Sydney Girls High School

2012
Mathematics Extension 1

YEAR 12
ASSESSMENT TASK 3

General Instructions:

Reading time — 5 minutes
Working time — 60 minutes
Total marks - 55 -
Attempt Questions 1-5. All questions are of equal valne. _
Show all necessary working. Marks may be deducted for badly arranged work
or incomplete working. B
Write on one side of the paper only. Start each question on a new page.
o Write your student number clearly at the top of each question and clearly number
each guestion. ’ '
. e Board-approved calculators may be used.
e A table of standard ir}t,egrals is provided at the back of this paper.

To_pics: Integration by Subsfitution,vhlverse Functions & Inverse ’fn'gonometric_
Functions, The Parabola & Parametrics, Circle Geometry, Mathematical
Induction (Divisibility & Inequalities), Polynomials

Student Name : . Teacher Name :

3
STANDARD INTEGRALS
J-x"dx =Lx"”, nz—l; x20,if n<0
n+l1
1
J.—dx =lnx, x>0
x
ax 1 ax
e“dx =—e”, a0
a
Jcosaxdx =lsinax, a+0
a
" . 1
sinax dx =-——cosax, a#0
J a
c o, |
sec” ax dx =—tanax, a=#0
J a
1
secax tanax dx  =-secax, a#0
a
J.ZI 5y =ltan'li, az0
a +x a a
X
L dx =sin*'£, a#0, —a<x<a
a’ —x? a

J.\/xzt—azdx =ln(x+\/x2—azl x>a>0

J ! dx :ln(x-lw/xz-l—az)

2
x* +a

NOTE: Inx=log,x, x>0




Question 1 (11 Marks)

(b)

©

(d)

Given f(x) =x’+2,find /7 (x).

3 .
Find 8x dx using the substitution u=1+x*.
(1 +x* )

Differentiate :

) y=cos™ (Sx)

G  y=tan”(x)

Find :

dx
36+x”

®

End of Question 1
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Question 2 (11 Marks)

o

¢

®)

P(x)=x"+ax’ +bx+6 is a polynomial with a factor of (x—3). When P(x) is
divided by (x+2), the remainder is 40. Find the values of @ and b .

4
Evaluate J. V16 ~x*dx using the substitution x =4sin8. Give your answer in

22
simplest exact form.

Sketch the graph of y =3sin™ (g—) , clearly indicating the domain and range.

End of Question 2
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- Question 3 (11 Marks)

(©

MARXKS
Tangents are drawn to the parabola x* =12y from an external point (4,-1). Find )
the equation of the chord of contact, expressing your answer in general form.
Sketch the graph of f(x)= (1 - ) (x2 —x) , showing all intercepts. 3
The function f(x)=xtan™ (x)—2 has a zero near x=1.5. 3
Use one application of Newton’s method to obtain another approximation to this
zero. Give your answer correct to 3 decimal places.
Find the general solution to the equation 2sin”® x+cosx=1. : . 3

End of Question 3
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Question 4 (11 Marks)

Find the gradient of the tangent to the parabola x” =4ay at the point
P (2(1p, ap* ) .

@& O

(i) OQ is parallel to the tangent at P, where () has coordinates (Zaq, aqz)
: and O is the origin. Show that ¢ =2p.

%, @ If M is the midpoint of'PQ , find the equation of the locus of M as P and
Q vary such that OQ remains parallel to the tangent at P .

®) AD and CD are tangents to a

o]
circle. B is a point on the circle
such that ZCBA and. ZCDA are
equal and are both double ZBCA. D
Prove that BC is a diameter of the
circle.
(Diagram NOT to scale.) .

BA

e

. L1 L
\(} Bxpand sin [2 cos™ (—D and express your answer in simplest exact form.
x .

End of Question 4
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Question 5 (11 Marks)

MARKS
(a) Prove by mathematical induction that 9™ —4” is divisible by 5 for all positive » )
integers n. o 4
(b) Given a,f and y aretheroots of 2x° ~13x” —x+3 =0, find the value of :
@ a+piy !
, 1
@ apy

g by

(c) O is the centre of the circle and BD
is a tangent to the circle at D.

Find the size of ZDAB correct to 2
the nearest minute given BC is 9 cm
and BD is 12 cm.
(Diagram NOT to scale.)
(d)  State the domain for the function f (x) =cos™ ( tan™ x). I

End of paper
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ey = e (4
G 4 = 2%3(\!“9
o =3 | Ao = by-b
AN+ 6=0

2o -3~ 2 =0 \
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St

N

~\
(_“(gc_\ = DC-_,l__/. + Yan  Dc
. ' \ oy oof
)
- ot + dta~ D¢ —_— \
_,-—"'T
\r se

—_—

Q‘(\G) 1' -5 ,r;ra,:‘(\-s)

— e

tx (v 5)"

= V444 - -

—

Q(\,5> = \.5+QX\(\.5)~2

= . 0.5259% - - -

L

DCZ: \;S "FQVS—}

e

¢ V(ws)

.= \-8L40S5 "
DL .

= \-BeH (> dec. PY

<) Lsxnlx v cos ot =)

=\
'2_(\-—(;05195—) yeos

'.‘:-\

2 oL
.= 2cos oL & COF

—\ =
cos ot
Qcos oC +‘\ =0

\
COSDC:'_"Z‘

20T (2F) |




Rl e e

Eoed o A CTeste 3 ) o \]
S w_&u-um;\z A _
) e N ol
e R L — g
: N T
- ) g) 4’0- - |'1
a A
Tﬂ = L en
VI v
fr A T L(',\\Yn
I"/LU\ — E}C
ot Lo
- (D)
]
agq t—- C
NG n)__ A St S
) f Amcll_o
_
1A \’n 4 -
* ®
SV pz-lo - g
) ! 4 .
B . . < e (’L&C}}O\[l
i\l) ["w ol y__en & wA ‘3 ,”
, = Lepalan oy = CPVEG o L ﬁ.\M :
| * Y > \ A V B
| _ 5 )f«-(’}_&r,) ,;._WL/ .
P X —/Z,(VJ.-_\:D)\\' (A*,—_/')\(l/\l—‘/al\'\ / /
r “)7 ' vl ’Ik’ v/ //// S
j /7
NO‘A’.' {}{V - 2_}0
o —
e )L’.:LA_(’SP> . ;J\—- -5 QPL)/
- }n — —Z—;‘;\’ < o lo t j
W= T3 (5 = L\ /
wd Y "
— Oy = by A
- * 7 ol
i =
(A_— == ——
T Ny} g~

L (/ //\’i\\ \\) W\P, b cn = A K{:‘i‘“:i
é‘ \% L RGPS LDAC
3 /n A Ace SECEES D .
I 190 — b _ 2 5
= 0% )
Ay L BAC S 150%=30 (Lowe B)
% Now 2 pBAE = LHCA (L o oll segmend).
- | - x s
Thoo  Zpwc s/ Bhc L/Bae - 100 (g}_@..ﬁ‘m Lo
Ao~r & |90 — % 4 = 10°
— D L2786 = [ @T
= 30?2 -
| Bk /0 R — 150 -3
= 4o
S N a Ao s Ao (] v commn: ¢ L
_ |
) Lo 4 o= Cos™' C

Ll -~ tins o = ‘%L S L (2;,;35"&;)

LA

[__., 7
= S Zc&
Fom \ 2 =1 e G oo
i S
X i
. —t — - LL_\ I
IR W (2;;\‘ )\.\ - 2 \\3:.: > ey

L“3 yIC1 6 7 1% Lo
118 4“% L’ 1
Y & -

3




& Question & /*H MAQKS\ 1 Queston 5 - (contnued)
= : " f ]
d (e S+€9 \ - Prove Hue \Q( ne=\ 2 Cb\ (‘3 o ¥ &+ Y = b = l@_ /) |
) : - ! . 2, , A 0. . U/
g 9 "y =725 T (1) B (5) op¥ = —d = —3 )
: =gxiys 9 - P il 2
g S 4 9 CORNEZES (V%,\(_m )
g . Divisib\e b:)\ S -C:x( n=\ g / q '
g - . g V(X4 l—;{\}
8 g’\‘e,p 2. ASs ume —*'YILE_ -Ié;r n=¥x. A /\
: | 4 N S T
g , ) . ) 4 L= Z
4 le. oasume GT_ 4" =545 925044 g . gy
4 whare A 75 Some ntegers 4 4+ By o y
’ ' ‘ & or Y.
G Shep 30 .‘P(o\(e_ v ue -@r n___k.,;\ ] ' & @ '
{ ’ o e S : €| :
? i.e. D(nve . C(ﬁ - L)L i :gg 4
R €Y s W
i LHS= 7 X C?K+l"__ m ')<‘ 4_ 16 | m 8 . : 7
! ‘ - A (sAra)-4x4S () : lef_d= diarmeles
4 = g X ™
’ = 450+ 9x4" "hc‘l"“ f 9Qu (axd) = 12’
a = 45A ¢ Sx4 g = dxq = Ik
e = 5(3p+4") ¥ : L d=7(1)
= 5@ wlee B=9A S g tan o0'= 12
1 LHS = RS e 3s
8 R i of = 713" 4y ,
2} Step 4 - '\'C 47 ue ‘Q( nsX, Dyoven true ‘Qr el G+ 6= o = &= = 3&3_2_' m
.._...-‘___.._- ¢ ' U 1 ; B _ B u
4. = K3t. Since _Déww +ue \Q, ne L, 9 _
g vauzﬁ be true « wn=a . gmc_e Frue q - e e
[ . ‘C:" n= X, +ruwe -@( n=>5 ad S0 ,’Onl . - (d) -1 £ “‘0. ~‘1L £ \ =‘“> ] O < \I"-aw'"t < ‘
[ Hence , '}V"’\'ﬁ_ 'Q( CLH Dog‘rﬁ\/ﬁ_ ‘)-»/\‘}'&Cfe,/g e 0 < “’TXV\ P L |
i ' S © , 0 ¢ % £ tan
- S H = 1an .
. [Note s Fow V= |-55
] \— ;




