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. HSC ASSESSMENT TASK 2 -

Mathematics Extension 2

“General Instructions
e Reading time — 5 minutes
o Writing time — 90 minutes

e Board-approved calculators may
be used

» Diagrams are NOT to scale

e A table of standard integrals is
provided at the back of this paper

e Topics — Complex Numbers

Name :

Total marks — 75

Attempt Questions 1-3

All questions are of equal value
Start each question on a new page
Write on one side of the paper only
‘Write using black or blue pen

All necessary working should be
shown in every question

Teacher :

QUESTION 1 (25 Marks)

®

(®)

©

@

If @=3-4i and z=-1+73i, express the following in the form a+ib where 4 and b

are real numbers.

@ o+2z 2
(i) z-z 2
@iy 2
z 2
@iv) Im[a)’ + iz} 3
6] Find +6i—8 and express each answer in the form x +iy. 4
(i)  Hence solve the equation 2z° — (3 + i) 2+2=0, expressing z 2
in the form x+iy.
If o is a complex cube root of unity (i.e. a root of 2° =1) :
0 Prove that @” is also a complex cube root of unity. 2
(i)  Prove that 1+ +a* =0. 2
(ili)  Evaluate (3a)2 +30* )3 ) 2
Find all the complex numbers z=a+ib, where a and b are real, such 4

thet |2 +5z+10i=0.

- End of Question 1 -
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QUESTION 2 (25 Marks)

®

®)

©

z =1+ i3 and z, =1—i are two complex numbers.

6] Express z, , z, and A modulus/argument form.
ZZ

n
(i)  Find the smallest positive integer » such that Z—‘n— is imaginary.

Z

n
2

(iif)  For this value of », write the value of in the form bi

n

2

where b is a real number.

Find the Cartesian equation of the locus of z if :
@ |z-3i=|z+6|

)  2fz|=z+z+4

(i) Re(z—_i) =0

z+1

@ Write down the roots of the equation z° =1 in

modulus-argument form.

(ii)  Plot the roots on an Argand diagfam and sketch the polygon

which has the roots as its vertices.

(iif)  Find the perimeter of the polygon formed in (ii). Give your

answer correct to 2 decimal places.

(iv)  Using your answers from (i), express z* +1 in terms of real

linear and real quadratic factors.

- Question 2 continues on page 5 -

-Page 4 -

QUIESTION 2 (continued)

@ @ Express z=1+i in modulus/argument form.

(ii)  Hence show that z° =16z.

(iii)  Hence express (1 + i)9 +(1 - i)9 in the form a+ib

where a and b are real.

- End of Question 2 -
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QUESTION 3 (25 Marks)

(®)

(®)

©

®

(iD

(iif)

@i

®

(i)

(i)

(iv)

. 1
If z=cosd+isiné, show that z" +—=2cosnf.
z

Hence show that cos’ 8 = %(cos 40 +4c0s20 +3).

Hence find J.(8 cos* @ —3) do.

On an Argand diagram shade the region where both |z—1-i| < V2

and OSargzszzz—.

Find the exact area of the shaded region.

Use De Moivre’s Theorem to express cos46 and sin4d in terms

of cos® and sind.

4t 47
Hence show that tan46 = ———— where = tanf.
161" +1¢

By first solving the equation tan46 =1 for 0<8 <27,

solve the equation x* +4%° —6x> —4x+1=0.

Hence find the value of tan{%x tany—xtanzxtan% .

16 16

- Question 3 continues on page 7 -

- Page 6 -

QUESTION 3 (continued)

(d) OABC isasquare. 4 represents the complex number z. B represents
the complex number 4461 .

B (4 + 6i)

A(2)

@) Write down the complex number represented by C in terms of z.

(i)  Hence, or otherwise, find z in the form of x+iy.

(¢)  Find the maximum value for |z| where z satisfies the condition

- End of paper -
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Question 1. Ext 2 Task 2. 2011

w=3-4i z=—1+3i

w+2z=3-4i+2(-1+3i)
=3-4i-2+6i
=1+2i

z-2=2ixIm(z)
=2ix3

z —1+3i -1-3i
-3-9i+4i+12¢*

B 1-97
~15-5i

w_ 3-4i —1-3i
X

Im(w’ +iz) = Im{(3~ 4i)" +i(-1+ 30}
=Im(9 —24i +161* —i+3i%)

=Im(9-25i -19)

=Im(~10~25)

=-25
N6i—-8=a+ib

6i—8=a’ +2abi—b’
Equating real and imaginary parts:
a’—b*=-8 (1)
2ab=6
b= El —(2)
a

Sub (2) into (1):

a —(2)2 =-8
a
a +82*~9=0
(a2+9)(a2—-1)=0
aisreal .. g==I
Sub a =21 into (2):
b=43

5 J6i-8 =+(1+30)

228 —(3+1)z+2=0

e (3+iji«/(3+i)2—4x2>;2

4

_(B+D)EN9+6i+i*-16

4
_(3+i)+/6i-8
4

=(3’+i)i(l+3i)
4
4+4i 2-2i
Z =

or z=——r

4 4

=1+i 1L

ke

z=cis(2TJ k=0,1,2

L2 4w
=1, cis—, cis—
3 3

let w= ciszT”

2 ( . 27[)2
w = cls—
3

4 L
= cisTn which is also a root.

1+w+w2=m (w3=1)

w~1
_1a-1)
T ow-1
=0

Gw +3w'y =[3w? 1+ w)) |

= [3wz (—w)]3

|2 +52+10i=0
a* +b* +5a—5bi+10i =0
a* +b* +5a+i(-5b+10)=0
Equating real and imaginary parts:
-5b6+10=0
b=2
& +b1+5a=0
@ +4+5a=0
(a+4)(a+1)=0
a=-4,-1
Lz==1+2i, —4+2i




2 (a) %) |z|=fi2 + @)
‘ =2

fnb= G
\

o= 1T

3
2z e %:«/
|7--;\:: \' ‘L“- L"‘)l

) () /ot 1G-20*

=Jnye)?t +:7§/
%‘+DL-CD+°|:)\‘+\’11»+3Q b"
= lln.&-CD--F\"Z./‘I
4ot 131'120

G) 2\{)\1+b* = Rbin + i—'y)‘_\‘

M ryr) = (s 4)t
At byt s e [ lC

+\3\: ‘Cnf—\(/
‘ v*z et

(AL) Z=A . il -4
241 Rhag 4

d

= )\H\\b \) Ad\ -4y
)\H-\-/vb A\~ A—b
= ‘A.b\&\)—-;'»b A (})*l)()ﬂ-\)
+9(y-1)

’ Q(.A-\)x + ?“ /

Z-A:)—lo
R Xz2w /°

Aar) 9 (H-) L
(eei)™ 9~

wwrt) Fyly-1) =0
(—\3*_D+(-t)"=-L
@+h)> + O-1)" =1

AN+ +(d) "

WIG) rSesse =of e
=1 Te= I, 3m, W W, 9w

g1 &?‘?,3,‘;“'-"-151“(1

2‘:/1)-:1?‘—) n.—""\.f’ /:
) 2‘_:'4;'—,'}-}- ’l;m"?-‘r
@)

29 b~ L

’lq:j I:LI
() x‘:\‘#tamy\v\nﬁ
x ':.l2- 2 o 2
)

P= (e )r; w)*
= S-51y ..
=2 S0P /
(An) 274\ = (24y) (2*4).-?,1"] (2-"F)
(oD (e-mn3)
T @) (2- o - F)(a ~eF A )
(Zﬁh;}r—-;m:.l}r)h-m?j"rﬂ ,,._,"%)

= (zn) @~ ?«9}' M«‘% TN
(24~ &-,q,‘l-;? +,...,\-ﬂ')

=G@ry (_*z_‘-la.,.lfn) G*-2e.3f 1

) &) [RY\=Yrerr &) 28 . IIONPR- ()

=i = |C\r1,u,:{‘r/
Ho. 6= “r =z |C2

6‘: *rﬁ G—.c.°¢
22 (2 L

2V 30

= \Cz{-? /

:I(.'z.-i-‘_(-.:

- ‘((“ﬁ'\ ) rl(((“:\')

::3’)./



QUESTION 3: _ (i) Required area = Area of semi-circle +Area of triangle

i 2
a) Y z"+~1~=z"+z“" Area:lxnx(«/}) +1x2><2
o 2 . 2
=(cos@ +ising)" +(cos@+isind) " =(m +2)u’
=cosnd +isinnd +cos(—nd ) +isin(~nd)
=cosnd +isinnd +cosnd —isinnd g () (cos8+ising)’ =cos* 8+ 4cos® §(isin0) +6cos® 8(isinO) +4cos9(ising)’ +(ising)’
=2cosnd c0s46 +isin48 = cos* 8 + i4cos® Osind — 6cos? Isin® @ ~i4cosPsin® f+sin* 6
cos48 =cos* @ —6cos” Gsin A +sin* 4
(i) 13 sin4@ = 4cos’® @sin@ —4cosfsin® §
(z+—) :z"+4.23-1_+6z2-~12—+4z-l3+i4
z z z z oz . .
(i) sin46
+ o, 1 2, 1 tan4fd = ——
(2c0s8)" =| 2"+ |+4| 22+ |+ 6 cos46
) z z _ 4cos’fsind —4cosfsin® 9
16cos” 6 =2cos46 +8cos26 +6 ‘ cos* 0 —6cos Osin’ 6 + sin® 6
cos“@:lcosz}e +1c0529+§ 4cos’@sing  4cosBsin’f
8 ____cos'd cos*@
r 2 0 oi2 T
=l(cos40+4c0526’+3) cos"6 6cos Psin6  sin"d
8 cos*o cos*g cos* @
. 4tan@—-4tan®4
iii S rAng—adan &
(i) cos4€:§(cos49+400529+3) 1-6tan*G+tan*6
4t —4t°

8cos* @ =cos46 +4cos26+3 (using t =tang)
8cos*§—3=cos46 +4cos20

[(8cos*6-3)d6 = [(cos46 +4cos260)d6

16t 4t

(iii) tan48=1
x5z 97 13z 17z 21z 257 297

1 =
=-8in46+2sin28 +C 44 4 4 4 4 4 4
4 7 57 9% 13z 17# 21z 257 297
; . ' 16°16"16" 16 " 16 ' 16 ' 16 ' 16
b) M |z—1—1|£«/§ x4 ~6xt —4x+1=0
'z—{l+i}|$«/§ Letx =tan@
Circle centre (1,1) and radius V2 units tan*d+4tan’@—6tan* 6 —4tand+1=0
Lett=tanf

t* 4t ~6t7 -4t +1=0
tt -6t +1=4t—4t3

-4

tt—6t2+1

tan460 =1
7 57 9% 13#
T16'16'16° 16

X =tan£,tan§1,tan?—”,tan&
16 16 1




(iv)

d) M

(i)

i 7 S# 9 137
tan—x tan—x tan—x tan——=1 (product of roots)
16 16 16 16

/4 S 77[) 37:) 3 Sx Nz 3
tan—x tan—x tan| x ——— |x tan| # —~— |=tan—x tan—x —tan—x —tan—
16 16 16 16 16 16

n 5z T 3w
=tan—xtan—x tan——x tan —

16 16

7 3 57 T
So tan——x tan—x tan—x tan—— =1
16 16 16

C=-iz

0A+0C=0B
Z—iz=4+6I
z(l—i)=4+6i
Z=4+6i 1+
1-i 1+i
_4+10i-6
—
_—2+10i
T2
=~1 451

(iif)

3
7 ——|
z

=5

Using the triangular inequality|z1 ~22| > |21|+|Zzl

-3 2[z|—¥3
z z
544_3}
z
1]~ <5
3
Z|~—=<5
I ]
|2 —3<5]2|
|z|2—5|z|s3

Completing the square:

]z|Z -5 +(_%)Z <3+ (—%JZ

2
[|z|—§) <37
2 4
-5
2 2

~—— since modulus >0

|Z|<«fiﬁ+5
)

Maximum value of ]zl =

\/ﬁ+5
2




