Year 12 ; Extension 1 Mathematics . Question 2 [13 marks] :
ASSESSMENT TASK 3 @ Inthe diagram; ' 3
2009 [June 2009] ) AB=AC and MN : , _
Time Allowed: 75 minutes . ‘ is a tangent to the.
Topics: Integration by Substitution, Inverse Functions and . circle centre Qat 4.
Inverse Trigonometric Functions, Parametric Equations of the Prove that MN || BC..

Parabola and Locus, Circle Geometry, Mathematical
Induction (Divisibility & I liti

Question 1 [13 marks] :
: v ' : M N
(@  Find the value of x in the diagram. ' 2
) V3 3
Evaluate j &
‘- 1 4 x2
Z 55
R ©  Find Jx«/, 3+ x® dx using the substitution #=3+x’. 3
(b)  Differentiate with respect to x : L
(i) sin™'(3x) 2 Voo \
() x*tan”'x 2 B (@ () Forthe function H(x)=x*-8x, state the largest domain containing the value 1
x=>5 for which the function has an inverse function H™'(x) .
. . P ) . -1 3
©)  Given f(x)=3-24% and g(x)=4x—3 : (i) Hence find this inverse function A7 (x).
(@) find g7'(x) 2
(i) evaluate f(g™(~5)) 2
@ pind J(I —sin x)4 cosx dx by using the substitution #=1-sinx. 3
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Question 3 [13 marks]

»

§ ®
i

“¢(a). (i) State the formula used to find the equation of the chord of contact from the
external point (x, , y,)to the parabola x* =4ay.
(i) Hence find the equation of the chord of contact of the tangents to the parabola
x? =y from the external point (~2,~7). Express your answer in general form.
. " o 3
Evaluate sin| 2cos 7)) Express your answer in simplest exact form.
© . 11 2 1
i) Show that - = .
® 41 x2+3 (x2+1)(x2+3)
N & 3
(ii) Hence determine the value of R varaaa
. a (x +1)(x +3)
()  Use mathematical induction to prove that 32" +7 is divisible by 8, for all integers 3
nzl. :
2009 - Extension 1 Mathematics - Assessment Task 3 & Solutions Page 3/12

Question 4 [13 marks]

X = 4ay

P (2ap, ap*)

y=x
Q (2aq, aq”)

A variable chord PQ of the parabola x* =4ay is such that it is always parallel to

y=x. P and Q have coordinates (2ap, ap*) and (2aq , ag®) respectively

(p=q).
(i) Show that the gradient of PQ is p -2Fq . 2
(i) Hence showthat p+g=2. 1
(iii) Show that the gradieﬁf of the tangelnt at Pis p. 1
(iv) Show that the equation of the normal at P is x+ py =2ap+ ap’. 2
(v) Write down the equation of the normal at Q. 1
(vi) Derive the coordinates of R, the point of intersection of these normals. 3
(vii) Find the Cartesian equation of the locus of R . 3
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Question 5 [13 marks]

(@ (i) Sketchthe curve y=cos'x. 2
‘(ii) Find the area bounded by the curve y =cos™ x, the x-axis, the y -axis and the 3
line x = 1 .
2

(b) ~ Copy the diagram below onto your paper.

Given O is the centre of the circle above and ZAOB =8, prove that :

) ABPN=4AQN=180—§ 3
(i) ZAMB+/ANB =0 2
(©) 3sin™ |4~ x| 3

State the domain and range for the function y = 2
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SOLUTIONS : Question 1 [13 marks]

Sxx=4x12
@ 48
r=—
: 5
3
© =ey-3 T @
@ _x+3 (if)
T4
gy x+3
ie g7 (x) e
(d) - - Ca .4u :AAl.—S_l;Alfl‘:tx-‘ L AR
du
—=-—Cosx
dx
J'(l—sinx)4 cos x dx = j—u“du
: s
=-Lic
5
1-si ’
_ ( s;nx) LC




SOLUTIONS : Question 2 [13 marks]

AABC is isosceles (4B = AC, given)
(®)  £4BC = ZLACB (base Zs of isosc. A)
ZABC = LCAN (£ in alt. segment)
LCAN = LACB (both equal ZABC)
. MN || BC (alt. angles only equal on parallel lines)

®) Jﬁ e =[sin"(iﬂ (©) u=3+x
| Va-x 2)4 : %=2x
=sin™ —\/—5— ~sin™| — 7 . (1
2 J.x 3+x° dx= Ew/;du
“E_Z 2
3 6 L2 -
o 2 3
6 ' (3}+x2)2
= +C
3
(3+x2)\/3+x’
O Sl Y

3

") x.:—-y.2 —85/
@ 2 _gyr16=x+16

/ (y-4)' =x+16

i * y=4£Jx+16
“T Since y = 4, the inverse function is
o H'(x)=4+x+16

. x 24 is the largest positive domain for

which an inverse function will exist,

® let y =cos™ (—;)

SOLUTIONS : Question 3 [13 marks]

®  xx =2a(y+y ® =y
@ «(r+n) (i) el
: 1

a=-

4

cosy—i
7

' sin(Z cos™ (g—)] =sin2y

=2sinycosy
V33 4
=2X'—"7-—‘X

7
833
49

© 1 1 ¥ 43 4l

O 7o Fes (x* +1)(a +3) _(xz +3)(? +1)
x4+3-x" -1
- (x2 +1)(x2 +3) '
2
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SOLUTIONS : Question 3 [continued]

0 [ ety e
;o\

{tan‘l x—r/%tan" (—%)J—I

[tan“‘ (v3) —%tan"' (—g}—(tan"’ (-1) —71_3—tan"’ (—:/%D]

(T"ﬁ"%‘(“%“%"%ﬂ

_1F5h£;+1_;1J
203 443 6V3.

21573

ep1 :Pr
3 47=3"47
=9+7
=16
=8x2
. Divisible by 8 forn =1

Step 2 ; Assume true for n=*k.
ie, Assume 3% +7 =84 where 4 is some integer

~3% =847
Step 3 : If true for n=Fk, prove true for n=/k+1.
32(k+1)+7=32k+2+7

=37 (3%)+7

=9(84-7)+7

=724-63+7

=724-56

=8(94-7)

=8B where B=94-~7

.. Divisible by 8 for k+1,
Step 4 : If true for n=k, proven true for n=k-+1. Since proven true for n=1, then true for

n=2. Since true for n=2, then true for n=3. And so on.

. True for all integers, n=1

-
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SOLUTIONS : Question 4 [13 marks]

® = ap® —aq’ (ii)
" 2ap-2aq
=a<p2_q2)
2a(p-q)

(p+a)(p-9)
2(p-1)

+
mpfpzq

A’
2
Hence p+g=2

ie

x @iv) .
(iii) y=— Since m, = p, my, =-——
, ) ;a ; v
& _x 1
dx  da ‘ y—ap2=~;(x—2ap)
=§—- \ py—ap® =—x+2ap
a
x+py=2ap+ap’
atP,mr—-%a—E
a

V‘(V) .(I.qu‘lz;[ign gfnorn_nal at Q is ;c+.éy = 2aq +‘avq3‘. o
(vi) x+}9y‘= éap.{- ap’}
x+qy=2aq+aq’
»p-q)=2a(p-g)+a(p’~2’)
Y p-9)=2a(p-g)+a(p-9)(p" +pg+4’)
y= 2a+a(p2 +pq-l:q2)
=a(p*+pg+q*+2)
x+pa(pZ +pg+q’ +2)= 2ap +ap’
x+ap® +apq+apq® +2ap = 2ap +ap’
' x=-dp’q-apq’
=~apg(p+q)
~ R is”(——apq (p+9), a(p2 +pg+qt+ 2))

Since PQ) is parallel to y = x, mPQ‘=1
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(vil)

x=~apq(p+q)

x =-2apq \
_ X

pg==~

y=a(p2+pq+qz+2)
=a(('p+q)2—p_q+2)
=a(4+—x—+2)

' 2a

X
==—+6a
773

®
0

ZBPA =%£A OB (£ at circumf. is half £ at centre)

9
2

ZBPN =180——§ (adj. supp. £s)

£LBOA = —12—4/103 (£ at circumf. is half £ at centre)

=9

2

4AQN=180—§ (adj. supp. Zs)
= /£BPN

SOLUTIONS : Question 5 [13 marks]

(@ y @
@ : (i) y
v Sk
3
o \
P
2
3T
3 -
4 3
i
. 6
it :
A5 4 05 ols 15 X
, ot
y x A
T L
x x
z 172
A="x—+ | cosyd)
N j ydy
3
== +[sin y]z
3
= Zr—+(sin£—sin—)
6 2
= Zl'_ +1 _.\L?:_
6 2

(b)
@i

©

LAMB = ZPMQ (vert. opp. £s)
LPMQ + ZMON + ZONP + ZNPM =360 (£ sum of quad.)

ZAMB+180——§—+AANB+180——§=360

LAMB + ZANB +360—80 =360
 LAMB+ LANB =0

Domain :
~1<)4-x|<1
-1£4-x<1
~5<~x<-3
52x23

ie. 3<x<5

Range : OSyS—34£
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