of the hemisphere
forming an arc AP of a circle.

Let s be the length of the arc AP and 6 be the angle
subtended by this arc at the centre of the hemisphere.

Assuming that there are no frictional forces acting on the
particle P, and g is the acceleration due to gravity,

i) Show that the tangential acceleration of P is given by
ds_ zi(J_vzj
dt? r1de\2

ii) Show that v2 = %(33 —32c0s0)

iii) Find the normal reaction N exerted by the hemisphere
on the particle P.

iv) Find the value of the angle 6 at which the particle leaves

the hemisphere, and its velocity at the moment of leaving.

T

6  4cosx

i) Evaluate —dx
5[ 1+4sin* x

ii) Show that forn > 2

<2

IA

T
T— 4cosx dx
0

|3

1+4sin"x
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QUESTION 7 MARKS

=

s

ABCDEEF is a cyclic hexagon. Diagonal BE is parallel to AF

a)

and intersects diagonals AC and FC at L and I respectively.
Diagonal AD is parallel to BC and intersects diagonals BF
and FC at K and J respectively. AD and BE intersect at H.

1) Show that ABLK is a cyclic quadrilateral. 3
ii) Show that triangle BKL is similar to triangle BFI. 3
1ii) Show that B—Kxﬁxﬂzl 3
BF AK JC
T
2
b) LetI, = I cosec”x dx , where n is a positive integer.
T
6
i) Using integration, show that 4

@-DI, =2"23+(n-2)1,_,

w|3a

i) Evaluate J = j sec? x dx 2
0




QUESTION 8

a) Consider the polynomial x> —i=0
i) Showthat 1 -ix—x?+ix>+x* =0 for x #i

ii) Show that
(x~1)| x? ~2isin = x ~1|[ x2 +2isin >~ x 1] =0
10 10

iii) Show that sin - sin - = L
10 1 4
b) Grace and David were at school together, but lost contact

after finishing the HSC. Years later they each won two
free lunches at a certain restaurant, to be used on any
Sunday in a given period of n weeks, where n > 3.

Assume that they are equally likely to choose any of the
Sundays in this period, what is the probability that:
i) They will meet at the restaurant on the first Sunday.

ii) They will meet at the restaurant only once.

iii) They will never both attend the restaurant on the same
Sunday so never meet.

©S&GP.C.A.
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STANDARD INTEGRALS

[ xm ax
Jo

[ e ax
[sinax dx
[ cosax dx
[ sec? axdx

j secax tan ax dx

e

1
f———m dx
1
f ﬁm dx

dx

1
N

Il

x ', n#l; x#0, ifn<0

n+1

Inx, x>0

—e™, a#0

a

——cosax, a=0

a

—sinax, a#0

a

1

—tanax, a=#0

a

—secax, a=z0

a
-1

—tan " —, a%0

a a

. 91X

sml—, a>0, —-a<x<a
a

= ln(x+\/x2—a2), x>a>0

1n(x+\/x2 +az)

NOTE: Inx=1log,x, x>0
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Questior | ~ cortiaued

led o= &40 dus 204 " >c7—+x3% lﬁ\ﬂ ::W
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