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SGHS Extension 1 THSC 2008

Question 1:
.o 3x
a) Solve for xif " <2 /3]
x—1

1

b) Find the exact value of _[ xe™ /2]
0

) Find -d—(sin'l Vx ) 27

' dx

d) If A is the point (3,-2) and B is (-3,1) find the point P that divides AB externally
in the ratio 2:1.

27
€) Ifthe limiting sum of a geometric progression is 5 and the first term is 3, find the
common ratio. :
37
Question 2:
a) Sketch the curve y =3sin™2x 2]
i 2cosd
b) If 2tan6 =3 and @ is acute, find the exact value of m
secd —cosecd
3]
©) Theroots of x* —3x® +6x~5=0 are «, f and y . Find the value of
) (a+1)+(B+1)+(r+1) 2]
1) (a+1)(B+1)(r+1) 2]

;eb In the diagram, DA is extended to F and EC

bisects LBCD. Piove that AE bisects £/ FAB [3]




Question 3:

(2 2Y
a) Find the constant term in the expansion (— - %]
x

k
b) Find the value of k if \j1+x.dx=%

0

a

¢) Given that x =2 is an approximation to x> —9 =0, use one application of

Newton’s Method to find a better approximation.

2n)!
d) Use induction to show that: 1x3x5x...x(2n-)= (27)

Question 4:
a) Show that 7" +2 is divisible by three for all positive integral n.
b) Consider the polynomial P(x) =x* —(k +1)x* + kb +12

i) Find the remainder when P(x) is divided by A(x)=x-3
"y Find kif P(x) is divisible by A4(x)

« iify For this value of %, find the zeros of P(x)

—~—— using the substitution » =25 +x°

. dx
9 Find I (25); )

B3]

3]

B3

3

3]

2]
2]
2

3]

Question 5:

a) A projectile is fired at an angle of tan™ (%) to the horizontal with an initial

velocity of 130ms™ . Using g= 10ms,

i) Derive the equations for the horizontal and vertical position of the

projectile at time 2.

i) Determine the horizontal range of the projectile.

b) Aright circular cone with vertical angle. 60°is
being filled with a liquid. The liquid is being poured
into the cone at arate of 3zem®.s7.
3
1) Show that the volume of the cone is given by ¥ = i

where % is the height of the liquid

21
3]

)

[1]

ii) Find the rate the height of the liquid is incréasing when that height is 9 cm.

¢) Find a general solution to cos2x = sin x

]

2




Question 6:

2) A particle is moving in a straight line with an initial velocity of 48ms™.

Atany time ¢, the acceleration inms™ is given by x =~6¢. Find

i)  The distance from its initial position when it stops

2]
i)  The velocityggwhich it is travelling when it returns to its initial
position.
2]
b) A particle moving on a horizontal line has 2 velocity v(ms™), given by
v =64+ 24x—4x"
i) Prove the particle moves in simple harmonic motion
aj
if) Find the centre of motion
. j
" i} Write down the period and amplitude_
2]

{iv) If initially, the particle is at the centre of motion and is moving to the lefi,
write down an expression for the displacement as a function of time.

aj

&) i) Write the expression +/3 cos +sin @ in the form Rcos(6~a)
aj

if) Hence or otherwise solve J3cos@+sin@=1, for 0° <6 <360°.

2]

Question 7:

a) The maximum charge of a battery that requires recharging is 12 volts. After 1
minute on the recharger, the charge is measured as 6 volts and after a further
minute the charge has risen to 8 volts. Assuming the rate of increase of the charge

is given by %=k(lZ—Q),

i) Show this equivalent to O =12~ Ae™
2]

i) Find the value of the charge on the battery at the time it is placed on the
recharger.

2]

ji1) Find the exact value of the battery after it has been on the recharger
for 3 minutes.

37

b) The points P(2ap,ap*) and Q(2ag,aq”) lie on the parabola x* = 4ay . If PQ
passes through the point (4a, 0)

i) Showthat pg=2(p+¢q) '
2]

/ii) Find the locus of M, the midpoint of PQ.
37




SGHS Extension 1 THSC 2008  Solutions

Question 1:

a) Solve for xif 3—"1 <2 3]
Solution:

—3&.@<2.(—x:—122—, x#1
x=1 1 i
2 3x(x=1) < 2(x - 1)
or 2(x—1)* > 3x(x-1)
2 =1 =3x(x~1) >0
s (=D (2x-2-3x)>0
.Z(x—l)(—x~2)> 0
or (x—1){x+2)<0
—2<x <]

1
b) Find the exact value of jxe“" dx 727
0

Solution:
1

.
ojxe—*’ dx = —% of-zxe-*’ A
]
4]
-3l -3

¢) Find %(sin“'«/;) 2]
Solution:
d. oy 1 1
A N
1

24x(1—x)

3

d) If A is the point (3,-2) and B is (-3,1) find the point P that divides AB externally
in the ratio 2:1.

2]
Solution:
P(x, ) =(k1xz +kx ky, +k2yl]
k 4k, k +k,
_[2(3)-10) 2()-1(-2)
2-1 1 241
_[—6-3 242
17
-(9.)
€) Ifthe limiting sum of a geometric progression is 5 and the first tertn is 3, find the
common ratjo.
3]
Solution:
L
® 1-r
-3
1-r
5—5r=3
2=5r
2
—
5
Question 2;
a) Sketch the curve y =3sin™ 2% ' [2]
Solution: y

>
02 0405 X




b) If 2tand =3 and 4 is acute, find the exact value of
sec @ —cosecd

Solution:

3 2 s
. 3| = {+2] —=— 3
3sin@+2cosf JI_B \/ﬁ
secd —cosecd __\/IE N Ji3 -
2 3 2
9 4

+
13 Vi3

W13 2413

6 6

¢) Theroots of x* ~3x* +6x~5=0 are , B and y . Find the value of

i) (@ +1)+(B+1)+(y+1)

Solution: a+ﬁ+y=—é=3
a

A+ )+ (B+1)+(r+1)=3+3=6

i) (a+1)(B+1)(y +1)

Solution:

aﬂ+ﬂy+ya=£=6
a

aﬁ}/:—gzs
a

(a+))(B+1){(y+1)=afi+af+ Py +ya+a+B+y+1
=5+6+3+1=15

3sind+2coséd

{3

2]

2]

¢) In the diagram, DA is extended to F and EC
bisects ZBCD . Prove that AE bisects /FAB

Solution:
LECD = LEAF (exterior angle of cyclic quad)
Z£ECB = ZE4B (angles on the same arc)

Since LZECB = LECD (given), LEAB = £LEAF
.. AE bisects ZFAB

Question 3:

Solution:

12-r 2V
U, ="Ca"™"¥ = 12Cr (z) (_f_)
x 3

The x coefficient is x""?x* =x*" s0 x=4

8 5\
U, - nq(g) (_%) _495% 256 _ 14080
X

81 9

. o 14

b) Find the value of k if J.«/ 1+ x.dx = 3
0

Solution:

{2(1+x)%Jk 14

3 3

0
A 5T
[exy] =7
L(LE)E-1=7
(1+ky =38
1+k=4 > k=3

2

i2
x)

a) Find the constant term in the expansion (—~——
X

3

‘ C
[3]

13




¢) Giventhat x=2 is an approximation to x’ —9 =0, use one application of
Newten’s Method to find a better approximation.

37

Solution:
o SO
)
f(X)=x-9 > f(2)=8-9=-1
fi(x)=3x* - f'()=12
=2~_f(i)=2_j=2_1_.
73 12 12

]

2n)!
d) Use induction to show that: 1x3x5X....... x (2n-1)= (2n—)'
n!

13

Solution:
atn=1LHS =1

!
RHS=%=1=LHS - . trueforn=1

2k

assume true forn=4 - 1x3x5x%x..... x(2k-1)=(2—kl~c)~'~
2k +2)1
prove forn=k+1 ,ie prove 1 x3x5x ....... X (2k-1)(2k+1)=~2£T(k——+—_21ﬁ

LHS =1x3%5% .....x (2k-1)(2k+1)

2k
= (2 "121 (2k+1) [using assumption]

(2R kD (2k+2

TR (2k+2j

_(2)! 2k +1)(2k+2)

TR 2(k+1) '
_ (2k+2)!

T2 (k)

= RHS

. iftrue for n=k,itis true for n=k+1.

Since true for n=1, it is true for =2, then #=3 and so on for all positive
integral values of .

Question 4:

a) Show that 7" +2 is divisible by three for all positive integral n.
37

Solution:
atn=1, 7'+2=9=3x%3, soistrue for n=1
assume true forn=k — 7*+2=3M (M an integer)
proveforn=k+1
T 42=Tx 7" +2 '
=7x (3M-2)+2
=21M ~14+2
=21M -12
=3(7TM -4)
. iftruefor n=k,itistrue for n=k+1.

Since true for n =1, it is true for n=2, then » =3 and so on for all positive
integral values of n.

b) Consider the polynomial P(x)=x* —(k +1)x* +kx+12
1) Find the remainder when P(x) is divided by A(x)=x-3 (2]
Solution:
P(3)=27-9k-9+3k+12 !
=30-6k
i) Find kif P(x) is divisible by A(x) [2]
Solution:
IfP(3)=0,30—-6k=0
andk =35
iii) For this value of &, find the zeros of P(x) ' [2]

Solution:
P(x)=x"—6x* +5x+12
=(x~3)(ax® +bx+c) as (x—3) is a factor
=(x—-3)(x" -3x—-4)
=(x—=3)(x~D(x+1)

Sox=-134




c) Find J‘iix—; using the substitution # =25+ x
2\
(25+57)
[3]

Solution:

let u=25+x%,

du=2xdx

_ 1 ¢du _ 1 -y
I = 5 ;%' =— Ju ‘du

Ly 1
—2u "t te=—=%¢
2 Ju

1

st

+c

Question 5:

a) A projectile is fired at an angle of tan™ [%) to the horizontal with an initial

velocity of 130ms™ . Using g = 10ms™,

i) Derive the equations for the horizontal and vertical position of the

projectile at time ¢.
2]
i) Determine the horizontal range of the projectile.
3]
y
V=130
Cl
X
Solution:

.

x=0,  y=-10
).czcl, ).1=——10t+c2

att=0,;c= Veos8, J./zVsinQ

= 130(2} =130(—5—j
13 13

=120=¢, =50=c,
- x=120, y=—10£ 450
Sx=120t+¢, y=-5+50t+c,
at{=0,x=0=¢,,y=0=¢,
sox =120t y=-5t* 450t
i) aty=0,¢=0,10

range at £ =10
sub into x =120 and range is 600 metres

b) Aright circular cone with vertical angle 60°is
being filled with a liquid. The liquid is being poured -
into the cone at a rate of 3mem®s7".
3
i) Show that the volume of the cone is given by ¥ = % ,

where / is the height of the liquid
]

ii) Find the rate the height of the liquid is increasing when that height is 9 cm.
4]
Solution: .

D=L om0 =l s Lo adre
3 A3 ok 3

el

v _av dh av _ak’

) LA, =22
dt  dh dt dh 3
AV _ =k dn
a3 4t

=n(81) dh - ﬁ=lcmsec“'
5o

3 ar di

S 3




¢) Find a general solution to cos2x =sin x

2]

Solution:
s 1-2sin* x =sinx
s 2sin® x+sinx—1=0
~(2sin x~1)(sin x +1)=0

o 1 .
..smx=5 or sinx=-—]

= (-l) (%) or 2 (4n+3) :

Note: This may also be answered in degrees .

Question 6:

a) A particle is moving in a straight line with an initial velocity of 48ms™ .
Atanytime ¢, the acceleration inms™ is given by x= —6¢ . Find

) The distance from its initial position when it stops

2]

i) The velocity as which it is travelling when it returns fo its initial
position,

2]

Solution:
X =6t
J'c=—-3t2+c
atr=0,x=48=c
x= 37 448
x=—1+48t +c,
ati=0,x=0=c,
Lx =1 48
at x=0,3(— +16) =0 ¢ =4
at{=4,x=—4+48x 4=128 Distance is 128m
atx=0,~ 148/ =0t = /48 =43
2
att=4\/§,v=*3(4«/§) +48=-96 Velocity is —96ms™

b) A particle moving on a horizontal line has a velocity v(ms™) ’, given by
V' =64+ 24x — 4x>

) Prove the particle moves in simple harmonic motion

iy
i) Fird the centre of motion

gy
i) Write down the period and amplitude

2

iv) If initially, the particle is at the centre of motion and is moving to the left,
write down an expression for the displacement as a finction of time.

j
Solution:
i) %vl =32+12x~2x*
4V .
x ey =12~ 4x = -4(x —3) which is the form of SHM
i) At x=0,x=3
iif) A* =4——>n=2,.‘.T=22f—=7r
Atv=0,4x" - 24x-64 =0 > 4(x ~8)(x+2) =0
Particle moves from -2 to 8, so amplitude is 5
iv) x=3-5sin2s
¢) i) Write the expression /3 cos @ +sin & in the form R cos(H - a)
]
ii) Hence or otherwise solve +/3 cos 6 +sing =1 , for 0° <@ <360°.

Solution:
i) Rcos(&—a)=R(cos&cosa+sin93ina)

J3cosh+sing=2 £cos<9+lsin19 , R=2, ==
2 2 6
.'.Rcos(&—a)=2005(6~%)

i) Zcos(ﬁ—z)ﬂ - 60§ 6—-75):1
6 6




Question 7:

a) The maximum charge of a battery that requires recharging is 12 volts. After 1
minute on the recharger, the charge is measured as 6 volts and after a further
minute the charge has risen to 8 volts. Assuming the rate of increase of the charge

is given by %?—:k(12~Q),

i) Show this equivalentto Q=12— de™
2]

i) Find the value of the charge on the battery at the time it is placed on the
recharger. :

2]

iti) Find the exact value of the battery after it has been on the recharger
for 3 minutes.

Solution:

) 0=12-4e™*

a -
L - (ae)

and since de™ =12-Q, if%:k(n—Q)

i) 0=12-Ae™

at1=1,0=6 — .. 6=12-Ade* andde* =6 or A=6e"
att=2,0=8 — . 8=12-de™ andde™ =4 or A=4e*
Equating for 4, 6e* =4e®* — ¥%=3

Since A=6e*, A=6(3%)=9 and Q=12-9¢™
At1=0,0=12-9¢° =3

iii) Att=3,0=12~9*
=12-9(c*Y
Since e =¥%,e7* =%

and Q0 =12-9(%) =94

b) The points P(2ap,ap®) and O(2aq,aq”) lie on the parabola x* = 4ay . IFPQ
passes through the point (44,0)

) Show that pg=2(p+q)

[2]
if) Find the locus of M, the midpoint of PQ.
) 3]
Solution:
o _ap'-ag’ _alp-q)p+a) _p+q y
i) my, = =
2ap-2aq 2a(p—q) 2 atzegadd
~Ban PQ isy—ap® = p;q(x—Zap)
+ ap 9 )
)’-apz=[£2—q)x—ap2—aPQ—>y=[p;q]x—apq .
(43 0)
+
at (4a,0), o=(p2q]4a-apq—>pq=2(p+q) "

if) Midpoint PQ is a(p +¢), g—(pz +q")

Letx=a(p+q), =-§(p2+q2)

Writey as y =

Py

ey ~2pq)

or 2ay+4a” = x* —4ax +4a* - (x—2a)" =2a(y+2a)




