


YEAR 12 ~TRIAL 2005 - EXTENSION 2

UESTION 1

a)

b)

©)

d

e)

Use integration by parts to find jx cosx dx
dx

Find -

3x“ +24x +51

Using the substitution u= /1 —x , or otherwise,

1
evaluate j'(xz—x) =x dx

0

I
2 COSX .

Evaluate ; T+ oosx

i) Find the real numbers a and b such that

x2 +3x ax +1 b

= +
2 +D(x+1)  x2+1 x+1

1 x2+3
i) Find | ————
o D x+D)

2
UESTION 2
a) Find the complex number z ifRe (z+2Z—1)=0

b)

<)

d

andRe(z)=2Im(z)

If z=1—iand(o=%+i[:i,ﬁndintheformx+iy,

2
0)9(2)2

1) Find in modulus argument form the three roots of
2’ +8=0

ii) Find a cubic equation of degree three whose roots
are obtained by rotating the roots of z* + 8 = 0 through

an angle 1‘;— anticlockwise.

Let A be a point in the Argand diagram representing a complex
number z where A is not the origin and does not lie on the
real axis. Considering that z always satisfies the equation

z+1
Arg (a-l-J—Argz

i) Show that | z| =1
ii) Sketch the locus of z:

iii) The points B and C represent the complex numbers Z and w
respectively. Given that OACB is a parallelogram, find the
complex number w in terms of z and Z. Hence find the locus
of C as A moves in the complex plane.



QUESTION 3 MARKS QUESTION 4

4 3
a) Y a) Consider the polynomial Q(x) = 3(-4— - XT +x?% —2x+p,

1
/ where p is a real number.
i) Show that Q(x) has exactly one turning point for all values of p-
X
-1 0 1 ii) For what values of p does the equation Q(x) = 0 have:
o) 1o roots

-1 B) 2 roots.

The above diagram shows the graph of y = f(x).
Sketch on separate diagrams the following curves, b)
indicating clearly any turning points and asymptotes.

1
Dy=——0" 2

A particle of mass m falls from rest under gravity and the resistance
to its motion is mkv>, where v is its speed and k is a positive constant.

f(x) 1) Show that the equation of motion is given by
=g — kv?, where x is measured from the point of fall.
Dy= 16 2 i) Show that v?= £(1_¢-2%)
iii) y = £ (1x]) ' 1 iii) Show that the particle reaches half its terminal velocity
iv)y=tan"'(f(x)) 2 whenx——-ln( )
b) The region bounded by the curve y = sin x where 0 <x <7 and the line y =, c) A particle B of mass m is suspended by a string of length £ from a

where c is any constant, is rotated about the line y = ¢ to form a solid. point P which s at heigh t A above a smooth horizontal table

1) Find the volume of the solid in terms of c. 2 While the particle B is movmg on the surface of the table in
a horizontal circle at an angular velocity w radians per second, the
2 o .. string remains taut.
ii) Show that for ¢ = - the volume of the solid is a minimum. 2

i) Find the tension T along the string and the normal reaction N
exerted by the table on the particle B

a a
¢) i) Show that 5f(x)dx= {f@-xax 2
[) 0
ii) Use the result in (i), or otherwise, to show that 2
n
jl a-x" dx = 1 , for any integer n. ii) Show that the particle B remains in contact with the table
1 +(1-x)" 2 2g

with the string taut if w? < ¥




QUESTION 5

a)

b)

Consider the equation x B o +b= 0, where a, b are real

numbers and n is a positive integer.
i) Ifx =1 is a double root, show thata=2n+1 and b = 2n.
i) If n = 1 and the roots. of the equation are 1, 1 and «, find the
monic polynomial Q(x) of degree 3 whose roots are 3, 3, 3a.
2 2
3 =

Consider the function x3+ y3 =1,

i) Find its domain and range

ii) Sketch the graph of the function.

The ellipse shown in the diagram touches the circle at A and B and intersects
the y axis at C(0, a). C is the mid point of OD.

The perpendicular from a point E («/5 a, a) on the circle meets the x axis
at F and intersects the ellipse at G.

i) Find the equation of the ellipse.

y
Dl g
C
G
A o F B

ii) Find the coordinates of F and show that F is a focus of the ellipse.

iii) Find the coordinates of G.

iv) Show that the tangent to the ellipse at G is /3 x + 2y —4a=0.

v) Show that the tangent to the circle at E is +/3 x + y—4a=0.

vi) Let M be the point of intersection of the two tangents.
Find the coordinates-of M and determine its locus.

6
UESTION 6
a) The region enclosed by the curve y2 = x (x — 1) and the linex =1

b)

<)

is rotated about the linex = — 1 to form a solid.
Use the method of cylindrical shells to find the volume the solid.

Letu; =1 and uney = /2 + 1, , for all positive integers n > 1.

i) By using mathematical induction show that:
up>0, Upsy >u,, and u,<2.

ii) Show that lim u, =2.

n-> «©

A car is travelling at a speed v ms ™' around a circular track of
radius r meters, which is banked at an angle  to the horizontal.
Assume that the car is represented by a point mass m, and that the
forces acting on the car are the gravitational force mg, a lateral
friction force F, and a normal reaction N to the road.

b

9
F

9
mg 0

i) By resolving the horizontal and vertical components of forces,
show that

Fsin8=Ncos0 —~mg
2
FcosG=Erl-——Nsin6

ii) Show that F =

2
m(v _rgrtane) c0s 6

iii) The car has no tendency to slip when travelling at a speed of
30ms™! round the track with r = 200m.
Find the angle 6. Take g= 9.8 ms 2.

iv) Explain what happexis when the car is travelling around the
track at a speed v> 30 ms ™!



UESTION 7

)

b)

e
LetTo= | (Inx)"dx forn>0.
1
i) Using integration by parts, show that
In+n Ij_y =e, forn>1.
ii) Evaluate I,

iii) Explain why I, <I,_;, hence show

<Ip<——
R

The diagram shows a circle in which two chords AB and CD intersect at P.
EF, FH, HG and GE are tangents to the circle at A, C, B and D respectively.

4E D

i) Show that
ZPAE + ZPBH = 180°

ii) By considering the quadrilaterals PAED and PBHC,
or otherwise, show that
2 LAPC + £DEA + ZCHB = 360°

iif) Show that E, F, H and G are concyclic if and only if the chords
AB and CD are perpendicular.

8
QUESTION 8
a) Let © be aroot of the equation P(x)=1+x+x%+..+x’=0

b)

i) Showthat ©®=1
i) Show that ® = — 1 is the only real root of the equation.
iii) Show that for any integer n > 0, ® is a root of

Q) =1+x""1yx¥2, | 8+7 =0

Deduce that P(x) is a factor of Q(x). Give reasons.

Consider the functions f(x)=1In (1 +x)— l_j-‘_x
and gx)=In(1+x)—x wherex>0.
X
i) Showthatx>In(1+x)> —.
i) Show that x ( x) =

1 1 1
ii) L =l+-+—-+_ +—= i
if) Let up,=1 273 a Inn, wherenisa

positive integer.

Showthat uy >0, up+i— u,<0 and explain

why limu,, exists.

-+ o

Three identical dice each numbered from 1 to 6 are rolled.

i) What is the probability that the sum of the numbers shown on
the dice is no more than 62

ii) Is it profitable to bet even money on the occurrence of at least
two triple sixes in 150 throws?
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