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General Instractions
Reading time — 5 minutes
‘Working time — 2 hours

‘Write using black or blue pen
Black pen is preferred

Board-approved calculators may
be used

A table of standard integrals is

provided at the back of this paper.

In Questions 11— 14, shbw
relevant mathematical reasoning
and/or calculations

Total Marks — 70

10 marks

¢ Attempt Questions 1 - 10
o Allow about 15 minutes for this section

60 marks

" Attempt Questions 11 — 14
e Allow about 1Thour and 45 mimutes for this section
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Section I

10 marks
Attempt Questions 1 - 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10

1 What is the domain and range of y =—;—cos"1 (326—) ?
(A) Domain: —2<x<2 Range: 0<y<#
(B) Domain: —1<x<1 Range: 0<y<nx
(C) Domain: —2<x<2 Range: os;»s-’zi

(P) Domain: -1< x<1 Range: OSyS%

2 When apolynomial P(x)=x"+ax+1 is divided by (x+2) the remainder is 5. What is
the value of a? .
(A -6
B -3.5
< 2
@) 3

3 Which of the following is an expression for '[Ez——x—isj—dx ?
—-x
Use the substitution u =2—x".
1

1

® ig—wyte

1
—t C
42-x1*

1
et C
8(2~x)*

(©

)
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What is the exact value of the definite integral J‘;%dx ?
x"+

7
A) T
w
®) EY
w
© 5
DOy x

How many arrangements of all of the letters of the word PROBABILITY are possible?
(A) 362880

B) 5979200

(C) 19958400

(D) 39916 800

Find the acute angle between the lines y =2x and x+ y—5=0. Answer correct to the
nearest degree.

A) 18°

® 32

(C) 45°

® 72

What is the exact value of the definite integral J} (1+sin® x)dx ?
7

w5
® Zid
o -5
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8 What are the coordina;tes of the point that divides the interval joining the points A(-1,2)
and B(3,5) externally in the ratio 3;17

(A) (2.5,4.25)

B) (25,65
©) (5,4.25)
©) (565)
. . o 2%-5
9 What is the solution to the inequality , 2x?
. x—

(A) x<~land 4<x<5
B) x<-land 4<x<5
(€) xsland 4<x<5
(D) x<land 4<x<5

10 The velocity of a particle moving in a straight line is given by v=2x+5, where x mefres
" is the distance from fixed point O and v is the velocity in metres per second. What is the
acceleration of the particle when it is 1 metre from O?

(A) a=7ms”

(B) a=12ms”
(©) a=14ms?
(D) a=24ms”

HSC Mathematics Extension |

Section II

60 marks

Attempt Questions 11— 14

Allow about 1 hour and 45 minutes for this section
Answer each question in the appropriate writing booklet.

All necessary working should be shown in every question.

Question 11 (15 marks) Marks

(a) What are the roots of the equation 4x® —4x* —~29x+15=0 given that one
root is the difference between the other two roots?

(b) Two circles meet at A and B, CBD is a straight line and AQP is a chord of the 2
é smaller circle. Prove that CQ is parallel to PD.

(c¢) Prove the following identity 2
‘ sin @ sin@
sinf+cosf cosf—sinf

=tan 26

(d) A class consists of 10 boys and 12 girls. How many ways are there of
selecting a committee of 3 boys and 2 girls from this class?
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(e) Point 4 is due south of a hill and the angle of elevation from 4 to the top of
the hill is 35°. Another point B is a bearing 200° from the hill and the angle tiom 12 (15 mark
. of elevation from B to the top of the hill is 46°. The distance 4B is 220 m. Question 12 (15 marks) . Marks

(a) The tangent at the point P(2ap,ap®) on the parabola x* =4ay cuts the x-axis
at A and the y-axis at B.

® Find the coordinates of M, the midpoint of 4 and B in terms of P. 2

(il)  Show that the locus of M is a parabola. 1

(i)  Find the coordinates of the focus of this parabola and the equation of 1

the directrix.
S (b) Use the principle of mathematical induction to prove that for all positive . 3
_(iy  Express O4 and OB in terms of h. » 2 Integers 7:
o n-1 n
(i)  Calculate the height 4 of the hill correct to three significant figures. 2 14+2+4+..427 =27 -1
> 3 2
(&) Factorise x +3x" ~9x+5 2 (¢) Find the exact value of sin [cos‘l §+ tan™ (—%H 2

(d) TFind all the angles 8 with 0< 6 <2z for which sinf+cosf=1. 3

(¢) The function f(x) is givenby f(x)=sin"" x+cos™ x, 0<x <1.
()  Find f'(x). 1
(if)  Sketch the graph of y = f(x). 2
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Question 13 (15 marks) Marks
(@ O Show that the function f(x) = xe ~1 has a zero between x=0 and 1
' x=1,
(i)  Using x=0.5 as the first approximation, use Newton’s Method to 2

(®)

©

obtain a second approximation. Answer correct to 2 decimal places.

A golfer hits a golf ball to clear a 6 metres high tree. The tree is 20 metres
away on level ground. The golfer uses a golf club that produces an angle of

elevation of 40°. Take g =10 ms™*

0 Derive the expressions for the vertical and horizontal components of 3
the displacement of the ball from the point of projection.

(i) ~ What is the Cartesian equation of the flight path? 2

(iii) Calcﬁlate the speed at which the ball must leave the ground to just 2
clear the tree. Answer correct to one decimal place.

@ BExpand (1-x)" using the binomial theorem. 1
1 1 1 "
14 Y _" _ i i [T A n 2
(ify ~ Showthat [ (1—x)"dx="C, S GG =,
Show that —1—-~i(—1)'L”C 2
(i) n+l “4 r+1 7
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Question 14 (15 marks) . Marks

(a) Find J‘cosz 2xdx A 2

(b) A particle moves in a straight line and its position at any time is given by:
' x=30082¢+4sin 2t
(@)  Prove that the motion is simple harmonic.
(i)  Calculate the particle’s greatest speed.

(c) Water at a temperature of 24°C is placed in a freezer maintained at a

temperature of —12°C . After time ¢ minutes the rate of change of
temperature 7T of the water is given by the formula:

aT _ —k(T'+12)
dt
where ¢ is the time in minutes and k is a positive constant.
()  Show that T'= de™™ —12 is a solution of this equation, where A is a 1
constant.

(if)  Find the value of 4.

(iii)  After 15 minutes the temperature of the water falls to 9°C, Find to the
nearest minute the time taken for the water to start freezing, (Freezing
point of water is 0°C).

(d) Each rectangular table in a hall has nine seats, five facing the front and four
facing the back. In how many ways can 9 people be seated at a table if;

@) Alex and Bella must sit on the same side. 2
(ii)  Alex and Bella must sit on opposite sides

End of paper
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Worked solutions and marking guidelines

" HSC Mathematics Extension 1

HSC Mathematics Extension 1

Section 1
Sohution Criteria
Domain: —lsg-sl or ~2<x<2,
1 { ! 1 Mark: C
Range: ExOSySExzr or Oﬁys—;i
P(x)=x"+ax+1
= (_2)? _ —
P(-2)=(-2) +ax-2+1=5 1 Mark: A
—2a=12
a=-6
u=2-x J‘———J—C—Z—de=—l‘[—17du
2-x%) u
du
— =2 -
dx =—=X—=y " +C 1 Mark: B
42 -x*
11 _ a1
-[°x2+1 —[tan x}
=Z_¢ 1 Mark: A
4
=T
4
Number of arrangements = L (2T’sand 2 B’s)
B = a2l 1 Mark: B
=9 979 200
For y=2x then m =2 For x+y~5=0 then m, =-1
ang < m=m | _|2-CD)
Lemm, | |1+2x-1] 1 Mark: D
=3
8 =71.56505118...
~ 72

E (1+sin® x)d = E ¢ +%(l—cos 2x)dx
4 T
L2
. 4
= ix«—sm2x]3
7
7 - (E_l mﬁj_(ﬁ_lsml 1 Mark: D
2 4 3 8§ 4 2
HIERONEIN
2 8 8 4
_E_N3-2
8 8
A(-1,2) and B(3,5) with 3:-1
oo %t _my,tny
m+n m+n
8 _3x34-1x-1 _3x5+-1x2 1 Mark: D
341 T 341
=5 =0.5
Point is (5,6.5)
25—
Gt x5 k(o) (x i)
x—4
(x~DQ2x=5)—x(x—-4)* 20
(x—H[2x-5)-x(x~-4)]=20
9 (-4~ +6x-5)20 1 Mark: D
(x-4)(x-5)(1-x)20
Critical points are 1,4 and 5
Test values in each region
¥<land 4<x<5
v=2x+5
v =4x% +20x+25
—;«vz =2x2+10x+%
10 d 95 1 Mark: C
a=——(2x2+10x+—
dx 2
=4x+10
When x=1 then a =14
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Section IT

11(a)

Let the roots be , f and - f.
4x’ —4x" -29x+15=0

a+ﬂ+(a—ﬂ)=-——b—=— =]
a 4
2a=1or a=—1—
2
apla-p)=-2
a
1 1 15
Eﬁ('z"“ﬂ)—“—z
1 15
'B(E—ﬁ)=—7
257 - f-15=0
(2B +5)(8-3)=0
ﬂ=~-§— orff=3

Roots are x=—£, Jc=l and x=3
2 2

3 Marks: Correct
answer,

2 Marks: Makes
significant
progress towards
the solution.

1 Mark: Finds
the sum or
product of the
roots.

1)

Join 4 to B 2 Marks: Correct
/BCQ = /BAQ (Angle in the same segment standing on the | aNSWer.
same arc are equal) 1 Marks: Makes
ZBAP = ZBDP (Angle in the same segment standing on the some groﬂlgress
same arc are equal) gc))‘l};zo 1S1 ©
/BCQ = £/BDP (£BAQ and £BAP are the same angle) '
. CO/PD (alternate angles are equal).
11(9) LHS = sin@ sin@ 2 Marks: Correct
" sinf+cosf cosf—sind answer.
_ sinf(cos @ —sin ) +sinf(cos d +sin )
- (cos 6 +sin B)(cos 6 —sin H) 1 Marks: Uses a
2sin @ cos relevant
N trigonometric
cos“ O —sin” @ identity
sin 26
" cos26
=tan 26 = RHS
@ | Nymber of ways = °C, x ’C, 2 Marks: Correct

=120%x66
=7920
Class can be selected in 7920 ways.

answer,

1 Marks: Shows

some
understanding.

11 (e) 2 Marks: Correct
@ answer,
1 Mark: One
correct
.expression or
shows some
understanding of
the problem.
In AHOA In AHOB
tan35“=—h— tan46°=—ﬁ—
04 OB
__h _h
tan35° " tand6
11(e) | 4B = 04> + OB ~2x 0Ax OB x 08 20" 2 Marks: Correct
€)] PN PR K answer,
2202=(t 350) +(m) —th rie 46°x00520°
an an an tan 1 Mark: Uses the
) 1 + 1 cos20° cosine rule with
tan’35"  tan’ 46" tan35° x tan 46° at least one
: ! 20 correct value.
1 =220 4+ —e b —— o
tan®35° tan” 46° tan 35" x tan 46°
=127296.7453...
h=356.7866944...~357 m
11(f) | Factors of 5 are {+1,+5} 2 Marks: Correct

PQ)=1+3x-9x14+5=0

X +4x—5

x—1x* +3x* -9x 45

2
2-x

4x* —9x

4x* —4x

~-5x+5

—5x+

5

Therefore (x—1) is a factor of x* +3x* —9x+5

P(x)=x"+3x" =9x+5=(x-1)(x* +4x-5)
=(x-Dx-D(x+5) = (x~1*(x+5)

answer,

1 Mark: Finds
one factor or
shows some
understanding,
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12(a)
)

To find the gradient of the tangent

Equation of the tangent at P(2ap,ap)
y=yn=mx-x)
y~ap” = p(x—2ap)
y=pr—ap’
x-intercept (y =0) then x=ap. Hence A(ap,0)
y-intercept (x = 0) then y =—ap*. Hence B(0, —ap?)
Midpoint of 4 and B.

—ap? —an?
M(ap+0’0+ ap )=M(£1£_, ap )

2 2 272

2 Marks: Correct

answer.

1 Mark: Finds the
gradient of the
tangent or the
coordinates of 4
and B.

LHS =142 +4+,.+ 2" 42
=2F-142
=2x2F-1
=0k _y
- =RHS
Result is true for n=k+1 iftrue for n=4k

Step 3: Result true by principle of mathematical induction.

1 Mark: Proves
the result true for
n=1.

12(a) | To find the locus of M eliminate p from coordinates of M 1 Mark: Correct
(i) —ap? answer.

Now x=2 (1) and y=—-2- (2)

2 2
2x .
From (1) p=-"" and sub into eqn (2)
2x
_“‘“7) et 2w
’= 2 2 4 a

orx’ = —%ay (parabola)
12(a) 1 1 1 Mark: Correct
i) |+ =~—2—ay=4x[—§a)xy answer.

. 1

Focus is (O,—%a) and equation of the directrix y = ga

12(b) Step 1: To prove the statement true for n=1 3 Marks: Correct

LHS=1 RHS=2'-1=1
Result is true for n =1

Step 2: Assume the result true for n=k
14244+, 428 =2F -1

To prove the result is true for n=k+1
142444428 428 =2 1

answer,
2 Marks: Proves
the result true for
n=1 and
attempts to use
the result of
n=k to prove
the result for
n=k+1.

12(c) 2 3 2 Marks: Correct
Let o =cos™ 3 and £ = tan™ (-Z) answer.
4
5 -3
1 Mark: Sets up
the two triangles
or shows some
understanding of
the problem. .
3
sin [cos =+tan™ —Z =sin{a + f)
=sin g cos f+cosasin f
5 4 2 3 4f5-6
=Xt =X ——=
3 53 5 15
12(d) 3 Marks: Correct

Let sin@+cos@ = Rsin(0+ )
=Rsinfcosa+ Rcosfsina
S Recosa=landRsing =1

R*(cos’ e +sin @) =2 and tana =1 ora=2
R=+2

sinn9+cos€=x/5,sin(¢9+%) =1

n 1
sin(f+—)=—=
( 4) N
o 3w 9«
+—='——a y T
4 47 4° 4
=0, E-,Zﬂ'
2

answer,

2 Marks: Finds
two angles or
makes significant
progress towards
the solution.

1 Mark: Sets up
the sum of two
angles or shows
some
understanding of
the problem,

12(e)
®

1 Mark: Correct
answer,
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13(b)
(i)

Fromeqn (1) t= ad sub into eqn (2)
veos4

2
y=5| —Z +vs1'n40"( ad )
veos40° vcos 40

2
= ——Siz—sec2 40" + xtan 40°
v

2 Marks: Correct
answer.

1 Mark:
Eliminates ¢ or
shows some
understanding,

12_@ Since f'(x)=0, f(x) is a constant (gradient of tangent is 0) | 2 Marks: Cormrect
(i) R answer.
Let x=0 then f(0)=sin™"0+cos™0= 0+—2— =5
” 1 Mark:
Therefore f(x)=— for 0<x<1 Recognises that
2 the graphisa
x horizontal line or
7 shows some
understanding of
the problem.
ki1
2
x
1
1?.()&) f(x)=xe" -1 1 Mark: Correct
i
f(0)=0xe’ ~1=-1<0 answet.
fO)=1xe'~1=e-1>0
Therefore the root lies between x=0 and x=1,
1(315;) f(x)=xe" ~1 f(x)=xe"+ & = e"(x-{-l) 2 Marks: Correct
- 05 _ \ _ 05 _ 0.5 answer.
f(0.5)=0.5¢" -1 f(0.5)=e"(0.5+1)=1.5¢ 1 Mark: Finds
P S (%) JS(0.5}, £(0.5)
: ¢ f(%) or shows some
0.56% _1 understanding of
=0.5—| —2o— | = 0.5710204398...~ 0.57 Newton’s
1.5¢™ method.
13(?) Horizontal Motion ¥=0 3 Marks: Correct
i

i=¢ (whent=0,%=vcos40")
X =vcos40’
x=vcos40’t+c¢, (whent=0,x=0)
x=vcos40’t (1)
Vertical Motion j =-10
y=-10t+¢ (whent=0,p=vsin40")
Y =—10¢+vsin 40’
y=~5¢ +vsind0°t+c, (when =0,y =0)
y=-5" +vsind0't (2)

answer.

2 Marks: Derives
either the
horizontal or
vertical equations
of motion.

1 Mark: States
the expressions.

13() | To find v for x=20 and y =6 2 Marks: Cotrect
(iif) ) answer.
5%20 2 4ne .
6 =————sec” 40" + 20 x tan 40
v2 2 (e 1 Mark: Makes
2 _ 5%207 xsec’ 40° some progress
20tan40° ~6 towards the
v=17.77917137... solution.
~17.8 ms™ .
1?1()0) (1=x)" = "C,1" +"CI (=x)! + "C 1" (=) + .ot "C, 1 (=) ;n I\S/I“ilsz Correct
="Cy~"Cx +"Cx* —. ()" "C X" ’
13.(0) Integrate both sides of the identity 2 Marks: Correct
6 . N 3 it answer.
[ (1—x)"dx=["cox~"qff~+"sz—~...+(—1)"cn x } 1 Mark: Shows
0 2 3 n+l], some
~1)* understanding,
="C0—1"C,+1"C2—...+L—l"c" &
2 3 n+l
13(c) ) , 1,01, -1, 2 Marks: Correct
iy | [ @-»"de= Com5 "Gt "Cym k21, answer.
_ 4yt ! n
[(l %) } = -1y ——"C, 1 Mark: Makes
=(n+ Nl = r+l some progress
f LAt I 1 towards the
~|0- -1y ——"C, :
L il g( ) rl solution.
1 e 1
= _1 L nC
n+l g( ) rel "
14(a) 2 Marks: Correct

Icosz 2xdx = J-;—(l +cos 4x)dx
= l[x+lsin4x}+c
2 4

x 1,
=—4=sindx+c

answer.

1 Mark: Uses
double angle
formula.
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0=36e 12
o121
36 3

1
—kt =log, —
g,3

t= —llo E
k ge 3
=30.5738243... 31 minutes

It will take about 31 minutes for the water to cool to 0°C

14(d)
@

Facing front: Number of ways =5x4x7!

Facing back: Number of ways =4x3x7!

Total number of ways = (5x 4 +4x3)x7!
=161 280

2 Marks: Correct
answer,

1 Mark: Makes
some progress
towards the
solution,

14(d)
(i1

Alex facing front and Bella facing back

Number of ways =5x4x71

Bella facing front and Alex facing back

Number of ways =5x4x 7!

Total number of ways = (§x4x71)x2
=201 600

2 Marks: Correct
answer,

1 Mark; Makes
S0IMe progress
towards the
solution,

1‘2,()1)) Simple harmonic motion occurs when ¥ = —n’x 2 Marks: Correct
i
Now x =3cos 2t +4sin 2t answer.
% =-3x2sin 2¢ +4x 2 cos 2¢ | Mark:
Recognises the
%=-3%2%cos 2t —4x 2" sin 2t condition for
=-2? (3 cos2f +4sin 2t) SHM.
¥=-2"x
14(b) Maximum speed at ¥=0 or x=0 (centre of motion) 2 Marks: Correct
(i) x=3cos2t+4sin2t=0 answer.
4sin 2t =-3cos 2t
3 1 Mark: Makes
tan 2¢ = -~ some progress
: 4 towards the
2t =tan™ (~0.75)+n, where n is an integer solution.
2t =-0.6435011088...+0, 7,27
Smallest positive value of ¢ for maximum speed
t= %(—0.643 5011088...+7)=1.249045772...
¥=-3x2sin(2x1.24...)+4x2cos(2x1.24..)=~10
Maximum speed is 10
Alternatively show % =~-10sin(2¢+ tan™ 0.75) .
140) | 7-get-12 or Ae =T +12 1 Mark:~Correct
® dT answer.
— =—kde™
di
=~k(T+12)
14(c) | mnitially #=0 and 7' =24, 1 Mark: Correct
(i) T=de™ 12 answer.
24 = Ae™™* —12
A=36
1‘}_@ Alsot=15and T'=9 3 Marks: Correct
(iif) 9=36¢"P15 _12 answer.
2 Marks:
st 217 Determines the
36 12

7
~15k =log, —
g, 12

1, 7
k=—tlog -
15 Be1p

=0.03593310005...
We need to find t when T =0

value of ¢ or
makes significant
progress.

1 Mark: Finds the
value of k or
shows some
understanding.

10




