SYDNEY GIRLS HIGH SCHOOL

2008 Assessment Task 3

MATHEMATICS EXTENSION 1

June 6™ 2008

Reading Time 5 minutes
Time allowed: 75 minutes

Topics: Integration by substitution, Inverse functions, Parametric equations of the parabola, Circle
geometry, Polynomials.

INSTRUCTIONS:

Attempt all FIVE questions.

Questions are not of equal value.

Statt each question on a new page. Write on one side of the paper cnly.

All necessary working must be shown. Marks may be deducted for careless or badly
arranged work.

A table of standard integrals is provided on the back page of the examination.

TOTAL = 85 marks

Question 1

16 MARKS

a. The equation x*+2x -8 =0 hasarootcloseto x=1.6. Use one
application of Newton's method to find a further approximation to

the root. Give your answer correct to 3 decimal places.

b. A polynomial is given by P(x)= %* +bx? +cx—12. Find the
values of & and ¢ if (x—2) is a factor of P(x) and 8 is the

remainder when P(x) is divided by (x+2).

c. Find:
J
3+4x?

i [6(2+%)dx using the substitution x=u-2.

d. Find the primitive of cos® x.

3 marks

4 marks

2 marks

4 marks

3 marks




Question 3

17 MARKS

Question 2 16 MARKS
a. Differentiate cos™ (sinx) and express the result in simplest form. 3 marks
b. If @, B and ¥ are the roots of the equation

5x* —2x% +4x~1=0 , find the vaiue of :
i oa+f+y Imark
i afy 1 mark
i, QRa-D2A-1D(2y-1) 3 marks
iv. at+p+y” 2 marks
C.
P(2t,t*) is a point on the
parabola x 2 =4y . The ' = ay
tangent to the parabola at
P and the line y = —tx
intersect at the point M. Pt i)
i.  Show that the y
tangent to the M '
A y= -
parabola has
gradient 7. 2 marks
ti.  Show that the equation of the tangent at P is given by the
equation x—y—12 =0, 1 mark
iii. Find the Cartesian equation of the locus of M as ¢ varies. 3 marks

2
x
a. Find the exact value of dx , using the substitution
6f Ji+x?
u=1+x".
b. A polynomial is given by P(x)=x*(3-x)(2x+1).

i

il

i.

Without differentiating, sketch the polynomial
P(x)=x*3-x)2x+1).
For what values of x is P(x)>0 ?

Write down the equation of the tangent to the curve P(x) at

the point where x=0.

Sketch the graph of the function y = 3sin™ (gj, clearly

marking all key points.

Find the exact equation of the normal to the curve

y=3sin™ (%) at the point where x=1.

4 marks

3 marks

2 marks

1 mark

3 marks

4 marks




Question 4 Jcontinued]

Question 4 18 MARKS
a.
i.  Write down the expansion for tan(x—y). 1 mark
. 4 a2
ii.  Hence evaluate tan™ (5)—tan 3 3 marks
b. Inthe diagram, AB and CD are intersecting chards of a circle and
CD is parallel to the tangent to the circle at B.
i.  Copy the diagram onto your
paper and prove that AB
bisects £CAD , showing
any extra construction lines.
3 marks
ii. ABand CDintersect at P. Giventhat CD=13 cm,
2 marks

CP=4 cm and AP =12 cm, calculate the length of AB.

Question 4 continued on the following page.

c. Below is the graph of f(x)=1+(x—3)*.

Ax)

\.

(D)

State the largest positive domain for which f(x) has an

inverse function f'(x). 1 mark
What is the equation of this inverse function f (x). 3 marks
Sketch f'(x), clearly showing the domain and range. 2 marks

Find where the restricted function f(¥) and its inverse

function f7'(x) intersect. 3 marks




18 MARKS Question 5 jeominued)

Question 5

c. Twocircles cut at A and B. X is on the circle with centre O.

a. P (2ap,ap’) and Q (2aq,aq”) are points on the parabola
xt=4day. XA and XB cut the other circle at C and D respectively.

i Show that the equation of the chord PQ is XO extended cuts the circle XAB at F and chord CD at G.
y——zl—(p+q)X+apq=0- 3 marks
ii.  The chord PQ passes through (0,8a). Show

) 1 mark

that pg=-8.

iii.  Hence, if S is the focus of the parabola, show that
4 marks

SP-S0=a(p+2)(p-2).
P p

b. For the parabola x* =12y, the chord of contact from an external
point T(x; , »,) is perpendicular to TQ where Q is (2x,,9¥,).

i, Write down the equation of the chord of contact from

T(x,,¥,) tothe parabola x* =12y . 1 mark

ii.  Hence, find the value of y,. 3 marks

i.  Neatly copy the diagram onto your answer sheet.
ii. Let ZAXF =x. Provethat ACGF is a cyclic quadrilateral. 5 marks
iii.  Prove that XG is perpendicular to CD. 1 mark

Question 5 continued on the following page.
THE END
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[Solutions]

L - /485}

Question 2 (continued)

TN
Quest10n3 ( = [ /

Questionl =(16)

Question 1 (continued)

& f(x)=x +2x-8

d.

cos2x=2cos’ x—1

1 - 2
=342 coszxzé(cos2x+1)
x, =1.6
2 1
x,=x —Jj_:,((xl)) j.(cos‘ x)dx = J.E(cos2x+1)dx
X
1(sin2
(L6 +2(1.6)-8 _ _ o704 =—(Sm x+x)+C
2= e —— Tt 2\ 2
- Al '-g v
(3] -x=1673 e e S X.c
= ~0-013% 4 2
b.

b.iii.

af+ay+ fy=

(SN R

(2a-1)@B-D2r~D
=Qa—-1)Afy-2-2y+1
=8afy-4af—4ay+2a-48y

+28+2y~1
=8(afy) —4(af +ay+fy)
+2{a+p+y)-1

a. T NS du
=]+

13

, —=2x
dx

, 2xdx=du

Tx 1%du
ﬁﬁ:?“=af“

1
2 du

1 &1
A
2 J3

P(2)=0 , P(-2)=8

P(x)=x* +bx* +cx~12

QP +b(2) +c(2)-12=0

~12= 8}

Question 2 _.;( i (,_,J

a.

4 (cos™ (sinx)) = B S cosx
dx ~1-sin? x

1 4 2 _ °
S OREECE N =[]
@ - & =51
biv. (gt p+y) =’ +aftay+of+ bi. y
+By+ay+py+y’
a+p vy =(a+B+y)
—2(af +ay+ By)
16K6 ST
5 5
2 o1
€ ®
o J’=§ bii :2l<x<0 and O0<x<3

d_2x A _x

& 4 0 dx 2

dy 2t
when x =2t ,—=—
« s @
@ NS C—
el P =y(x-20) biil.  Equation of tangentatx=01isy=0.
y—£ =—21
@ Sx—y—12=0. @

= [ —2u")du

ulD 27,{9

=T

192’}“ @ (x+2)“’ 2(x;—2)9 o

(-2)* +b(=2)* +e(-2) _ —cosx
4b+2c—4=0 Jeos® x
4b—'2c—28=0} - - Zoosx
4e+24=0 :flosx
4e=-24 @ *
Le=—6
 4b+2-6)—4=0
@ 4b=16
5 “B=4 , c=-6
ed. J I bl sxd 2yt 44x—1=0
3+4x° 3 ix? -
a+ﬂ+7-~c-z—
1 2 af 2x e
~4x-J—§tan [ﬁjw e
2x 2
\ (e O 5
S [x2ex)dr bl oyt
J;;u 2, u=x+2 :ﬂ
—=1 , dx=du 5
& 1
o 1= [(u-2idu =z

Intersection point of y = —t¢ and fx~y —1* =0
B—(-t)—-1* =0

c.i.




Question 3 (continued)

Question 4 (continued)

c.ii.

®

x
=3sin”!| =
y=3si?(2)

&y 3
& Ji
whenx=1, m7=—L
41
and y=3sm"(—l—j ie. y==
2 2
oh
Ty =

. S 2Bx+6y=3m+2/3
is ﬁe_:__eg&aﬁén of the normal

c.ii. y=l+(x— 3)2

e x=1+»-3y
(-3 =x-1
y—3=tfx—1
y=3Jx-1

The domain of the fn. is equivalent to

the range of the inverse fn.

Ly23 Af @) =3+4x-1

\@

Question 4 (z ]9)

o, ,

al.

0

tanx ~tan y
tan(x - y) = ——————
l+tanxtany

aii.

2

tan™ (5)—tan™ (E)
Letx=tan"'(5) and y = tan™ (%j

2
stanx =5 and tany:—E:

tanx—tany

(1.3)

/

TN
Question 5 E!Zf/ bi. o =2a(y+y) B
ai. 2 _ap? =
e ag” —ap a=3
2aq—2ap @ soxn =6(y+ )
)
2a(g-p) bii.  xn=6(y+y)
(g-pr)g+p) ) . x
= Y=—"X 3 o Monord of contact —
2(q-p) 69 1 i
_p+q Mpg = o
= 2% —X%
8
+ ==L
y_ap2=p2q(x—2a_p) %

1, . \
y—ap’ =—{(p+q)x—ap(p+q)

Since chord of contact and TQ are perp.

@

L/ CAB= ZCDB=x (s in the same segment)
/CDB=/ZDBE =x (alt. Zs , CD|| BE)
/DBE = £DAB=x (£ in alt. segment)

- ZCAB = ZDAB (both equal x)

tan(x ~y) = ———— s )
I+tanxtany civ.  J(@) andf7(x) intersect on the line y =x
5_% - Solvef(x)=x ot f(x) =x.
=1 s ) 1+(x—3)P=x
3 # —Tx+10=0
=1 (x=2)x-5)=0
T . a1 a2 7 Lx=2o0rx=5
Lx—y=— ie tan"(5)—tan | —|=—
@‘ nEYEY T ©) (3j 4 But the restricted function f(x) is
b.i. Let LCAB=x defined for x> 3.

&\

.. AB bisects LCAD
bii.  APxBP=CPxDP
12x BP =4x9
5 ~.BP=3
e
c.l. x>3 m .

2 Mo X Myt ot contaet = 1
y—ap2=%(p+q)x—ap2—apq %—]’lx%z—l
/N
@ .‘.y——;—(p+q)x+apq=0 @ .'.ylz—?S
aii.  If chord passes through (0,84) cil. LetZ4AXF=x

then it satisfies the equation of the chord

.'.8a—%(p+q)x0+apq=0

8a+apg=0
@ apq =—8a
Sopg=-8

.. The only intersection point is (5,5).

N2

aiil.  SP=distance from P to focus
=distance from P to directrix
(as per definition of the parabola)
=ap®+a {seethe diagram}
Similarly SQ = ag® +a
o SP—SQ=ap® +a—(aq2 +a)

=ap*+a-aq’ —a

=ap2—aq2
. ~8
Sincepg=-8 , g=—
p
8Y
W SP-SQ=ap? —a(—]
p
., 64a
64
“1 =0(P2 "’7)

&

c.dii.

©

ZXAF =90 (£ in a semi-circle)
LZAFG=90+x (ext. L ofaA)
LABF = ZAXF = x (s in the same segment)
LXBF =90 (£ in a semi-circle)
£XBA=/XBF ~/ABF

=90-x
L4CG = £LXBA=90~x (ext. £ of cyclic quad.)
LAFG+ LACG = (90+x)+(90-x)

=180

.. ACGF is a cyclic quadrilateral.

LFGC = LXAF =90 (ext. £ of cyclic quad.)
.. XG is perpendicular to CD




