HIGHER SCHOOL
CERTIFICATE EXAMINATION
TRIAL PAPER

2001
MATHEMATICS

EXTENSION 1

Time Allowed — Three Hours
(Plus 5 minutes reading time)

Examiner: Sami El Hosri

Directions to Candidates

Attempt ALL questions.

o All questions are of equal value.

e All necessary working should be shown in every question.
e Board-approved calculators may be used.
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STANDARD INTEGRALS

[ xm ax

~ dx
[ e™ ax
[sinax dx
[ cosaxdx

Isecz ax dx

Jsecax tan ax dx

J-azixz &

1
J.———m dx
1
et

1
—_—dx
J‘x/x2+a2

I

, n#l; x#0,

a>0,

ifn<0

—a<Xx<a

= ln(x+\/x2—a2), x>a>0

1n(x+\/x2+a2)

NOTE: Inx=1log,x, x>0




YEAR 12 — TRIAL 2001 — EXTENSION 1

QUESTION 1

sin 3x

a) Evaluate lim
x>0 X

b) The polynomial P(x) = px 3+ 5%x%—3p has a factor (x - 2).
Find the value of p.

c) Differentiate x tan ' x

d) Find the size of the acute angle between the tangents of

y = In(2x + 1) at the point where X = 0Oandx = %

1
5  9dx

e) Evaluate ——
o V1-9x*

. . 1
f) Solve the inequation 1 >
X x+2
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QUESTION 2 MARKS

a) Anthony has 9 toy cars which are identical except for their 2
colour. 3 are coloured red, 2 are blue and 4 are green .

In how many ways can he arrange them in a row if the
blue cars are to be together?

b) Solve the equation sin20 = 2c0s%0 for 0<0<2m. 3

c) Use the substitution u = 3sin x to evaluate 3

CosX

—_—dXx
+1+3sinx

S e NA

d) The point A(t +1, t2), t > 0, is a variable point on the

parabolay = (x — 1)2 . The tangent at A meets the x axis
at B and the linex =1 at C.

y
x=1 y=@x-1?

1\\ Ai+1,t)

o| 1| /B x
C
i) Find the equation of the tangent at A. 2

ii) Show that B is the midpoint of AC. 2




QUESTION 3

b)

Consider the function y = 2cos —1—);—

i) State its domain.
ii) Sketch the graph of the function.

iii) Find the gradient of the tangent to the curve
at the point where it crosses the y axis.

The velocity of a particle moving along the
x axis is given by

V2= —7+8x-%X"
i) Find the acceleration of the particle.

ii) Explain why the motion of the particle is simple
harmonic and find its amplitude.

iii) Find the maximum speed.

Find the coefficient of x 2 in the expansion of

MARKS
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QUESTION 4
E
A
B
D
C
NOT TO SCALE
a) In the diagram ABCD is a cyclic quadrilateral with AD parallel

b)

to BC. The tangent at A meet CB produced at E.
i) Show that AABE is similar to AADC.

i) Hence, show that AE x DC = AC x BE.

The polynomial P(x)=A x> +Bx2+2 A x+C has real roots

1
\/—PS’ -,
Jp

1) Explain why o= —%

ii) Show that A+ C2=BC

Letfix)=e “and g (x) = log.x
1) Draw the graphs of f(x) and g (x) on the same set of axes for x > 0

ii) Use your graph to show that the equation ¢ ~* — log. x =0 has
only one root near x = 1.4

iii) Use one application of Newton’s method to find a better
approximation of the root of the equation e ™™ — log. x = 0

MARKS




QUESTION 5

b)

eX

Consider the function f(x) =

e* -1
i) State the domain of f(x).
ii) Show that f'(x) < 0 for all x in the domain.

iii) State the equations of the vertical and horizontal
asymptotes.

iv) Sketch the graph of y = f(x).
v) Explain why f(x) has an inverse function.

vi) Find the inverse function y = f ~' (x).

A top tennis player finds that he can serve 3 aces for
every 10 serves.

If he serves 6 times, what is the probability that
i) he can serve 1 ace only.
ii) he can serve at least 2 aces.

iii) he can serve aces on the first and last serves.

MARKS




QUESTION 6

a) Use mathematical induction to prove that, for all
integers n with n > 1

3214731+ 1341+ ...+ @ +n+ D@n+1)! =n(n+2)!

b) The acceleration a of particle P moving along the x axis is
given by

a=—-e “(1+e™*) where x is the displacement of the
particle from the origin in metres.

Initially, the particle is at the origin and its velocity is 2m/s.

1) Show that the velocity V m/s of the particle can be

X

expressed by V=1+ e~

i1) Find the time taken by the particle to reach a velocity
of 1 1 m/s.
2

c) A vessel is formed by rotating a part of the curve

y =sin “Ix, 0 <x <1 about the y axis. The vessel
is being filled with water at constant rate of 2cm > s~ .

y

i) Show that the volume of the water in cubic centimeters
when the depth is h cm can be expressed by

\% =%(2h—sin2h)

it) Calculate the rate at which the water is rising when the

depth is %cm.

MARKS




QUESTION 7 MARKS

3h 1

O

An enemy fighter plane is flying horizontally at height h metres
with a speed Ums ™ .

When it is at point P a ground rocket is fired towards it from the
origin O with speed V ms™" and angle of elevation o.

The rocket misses the plane, passing too late through point P.
However, it goes on to reach a maximum height of 3h metres and
then on its descent strikes the plane at Q.

With the axes shown in the diagram above, you may assume that the
position of the rocket is given by

1 . . .
x=Vtcosoa and y=—§gt2+Vtsmoc where t is the time in

seconds after firing and g is the acceleration due to gravity.

1) Show that initially the vertical component of the rocket’s speed is 2
Vsino = ,/6gh
i1) If the rocket had not struck the fighter plane at Q, it would have 2

returned to the x axis at a distance d from O.
Show that the horizontal component of the speed of the rocket is

gd
Vecosa=
2./6gh
iii) Show that the equation of the path of the rocket is 2

_ 12hx 1—5
I




QUESTION 7 (continued)

b)

iv) If the horizontal component of the rocket’s speed is
1003 + /6 )m/s, find the time taken by the projectile
to strike the plane at Q in terms of d.

v) Find Ums ™, the speed of the fighter plane.

i) Simplify

@-2)! ¢ +(m-2) " *IC, 4.+ @-2) 2*1c,

it) Find the smallest positive integer n such that :

@-2)! 2 *1Cy +(n-2)! 2¥1C, + ..+ (n—-2)! 2*1C, > 1000 000

©S&GP.C.A
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HS(C TRIAL EXAMINATION PAPER 2001 30LUTIONS
+ MaprPPinG GRID
MATHEMATICS — EXTENSIOoN T

UESTION L

(a) limy SIn3X - 1w Fomdx . o
X350 € %0 TSk
(L wmari)

() Since x-2 is afacter . PC2)=0
p=-4

(2L vaarks)
() (j:x;h-m"x
MS'\Y’_S Pmdud’ruhi

v=tan x
\
tx?*

Let wu= ¢

. [ [ -
RV S~3 vV =

dy .
"‘a{x"‘h ‘x + 2 (2 warks) |,

[+t

b Tmcaxﬂ)‘ Ldy 2
‘ N X  2x+l

= 0..(_‘.9—:‘ |
At x= 12, T l
SAanoz |22 )= S
o \+1>ul' 3
5otz 18°26° (4o neavest minute ).
(& wagy Ks)
(e)S Qo _y (%6 G
\}l q _\,_, 2
. y .q. & o ar
= J : 3Ad,%..,,, 5[5”\"3"3 e
o [N _yt
Vg -3(T-ol= T4
Loy A (3 works)
&)x < = . ,
S W B L2
|

x(x42)

N

.. Solution 1s x<-2 ov 2¢>0,

QUESTION oL

(a) Avvangements=

identical).

. ‘;9" K=0,6= 3

191
3'2‘ = 280
alavyl

|Cwe divide by 31,2 &&!

becouse the ved , blue dgveen are

( 2 marKS)

(b) Sin26= 2058, 0£©L2T
| Asin© 090 = 2 0T O

05 © (3We—(os8)=0

. 0500, ©nO= oSO

= v
OO‘_‘)Q 6033

.. @z T42xT oy ©=-Ty2k7T

for k=\,8= %}r
SMO = o5 ©

. - I

J.Yon e-=tan I

.'.6'—'% + KT

. for K=0, &= T?q

- - 57T,
| for k=1, 8=57

.. Solutions ave ©=T % S Z

wnYhe doman 0<© L2 (3 marks).

- .
() (7 osxdx  Letus Bsinc
o "_‘,35""1 - c.osxdx=0(M/3
fov: x=0, uz0
x:lf , u=3

_lj‘

%S ('w)’

( % mavks)
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(4> %ﬁ%‘_ = 2(x-1) (gradient function)
at x=t+l, Mian= 2t
Using gvadient pownt formula
Y-t 2eCx-t)
Syt a2t ot
g g::z{:x—ti—}e ® (2Lwmarks)
(hy Let x=1in@® 4o find C
Y= 2t~ - 2= e -t

Le+ Yo in® +o find &

£12

. 2
..2-(:;;,—{—, +2t =

.8 \s C‘b‘”— )
Ct-H-H —t* +~L)

J.oes

= (2,0

Sbis m.'\d.—pain“'.q-f AC (2 mavks),
QuEsTion 3

(aXi) Y=2008" Z

Domain: -l € %75 &1 0 -3 £ ¢E3
: (\wmorK)
[ : 0£cos X ¢
Q.\.),,E.mge ofcos = & o
. otywgaTm
(f?”m an
-3 o 3, o)
CQ mavks)

At x=0 , Mian= 3z

() Y= 2 vos™ %
2(3

Y™

Clvavr )

OO0y y= -4 8x -

F)

.._'J. -
P J-\,_ 4‘“1—

)
dac

O feceleration !

x1
x
o

= -

a=l-x (2L marks)

0 az - (x-4&)

. Aecelevation is pvoportional o

|Aisplacement but neﬁgﬁw Ci-e.

divected towavds the centre)
. Motion is simple harmonic,
centred ot x=4.

To find amplitude, lety=0

. x- €x+1=0 . x=T ov x=]|

.. Pavrticle is oscillating petween

o=l & x=1.

. Bm P‘H‘_M?‘_ef 32 (awaorks)

01) Maximum speed occurs when

|a=0 Ci.e. when x=4)

Sy -T432-16=2 9 2 y=2wvn]s Clmark)

) (,onside‘r\’v\ﬂ +eem T4
y B
S Tent = r(" D) (

L)
g ’cs?_—lt r -

= C L —— - 2

© S &Cx Pub\\s‘n\nﬂ U (,oac,hmﬂ Hcademg)
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,,.sCx.‘ . ;‘n’—'?- ?.532' e

To_get wefficient of x> we let

32-6vr=2.

I Goefficient of x*= Ty 272 224
(2 wvaayKs)

J.r=5

QuesTion Lt

Data: pCo is a uadic q,uadv'ﬂa-%em\
- BDuec
Aim: Prove Hnat:() ARBE 111AADC

a1 AEXDC= ACxBE

Construction: Figuve

Proof:qrlet LEABL |-

/- LACB= ot (angle i olternate seqment),
‘- LOAC= ot(altermate angles, AD &)
Let LABE=D

--LCDA= B (exterior angle of cyclic
quadrilateval equols opposite interior

anﬂ_le_).

J.AACD 1Y ARES (e¢u30ngu‘ar).
.. , (32 maries).
(1) Smce As ADC & ABE qve

[8imilar their covresponding sides

ave n the sawe votio,

Ratio of sides: AE - BE
AC  DC

"-AE-)‘OC: 6E)¢QC (-\VV\GYK)
(b)) Product of mo-\—s:J?*‘J’_; ols —

o{=’%_® (1l mark)

C

—

A

an Sum of voots: ‘-% + 3pt ol= -72_

4L - B

Duam ofmo*s la:l’ox-l'iynei
(pxgdr et =2
' __\__ _
| +oz_(dpf_+ﬁ.,.)_2
DLat(dp ’r;‘_—;) =) @
Sub@& QD In®
- C-B

(IO

\ ¢

>

(L wvaark)

LACD:= LAEB (remaining angles)

© S G Publishing and Coaching Academy
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07 From the graph, we can see that

the curves Y= e ™% %;(ogéx
intevsect neav x=i- 4,

[ The eq uation Q"‘=l03: Ci-e.

e - lo_agc = o) has a voot close o
x= |-, (Iwrark)

Qi) Let h(x)= e -logx

L
x.

Son ()= -e -
S =e - 'Of}é‘,"éfo'O”“S’-u
LWCH)=-eT e T 27 0-960882472
Loxgs il - W) Z 306465925
W (-t
2. (1-306L6 5925)= 3 4495834 x 107>
S o= 1-306L6 5925 1S o beter

approximotion of +he root. (2 morks)

Qusstion B

(a)G) All veal numbers e xcept =0
. ’ Ciwmarik)
an ‘f (x)-e* (e*—1\) —e**
(eX—1)?
= —-e%
(e*-1)*

Since >0 fovall x & denominator

( srodien+ function).

1S & pevfect squave greater than O
S f'x) L0 fov all o¢ (2 marks)

() When x—>+e0, Y2 —>1
e

.'-Lgs‘ s a hovigontal asym ptore
When x=2-c0 , Y= O — o (n8.€°230)
yY=0is & horigontal asﬂmp—h*ﬁ

= ~\L S5+
When x>0, Y= -5 —>=e0

;. 220 IS a vevtical asnm‘ﬁo‘\'e— (A marks)

( 2 warks)

W) Swee -F(:C) 1S & one-one function
(\-e.fggv evevy x, theve 1s on\\j owne
ld—va\ue % vice versa).

. 1thas an invevse function (1mark)
W) By wterchonging x &y

x=e? — % _x= ,C” |

e\ . Y- x
Soed = o

. (og@eg = (Oﬁe i’%

Y= loﬂe ;c’-cf_T ( \mark)
bo() Place) = o Plnoaced= o
. PCone ace)= 0¢, (Ho)(%o)®
z0-202526 (lwark)

0V P (o least 2 aces)=1- Plnoace) -fac)

| =1- e_’_(-o(___‘%)o( %’6)‘“ 6C.(%)(?6)5

@S&Cx Pu\b\'\swng and COac\n'\ng AcademU
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-5~

1)

|- Q.uuu‘i—— 0- 3025246

0-5179325 (1wmark)

1) He has 4o serve ace, noace,vioace, |
Vo ace,No ace, ace in+this ovder.

P= (&) (75) % 0021609 (I mark)

QuesTion &

(@) Stepl: For =}, 3.2! = 1c142)!

.- 676 Hewce Strotement is true
S—OV n=l.

S+epA: fAssume That +he statement
istrue for pek

52147304 4 () ()]
SR O

Our aim 15 30 prove 14rue for n=kHl
1€ 3.2 7304 Ceend e (k2D |

= (k) (k430!

Starting fromn @ and adding
LCRA0™ k927(k12)! 4o both sides:
3214730 44 (O iet2] (k)]

= KRG § (et ] (k!
S LHS= (KA k43 (k2! (factorizing)

= (RAD CR+3) (k32!

= CRH) (KH3! (Since CKABD|=

|- §oe=

[

Hence if the statement is true for
n=K, #H 13 also true for nek+l.

51ep3: £ t+he statement iy true

, S—ov n=| & S0 wtis true for n=3

& 50 on. Hence itis +rue fov-all

(3 wmarks).
d(3v?) _ e

o0y %

nzl.

-2
- €

Ax
. LV?-_ =2C -27%.
cozVE N (-e"- e )dx

iR

K2
3V

Shvis eX 4 letx 4

when x=0,v=2

C9e 4L e
f..af"..l.+.).. +c’. i ¢

pl- M-

SoyVEE St rend
otz ety 2e X4
vtE (er®4nT us 1 (e X4
Since when 9=0, v=2 Cpositive)
.. Positive S_oluh'onof\lsé is awepted,
AR e 41\ (2 warks)

I dx eyl = | 4o
d.t e)‘—

2K
ie-‘i*‘:);» = e+

When 40 2=0

.0z=in24+d  r d=-ln2

ST In (@41 — 1 = In (eXH

t= In (™41 - n (€O 0

-—

(e+2)! X +3) ).

1

-+ -2C - . ) \

©5 && PUb\.‘s\“‘“ﬂ ond C,oadn'w\j Acadeﬂmj
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QUESTIoN

=2 Sub @
J-t=In34 secownds
S T4 will toke the povrticle n%

Seconds +o dvop its velocity +o

I-5wn/s, ( 2warKks)
cd V= T (x*dy Y= sin~'
;. Sw Ye x %= g "’7"3

as (,052\3_: [~ Zsin"tj S
,'.x?= ‘;’Cl"wsl\j)

g L2k —sin2h] (A war Ks)

C Yo
S ghs - Visini

O S
SINYy=_(i-tos2y) |
J.ovsinols \}63\« (since imtial vertical

(@0) Y= -gt+ vsina
|BY wiaxivaum height,g=0 (ver+ical

(D){Y\?oyg_ew\') _‘.3-(; using k=

SubSkitube i n Y, weger:

vsind

: a .
Lox (Y30 EY 4 ysinelx USinet
29 ( ) .) 3
+ visin?x

v')'S'\n"ol = (og\f\

vieiniy

© Zhe
3 79

cornponent 1S »pos',r\'i ve). (awarks)

df) Let Y=0 '.—ﬁﬂ-e”-i- vsiiel£=0
+ usinet)=0

S (-2k
+we) or t° 'N%ﬂl (Himeto veturn Yo

x-0x18 1§ 1t didn'+ stvke plane ot Q).
J. 0.(:: Violed X D\\JIS,.'\V\‘,{ = VoS ¥ Q\’Ggh

Lt=0 (intHal

an h
ﬁl 6oge
3
V= E(lh sin2h) . g)’;‘- }(2 2c052h) ‘ 3
Hc‘ ws'lh) ( 2 marks)
L. 2= T ((- wsah). dh iy x= veosat b= =z 2xdbgh
. o - :;:% (29:563\"
gh.__ & (_ro+0el “’;ﬁ‘;"ﬂ
0% (= ws2h) tp .~';'ﬂ_—l3qux—ﬂ— y 2xgh
_ g-d* Sd
h.o & C = —2xh L axh | 1xh oo 2
when \r\~_- (di;é TFC—‘—_—;)—%:CM/S ST d::- + I < j’ Ct .d)
(L wmavrks) (2 morKks)

(V) The vocket will Stike he plane at

QA when tﬂ:h

O ShG Publishing and Coaching Academy
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S IQIL\ |- 2¢
Y= e (-2

1 TC 'al')
_'.d; \2x -~ ‘2%.2_'
sod-xd ¥ 12x*=0

.". “‘lx‘t—llo\x ‘]‘di“—‘o
= Llol i\lﬁ-{f-{d’-_ uygd?

= 3d + b
A

24
=2l 2dJ6 - x

()

6

Time taken by yvocket do veach G-is:

A=V (o3otE

v 3a+d76 _ ooz VB

6
.AC3HVe) | oo (24+V6)L
G

L O_l/g_oo ( 2 wvaarks)
W) The distance tvavelled by the plane
—F'mm ’\34-0@,\3

3d+die _ 3d-dve . ik

6 Y A 3

Lt

L A L L APt
‘nnﬂcwn 4 +zm\62“+ znﬂcmn
\AS\V\% “Cr’— N Ca-v

. _l-wﬂcn - 1"“C.,\+|
Blso, *Meu = 2

szC‘_- Q_.\-Hclﬂ

. 12#»"(\: 2(1“*‘644— 1,wHCI+ '_._’.Qh““c")

. lzﬂ—l': 'us-U(_ + 'a.wHC1 o +""HC,\
Len2) @0 = (n a2 Cp et (-2 "*'c,,

C 2warks)

@ cn-22!"" G+ et re2) ey > Tos00 00

loen-22t Cl""%) > 000000

Bl:) calenlator, &or n=6: 982%0

fov n=: 1965440

" n=T 18 dhe smallest ?es'\‘ﬁ\"e ‘m-keger.
(twmark)

Time Yaken forplane%%v@‘{mm S

To @ i the same time taken by yociet |

N A d/Goo

‘o veach Q.
J.us é{‘%’ > éﬁ-" = 200YTwm/s
C\wari)
) I |

by (\+x)"“+ e, +2"*c‘x'+..-
2ndl 2ntl 2nt]
e X Ty X AT,
Lnd 1

¥ ‘CZV\"H b

For x=1:
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