SYDNEY GRLS H.S, - EXT. 2 - TASK 7 - MAR 09

Question 1: (25 marks)
a) Solve the quadratic equation x*+4x+5=0, giving your answers

in the form a+ib.

b) Form the quadratic equation with roots 1+3i and 1-3i
(4] If z=3-2iand w=2+/, find, expressing in the form a+ib:
i} 3z—-2w
i) iw
* w
iy —
z
v) wr-2*
d) i) Express ¥8+6i inthe form a+ib.

ii) Hence solve the equation: 22 +2(1+2/)z—(11+2)=0

el 2 -2
i} Express ——Z———i—z-— in mod-arg form.
(i B
ii) Use De Moivre’s theorem to simplify L—Z——ng ,
expressing your answer in the form g-+ib
f} Evaluate /™.

Question 2: {25 marks)

a)

b)

]

d)

jii

=

i)

Simplify (cisi;—Icis%} Express your answer in the

form a+ib.

Tn .,
Hence evaluate cos—z— in surd form.
1

Use De Moivre’s theorem to express cos4é in terms

of 5ind and cosd .

Express sind@ in terms of sind and cos@

—at®
Hence show that tan4d=

R where t=tand.
1-6t"+t :

Using this result or otherwise, solve the equation
X' +a4x* -6 —4x+1=0.

If 2=cos@+isind, use de Moivre’s Theorem to show

1
that 2" +—=2cosné@
7

Find an expression for cos*d in terms of multiples of

cosd .

Solve the equation z°+1=0, giving the roots in the

form a+ib

Hence factorise z°+1 into real quadratic factors.




EXTENSION 2 MATHEMATICS TASK 2 SOLUTIONS
Question 3: (25 marks) Question 1:
a) One vertex of an equilateral triangle 0OAB is A (1 +i). f Ois the 3 a) 4 Ax45=0
origin, find the coordinates of B if it lies in the second quadrant. 4t /16— 20
X = e ———
2
—4t~~4
b} Given O is the origin and A is represented by the complex =T~
number \/3—+i: _—4x20
x 2
i) find Cif OA is rotated through (—3) and doubled in 2 =-2%
length to form C;
ii} find the point B which forms the parallelogram 0ABC 2 o) a+,ﬂ=(1+3i)+(1- 31)
=2
C) 2 2 2 t3 4 ¢
Prove that ]zl—zz' +|zl+zzf =2’Z:l +2'zzl aﬁ=(1+3iX1—3i)
=1-9’
d) If w is the complex cube root of unity with the smallest positive =10
2
argument: X' —2x+10=0
i) show that the other complex cube root is w? 2
C i - = ~2f i
ii) provethat 1+w+w’=0 2 ) ) 3z-2w 3(3 2'} 2(2+’)
=9-6i-4-2i
i) evaluate (1+3w- w)(14we 3w) 1 —5_gi
W} find the quadratic equation which has the roots i) iw= i(Z—H‘)
(1+3w+w2) and (1+w+3wz) 2 =20+
=—1+2i
e) 147 2 iy W AL 32
Ifz="— and Y z 3-20 3+2
v (+i)3+2)
i) express zand win modulus argument form; 4 = 321 Y3¢2i
iiy plot z,w,z+w on an Argand diagram; 1 ) 647i02
5r - 9—4f*
i} sh t tan-——=+v3+2
iii} show tha aml2 \/— 2 _i+-l
13 13
END OF TEST
Wy wi-2*=(+i)-(3-2)
=(rain)(3-121+41)
=(3+4i)-(s-121)
a =-2+416i{
1




4 jVe+6i=a+ib
g+6i=(a+ib)

=a’~b*+i2ab

a-r'=8 (1)

2ab=6 (2)

Using (a2 +b7)2 =(az —bz)2 +(Zab)2
=8%+6°
=100

a+b*=10 (asa2+b2>0) (3)

@6
202 =18
at=9
a=:*3
Whenag=3,b=1
Whena=~3,b=-1

o \Br6i=£(3+1)

i) 22 +2(1+20)z—~(11+2()=0
22 +2(1+2i)z=11+2i
2 +2(1e20)z+(1+2) =114 204 (1+20)
(z+[1+2])f =114 21+ 14448

=12+6i—4
=8+6i
Z4+142{ =28+ 61
=+(3+1)
Z+1+2i=3+1 Z4+1+20=-3~i
z=2-1 z=—4-3i

=_Z_
«/E 2 { x)
7_‘7"“%—_)

(2 2V _( [ =)
o -3) ]

(
Lcos[———[ +1sm{———l J
_cos( 157:)Hsm( 157r)

=cos15z—isinlsx
=-1

f) {2009 =(i4 )SDZXI-
=1xi
=]




Question 2:

a) a7 T A4 T ..
l) CIs— [X| CI1S— [=| COS—+iSin— § COS—+iSin—
3 4 3 3 4 4

=E§__2—(1+i+i«/§+iz\/§)

ﬁ(l—«/i)ng(uﬁ)

s

if) (t:‘sﬁvc'sf\—cis(z 5\
RAGEY Ry B Eay|
7

I
= Cl§——
12
Equating real parts:
T \/Eé_‘/g)
€08 e = e £
12 4

b} (c059+isin9)4=ccs4€+isin 48

(cosé +isim9)4 =cos' §+4cos*d(ising )+ 6coszt9(i:~7in€)z + t‘rr:osé)(isiné’)3 4—(1‘sin€)4

=cos’ @ +i4cos’Gsing +*6cos’ Osin® @ + P4cosfsin® 6 +i*sin* @
=(cos"€— 6cos’fsin @ +sin’ €)+i(4c05305in€ ——4cos€sin’€)
054 = cos’ @ —6cos? @sin G +sin® @

i) sin46= 4cos*@sing—4cosfsin’ 4

sin48
cos4d
__4cos@sing~4cosfsin’g

1ii) tan4d=

" cos* G~ 6cos?fsinG+sint 6
4cos’fsind  4cosfsin®e
cos*g cos*g
cos*d 6cos’sin’d  sin*@
cos*d cos* @ cos*g
o 4t-atf
T1-et?irtt

where t=tané

V) x* +4x°—6x-4x+1=0
4x—4x’=1-6x*+x*
4x-4x*
1-6x%+x*
Letx=tanfd=¢:
qe-at®
1-6t7+t"
tan4f=1
Sz 9
ap=Z 20 7 137
4 4 4 4
oo 7 Sz 97 13w
16'16° 16 16

T Sr S
X=tan—,tan—,tan—,
16 16

)

. 1 -
D" +—=z"+2"
z

=(cos@+isind) +(cos@ +ising)™"

n
16

137

= cosnf +isinnd + cos(~nd)+isin(-nd)

=cosnd +isinnd + cosnd —isinnd
=2cosnd
if) Letn=1:

1
Z+—==2cos8
z

4
(z+l) =16cos*d
z

16cos"0=z‘*+427+6+_4_1+i
z¢ z*
[, 1) [ 3
=LZ"+—4—J+4(22+%}+6
z z
=2c0s48+8c0520+6

cos*@= lcos46'+ lcos 20+ 3
8 2 8




d)

)z8=-1
=cisw
€3
z= cis;r}
( 742k )
=cis MJ where k=0,1,2,3,4,5
6
T T . 5
z,= cns—s- z,= czs; z,= 515—6—
.\/5 1 =i 3 1
=—+i= FESSRAY jus
2 2 2 2
T ) 1r
23=Cls—6— z, =cls— 7, =cis—
V! =i 3 1
== ==
2 2 2 2
ii} Note:
i 2+2=cosf+isind+cosfIsing
: (5 N =2cos8
- cst_s?” J =2Re(z)
=4 zZ= cos€+isin€Xcosé'—isin€)
2 —cis 11z =cos*@-i*sin*g
s = cos?@+sin’@
{ ) -
= cisL—-—’—sr-J =1
=z,

2 +1=(z-i)(z+ i)(z—zo)(z—z—o)(z—zz)(z—z—z)
=(z* —-iz)(zz —-‘:zq +§;]z+ zoz_(,)(z2 —I:zZ +Z:|z+ ZZZ)

=(z2 +1)(zZ -3z+ 1)(22 +3z+ 1)

Question 3:

a) Iz

N
B

Relz)

(4 \
Coordinates of B: LE———,—+ J

) IOA[=,}(J§)+12

|oc]= 2x IOA]
=4

U oy
=(1—iJ§)(J§+i)
=3 +i-3i-3

=243-2i

Coordinates of C: 2\/?_:‘— 2)




i)

D gzl +z,[ =(z, -2, (

Imizy

e
i
-

v

) LS

OC=0A+0B
=(\/§+1’)+(2«/§— 21')
=3.3-i

Coordinates of C: @\/3—',—1)

) z,+2, (z,+z,)

=(z, -zz)(z1 ) +(z,+12,) (zl+zz)\
=2,2,-2,2,- 2,7, + 2,5, + 1, L4227, 42,2, + 2,7,
=22,2, z+ Zzzz2

=2z, + 2|z,

d)  pr=1

=cis0
Z= (ciso)%
c5(0+
=i L

) where k=0,1,2

z, = cis0

L2 :
z, =cis— z,=Cis—
=1 3 3

2;
Letw= cis—s— :

w? —(cisz—”Y
RGEY

4r
= cis—
3

:Z2

i) 1+w+wz=——1(wz—1)
w-1

= Ml):]i (as wi= 1)

=0

iif) (1+ 3W+W2)(1+ w+3w2)=([1+ w2]+ 3w)([1+w]+3w2)
=(—w+3‘w)(—w2 + 3w2)
= 2wx 2w?
= 4w’
=4
iif) (1+3w+w2)+(1+w+3w2)=2w+sz
=2w(1+w)
=2w(~w2)
=-2w’
=2
(1+3waw?)(1+w+3w?)=4

X' +2x+4=0




€)

i)

ez} I
p 23w

240D =arg(w)

r 3

3
ZBOA= % (adjacent complementary As)

As Iz]=lw|, OBCA is a rhombus,

So diagonals bisect the angles through which they pass.

scoa=Z:2

10

In AAOD:
siné!lOD:Rf‘1
1
sinZ=DA
3
pa V3
2
In ACOD:
3
¥
5 “+
tanroe 2
1z 1
2
J342
2
1
2
ez

11

coséAOD:%q




