SYDNEY GRAMMAR SCHOOL TRIAL HSC EXAMINATION 1999

2 UNIT MATHEMATICS FORM VI

Time allowed: 3 hours (plus 5 minutes reading) Exam date: 10th August, 1999

Instructions:

All questions may be attempted.

All questions are of equal value.

Part marks are shown in boxes in the left margin.

All necessary working must be shown.

Marks may not be awarded for careless or badly arranged work.

Approved calculators and templates may be used.

A list of standard integrals is provided at the end of the examination paper.

Collection:

Each question will be collected separately.

Start each question in a new answer booklet.

If you use a second booklet for a question, place it inside the first. Don’t staple.
Write your candidate number on each answer booklet.
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QUESTION ONE (Start a new answer booklet)

Marks 9.3

(a) Evaluate V576100 correct one decimal place. ’, C{ 75

(b) Find the values of z for which |2z — 1| < 5.

(c) Factorize completely 213 — 54.
(d) Express _3 in the form a + bV/3.
2v3 -1

1—cos?8

sinfcosf’

(e) Simplify fully

(f) Find, to the nearest degree, the acute angle between the line 3z — 2y + 7 = 0 and the

Z-axl1s.

QUESTION TWOQO (Start a new answer booklet)
Marks

(a) / I
4(—,2)\

P

PN _
/N X
B (1)

C (-2 =)
In the diagram above, AB is the interval joining the points A(—1,2) and B(4,-1).
P is the foot of the perpendicular drawn from the point C(—~2,—4) to AB.
(i) Copy this diagram into your answer booklet.
Show that the distance from A to B is v/34 units.

Find the gradient of the line AB and hence show that its equation
is3x +5y—7=0.

ind the perpendicular distance from C to AB and hence find the area of AABC.

) "Find the coordinates of the midpoint M of AC and show it on your diagram. Use
this point to find the coordinates of point D so that ABCD is a parallelogram.

1

4 -z

(b) For the function f(z) = find:

(i) the domain of f(z),
(ii) the range of f(z).

2
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QUESTION THREE (Start a new answer booklet)
Marks
5| (a) Differentiate the following with respect to z:

(ii) z%e® (use the product rule),

(iif) log

e ” (use the quotient rule).
T

' (b) Phe function y = az® + bz + 4 has a stationary point at (1,—2). Write down two

equations and solve them to find the values of a and b.

(¢) Find:

0 [ g
e+4 1
(i) /5 = da.
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QUESTION FOUR. (Start a new answer booklet) ><
Marks

(a) A }

/ B(2,5)

A=, 4)

v

& 2®

i A (01 ’3)

In the diagram above, points A and B have coordinates (0, —3) and (2, 5) respectively.
P(z,y) is a point such that PA is perpendicular to PB.

(i) Prove that the locus of P is the circle z° + y* — 2z — 2y — 15 = 0.

Find the centre and the radius of this circle.

(b) | A

The diagram above shows the graph of y = zlog, (-Z) .

(i) Copy and complete the following table, giving your answers correct to three dec-
imal places where necessary.

T 2 3 4 5) 6

Y

(ii) By considering areas above and below the z-axis, use Simpson’s rule with these
five function values to evaluate the area shaded on the graph. Give your answers
correct to two decimal places.

(¢) Find the equation of the tangent to the curve y = 1 4 cos2z at the point (%,1).
Give your answer in general form. '
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QUESTION FIVE (Start a new answer booklet)

Marks
@ (a) The nth term of an arithmetic series is given by T, = 9 — 2n.

(i) List the first five terms and hence find the first term and the common difference.
(i1) Show that the sum S, of the first n terms is 8n — n?.
(iii) Hence find the least number of terms of the series which need to be taken for this
sum to be less than —945.
@ (b) A quadratic function has equation f(z) = maz? —4maz —m +15, where m is a constant.

ind the values of m for which:

¥ is a zero of f(z),
f(z) is positive definite,
(iii) a+ B = af, where a and 3 are the zeroes of f(z).

QUESTION SIX (Start a new answer booklet)
Marks

) A 2=8
bt~ /éx'/‘// j | O M (2‘()/\4 “60) =/

b e

In the diagram above, ABC is a right-angled isosceles triangle with /ZABC = 90° and
AB = BC = 8cm. Arc BP with centre C' and radius C'B is drawn to meet AC in P.

Find, in exact form:

(i) the area of the shaded region ABP, y
(i1) the perimeter of the shaded region. 2~ D
B
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(ii) Find any points of inflexion.

(iii) Sketch y = f(z) in the domain ~2 < z < 3 giving coordinates of all turning
points, points of inflexion and end-points. You need not find the z-intercepts.

QUESTION SEVEN (Start a new answer booklet)

Marks 7
(=) A

) $lo,e) B

e O 2 >7{

The diagram shows the graph-of the parabola z? = 4ay. The interval AB is the focal
chord that is parallel to the directrix and has equation y = a.

(i) Find the coordinates of the points A and B.
(i1) Find the area enclosed by the focal chord AB and the parabola.

b Y
[4] (b) )

In the diagram above, the functions y = 4 — z* and y = 2 — z intersect in the points
P and Q.

(i) By solving these equations simultaneously, show that the z-values at P and Q
are —1 and 2 respectively.

nd the volume generated when the area enclosed by the two functions is rotated

about the z-axis.
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. (c) The population of a small country town is growing at a rate that is proportional to the
number of people in the town. The population P after ¢ years is therefore P = Pye¥
where k is a constant and P, is the initial population.

If the initial population is 6000 and ten years later the population is 9000 find:

(i) the value of k in exact form,

(ii) how many years (to the nearest whole number) it will take for the population to
reach five times its initial value.

QUESTION EIGHT (Start a new answer booklet)
Marks

(2)

In the diagram above, AB, EF and CD are pa,ra,llel'llines. LABC = 52° and
(FEC = 128°.

Find the size of /BCE stating all reasons.

(b) A

In the diagram above, EF is parallel to DC and F'G is parallel to CB.
(i) Copy this diagram into your answer booklet.

(ii) If AG =6 cm, AB = 9cm and AE = 8 cm, show this information on your diagram
and find, stating all reasons, the length of the interval ED.

Al . AF =~ AF:AC
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(6] (9

> -
In the diagram above, ABCD is a square, and equilateral triangles AED and BFC
have been constructed on the sides AD and BC respectively.
Copy the diagram into your answer booklet and use it to prove that:
(i) AABF = ACDE,
(i) AF = EC,
(ili) AFCE is a parallelogram.

QUESTION NINE (Start a new answer booklet)
Marks
(a) (i) Sketch on the same number plane the graphs of y = 3sin2z and y = 1 — cosz,
for 0 <z < 2m.

(ii) Hence determine the number of sélutions the equation 3sin2z + cosz = 1 will
have in the given domain.

(b)

o P x

In the diagram above, the particle P is moving from rest from a fixed point O in the
positive direction. The displacement ¢ metres of the particle from O at time ¢ seconds

is given by:

z = 30t — 150 4 150e %",
(i) Show that its velocity at time ¢ seconds is:
v =30(1—e "%,
(ii) Explain why the velocity will never exceed 30 metres per second.

(ii1) Find after what time, to the nearest 0-1second, the particle will attain a velocity
of 15 metres per second, and find its displacement, to the nearest metre, at that

time.

(iv) Find the acceleration of the particle at O.
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Marks

(4] (2

SGS Trial HSC 1999 ............... 2 Unit Mathematics Form VI

QUESTION TEN (Start a new answer booklet)

P
The diagram above shows three similar triangles:

APQP | AQPQ: || APLQ1 P
with ZPQPI = AQPIQl = 1P1Q1P2 = 6. The lengths of the sides PQ, QP]_, PlQl

and Q1 P, are a, ar, ar® and ar® respectively and form a geometric sequence where
0 < r < 1. Also,sides PPy, QQ; and P, P, have length b, br and br® respectively.

(i) Copy the diagram into your answer booklet and use the fact that the triangles
are similar to prove that the points P, P; and P, are collinear.

(ii) Show that the area of APQP; is %ra2 sin 8, and hence show that the ratio of the
area of AQP,Q; to the area of APQP, is r2.

@ F7 & @1 as-- ]
The pattern established in part (a) is continued as shown above to form an infinite

sequence of similar triangles PQP;, QP;Qy, Pi@Q1P, ... . Let the lines PP, P, ... and
QQ1Q2 ... meet at O, and let ZQOP = a.

(i) Use the sum of an infinite sequence to find the lengths of OP and OQ.

2 .
(i1) Also using infinite sequences, show that the area of AQOP is é%ﬂ%.
-7
sina _ a?(1—r?)

(iii) Using parts (1) and (ii) above, prove that —— =
' siné b?

(iv) When 6 = 60° and » = 0-9, it can be shown by the cosine rule that b = a\l/()ﬁ

(you need not prove this). Find the value of « to the nearest minute.

GJ
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The following list of standard integrals may be used:

/x"dm: L g™ n£ -1, z#£0,ifn<0
n+1

/-1—dx=1nx, z>0

z

/e‘”‘d:czle‘”', as#0

a

1
/cosa:cd:zz—sina:z:, a#0
a
. 1
sinaz dz = — —cosaz, a#0
a
N 1
sec’ax dr = —tanazx, a # 0
a

1
/seca:c tanar dz = —secaz, a# 0
a

1 1
/—————dmz—tan_lir—, a#0
a

a? + z2 a

. 41z
de =sin"'~, a>0, —a<z<a
a

1
| 7=
d;czln(:c+\/$2—a2), z>a>0
d$=1n<x+\/:c2+a2)

| ==
| 7=

NOTE: Inz =log,z, >0
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QUESTION ONE

(a) 23 =1978....
$/2.76 — 1092

= 2.0 (to one decimal place) |y/y/ (2 marks correct answer)|

(b) |22 — 1| < 5.
The distance from z to % is less than -g—

So-2<z<3 [\/\/ (—1 each error)l

(c) 2z% — 54 = 2(z® — 27)
=2(z — 3)(z* + 3z +9) |v/V/ (=1 each error)!

3 3 2v3 41
(@ 2¢§»1_2E/§\f—1x)2\/§+1
_3(2v3+1
12-1

3 6v3
BT

(e) 1—cos’ 9 _ sin” 6

sin @ cos & sin 8 cos @

=tanf .
(f) 32 —2y+7=0
tanG:%

6 = 56° (to nearest degree)
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QUESTION TWO AY
= O 4

T

4

- [ fo T
D (<7,-1) N / B
C
(i) d=+25+9
= /34 units.
(iif) gradient = — 32
S0 y—2=—-3(z+1)

3z 45y —7=0.
) —6—-20-—7
(iv) P—'W‘
:—%units.

Area:%x—%xxf?)—él
= 33 units”.

(v) Midpoint M= (-%,-1).

From the diagram, D = (—7,—1) since the diagonals bisect eah other.

The reason must be given.
The alternative is to use the midpoint formula again.

(b) (i) Domain is -2 <z < 2
(i) Range is y > 1
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QUESTION THREE

(2)

(b)

1
(i) y:m2~—;2~

— g2 _ g2

dy

Te =2z + 2273

2
=2z + —. lv/v/ (=1 each error, accept negative index)|
z

(i) y=ae"

Elg = 2ze® + z2e”.

dz

log, z
(i) y= 5t

dy zx1—log, z
dr z?

= —-——Ege— lv/v/ (=1 each error)]

y =az® + bz + 4

SO —2=a+b+4

a+b=—6. (1)
Also %zBaaﬁ-’rb
and %:Oatle .
so 3a+b=0. (2)
(2)—(1) 2a =6
SO a=3
and b=-9.

0 [ /<x 42 e

+ ¢, (where ¢ is a constant) .

=
(ii) / loge(:c — 4)}
= log, e —log, 1

:1
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QUESTION FOUR

® 6 g R

X
2z —2)+(y—-5)y+3)=0
a?~2z+y*—2y—15=0
22 +y? 20 —2y—15=10

(i) 22 =2z +1+y* -2y +1=17
(z =172+ (y—1)% =17
The centre is (1,1) and the radius is /17 units.

x 2 3 4 ) 6

(b) ()

Yy —1-386 —0-863 0 1-116 2.433

Area = |432(—1.386 + 4 x —0-863)| 4 8=%(4 x 1-116 + 2-433)
= 3-91 square units (to 2 decimal places)

(c) y =1+ cos2z
dy )
0 = —2sin 2z

gradient = —2sin 7
y=1=-2z~7)

y—1=-2z+7%
de+2—2—7=0
QUESTION FIVE

(a) (i) T, =9—2n
T'=7T,=5 T3 =3, Ty =1, Ts = -1,

so a=7

and d=—2.

(i) Sp = F[2a-+ (n—1)d]
= 7144+ (n—-1) x —2)
= 2(16 — 2n)
=n(8—n)

= 8n — nZ.
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(iti) Put S, < —945
8n —n? < —945

n? —8n—945>0

(n —35)(n+27) >0

n < —27orn>35 [/

SO
Since n > 0 the least number of terms required is 36. .

(b) (i) f(z) =ma®—4mz —m+15

f(3)=0
0=9m—-—12m - m -+ 15
dm =15
m=1s

(i1) We require m > 0 and A <0,
A = 16m? — 4m(—m + 15)
= 16m? + 4m? — 60m

= 20m® — 60m
= 20m(m — 3).
Now 20m(m —3) <0
SO 0<m<3.
(i) Put —2=¢
SO -b=c
dm = -m+ 15 d
om =
m = 3.

QUESTION SIX

(a) (i) Area AABC =3 x8x8
= 32 cm?.
Area sector = l X 64 x %{-

_32
=3 IIl.

Shaded area = 32 —
=8(4— 7r) cm?®. [y/y/ (=1 each error)|

327r
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(ii) Length AC = 82 cm.
Length AP = 82 — 8cm.
Length arc PB =8x }
= 27 cm.
Perimeter = 8v/2 — 8 + 8 4 27
=82+ 2rcm. [y/4/ (=1 each error)]

(b) (1) y %ws |

d
% =z -2z
Put 2% = 22 = 0 for stationary points
z{z —2)=0
SO x=0or2.
The stationary points are (0,1) and (2, —31).
d2
When z =0 %%- = —2, so (0,1) is a maximum turning point.
d2
When z = 2 Ev% =2, so (2, —%) is a minimum turning point.
2
(i1) Taz = 0 for points of inflexion
so2z—2=0
z=1.
x 0 1 2
d*y
_— -2 0 2
dz?

So the point of inflexion is verified at (1, 5).

(i) When z = -2, y = —5—?2;,

and when z = 2, y = 1. y
I\

(4)

3
(2.0
/

N >
o=

(e, 1)

-

(»‘—2,—“53z )
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QUESTION SEVEN

() () o®=day
y=a
so 22 = 4a®
x = —2a or 2a.

So A is (—2a,a) and B is (2a, a).

$2

(i1) y = e

2a 2
T
= —_— d
so area /_2a(a 4a) T

2a 5172
=92 _—
/0 (a 4a) dz

2a

zz[aw—l—%]

(b) (i) y=4—z"
y=2—z
(1) —(2) 0=2-2"+z

?—2-2=0
(z-2)(z+1)=0

SO z =1 or 2.

At P,z =—1and at Q, z = 2.
2
(i) V=7r/ (4—2*)? +(2—2z)de
~1
2
:W/ (z* — 92% + 4z +12) dz
-1

2
5
=7 |2~ 323 4 242 12}
7r[5 xz° 4+ 2z° + 12z .
=7[32 —24 4+ 8+24] —7[-1 +3+2—12]

= 10587r units®.

(¢) (i) P =Per
9000 = 6000e°%

k= 2log, 3.

(1)
(2)
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t( X 1og, ﬁ)
(ii) 30000 = 6000e <1° e 2
log, 5=t (&log, 2) [V
‘- 10log. 5
3
].Oge 0]

= 37 years, (to the nearest whole number).
QUESTION EIGHT

(a) (i) LDCE = 52° (cointerior angles, F'E || DC)
(DCE = 128° (cointerior angles, AB || DC) |
/BCE = (BCD — (DCE

= 128° — 52°
= 76°.
(b)
) Lo=Ar
Y GB FC
%g = % (intercept properties on f;rarfsversals)
AG AE
* 35 = BD
6_8
3 =z
z =4,

So ED = 4cm.
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(c) ()

(i)
(ii)

A ’ B
TR
o7
= T 4 =
0
D! c

In square ABCD:

AB = BC = CD = DA (equal sides).

In equilateral triangles BF'C and ADE:

BC = CF = FB = AD = AE = ED (equal sides of equilateral triangles and

AD = BC).
So BF = ED and AB = CD.

Also LABF = /ABC + (CBF
= 90° 4+ 60° (sum interior angle of a square and an equilateral triangle)
= 150.° |

Similarly /EDC = 150°.
Join EC and AF.

In AABF and AEDC,

1. BF = ED from above

2. AB = CD from above
3. LABF = /EDC from above
so AABF = AEDC (SAS). }_

AF = EC (matching sides of congruent tﬁ;ngles).

Now AF = EC and AE = FC so AFCE is a parallelogram (opposite sides
equal).

QUESTION NINE

(a) ()

(i)

M\/ for sine curvel

l\/\/ for cosine curve]

There are five solutions.
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(b) (i) z =30t — 150 + 150e~%%
v = 30 — 306—0~2t

v =30(1—e %)

(ii) Ast — oo, €% — 0 s0 v — 30 from below.
The velocity does not exceed 30 metres per second.

(iii) Let  v=15
50 15 = 30(1 — e~ 2

e~ = 1
t = —Llog, 3
= 3-5seconds (to the nearest 0-1 second).
z = 30 x 3:5 — 150 + 1500 2*%?

= 29 metres (to the nearest metre).

(iv) @ = 6e 0%
dz?
=6when t =0.
So the initial acceleration is 6 m/ sec”.

QUESTION TEN

(a) (@)

Let LQPP; = aand QPP =§
so 0+ a+ B =180° (angle sum of triangle).
Now APPQ || AP1PQ
SO (QPP; = L1 PP, = q,
so LPPiQ+ LQPQy + LQ1PiP,=a+0+f
= 180°.
So P, P, and P, are collinear.
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(i1) Area APQP, = x a X ar X sinf

%azr sin 6.

1 X ar X ar’? X sin 8
2,

Area AQPl Ql

II

; 3siné
. Area AQPQ: _ 3a’r®sin6
Area APQP, 142

a’rsiné

2
=2 [V

(b) (i) Length of OP is the limiting sum of the lengths PP, P\ P, P2 Ps, ....

First term = b,
2

b

1—r2

(ii) Area of AQOP is the limiting sum of the areas of the triangles
PQPh QPJQI, P1Q1P2,

First term = ;raz sin 8,

2

common ratio=r

SO OP =

Similarly, 0@ = 7 br

common ratio =7r

1
2 6
Area AQOP = gra’sing
1—r2
ra’? sin 6
©2(1—r2)
1 b br )
(iii) Also, area AQOP = 5 X {53 X7,z osina

b?rsina
- Frine,
brsin « ra® sin @
5 2u—m%2_2u—ralu
sina  a?(1—r?)
St

sin §

SO
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91
(iv) b= “\1{;
91a?
b»? = )
50 100
2 1 — 2\ o3
Now sina = a ( brz)sma
. 100(1 — 0-81) sin 60°
SO SIne =
01
19/3
~ 182

So a = 10°25' (to the nearest minute)

GJ




