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SOUTH SYDNEY
HIGH SCHOOL

2003 YEAR 12 HALF-YEARLY EXAM

Mathematics
Extension 2

Total marks (75)
¢ Attempt Questions 1 -5
e All questions are of equal value
e Topics: Complex numbers,
Polynomials, Conic sections and
Graphs.

General Instructions

e Working time — 2 hours

e Board-approved calculators
may be used

¢ All necessary working should be
shown in every question
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Question 1 (15 marks)

(@)  The complex number z and its conjugate Z satisfy the equation
zZ + 2iz = 12 + 6 . Find the possible values of z.
(b) T T )
If z; =2/ cos—+isin—| and z, =2 cos(——) +isin(——) {, find
3 3 4 4
ONPY
22
o)
argl —
2
© @ Find the square root of the complex number 5-12i.
(ii) NearH
Given that Z = M is purely imaginary, find Z*°.
242
@ @ Shade the region in the Argand diagram containing all points
representing the complex numbers Z such that
Z-1-i|<1and -Z<4rg(z-i)<Z
4 4
(i)  Let ¥ be the complex number of minimum modulus
satisfying the inequalities in (i)
Express ¥ in the form x +iy.
Question 2(15 marks)
() P(x) is an even monic polynomial of degree 4 with integer
coefficients. If +/2 is a zero, and the constant term is 6.
Write down P(x) in factored form over the real field.
b) 1t P(x)=4x> +12x% ~15x + 4 has a double zero, find all the zeros and
factorise P(x) over the real numbers.
() When P(x)=x* +ax? +2x is divided by x? +1 , the remainder is
y
2x+3. Find the value of a.
d 1 P(x)= x*—2x3—x? +6x—6 hasazero 1—; , find all the zeros of
P(x).
©)  Two of the roots of 3x° +ax? +23x—6=0 are reciprocals. Find the

value of a and the three roots.
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Question 3 (15 marks)
@@ @ Find all the complex roots of the equation x°—~1=0.

(i) Show that the zeros of P(x)=x* +x2 +1 are included in the
zeros of x® —1. Hence factorise P(x) over real field.

(b)  Sketch the graph of x? - y?=0 and xy =2 on the same axes. By
observing the number of points of intersection of the graphs, deduce
that the equation z° = 4; has at least one root (in fact two roots).

(¢)  Use the graphs of y =x and y =e™" to sketch the graph of
y=x-e"". (Do not use Calculus.)

(d (@  Sketch (showing critical points) the graph of y = |x|-[x-2|
(i)  Hence or otherwise, find the values of x such that
x| =[x -2z -x
Question 4 (15 marks)

(a)  The figure below shows a sketch graph of y = f(x)

% (3.4)

(=3, -4)

The graph has a maximum point at (3, 4) and a minimum point
at (-3, -4).

Sketch the following graphs, using a separate set of axes for each
graph. In each case state the co-ordinates of the maximum and
minimum points.

M  y=3+f) ) y=f(-x)
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Question 4 (Continued)

(b)

(iif) ye *f(gj ) y= 75 4
v = [r()7T Vi) y=log, f(x) 4
Use the graph of y = 4cosx to sketch the graphs of: 4
(i) y = V4cosx (ii) y? = 4cosx

Question 5 (12 marks)

(a)

(b)

©

Find the Cartesian equations of : 6
(1) x=5c0s6, y=4sinb;
(ii) x=2secO, y=5tan6

Draw a neat sketch of each curve showing its foci and directrices.

2 2

The point P(a cos 6, b sin 0) lies on the ellipse ~+ 2 =1 with foci
a b

S(ae, 0) and S'(-ae, 0). Show that
() PS=a(l-ecos6) and PS' =a(l +ecosH);
(i)  PS+PS'=24q

x2 y2 4
The point P(asec 6, b tan 6) lies on the hyperbola —5 —<5=1.The
a” b

tangent at P cuts the x-axis at X and the y-axis at ¥. Show that

% =sin® 6 and deduce that if P is an extremity of a latus rectum,

2_._
then f—){—ze 1.
PY 2

4
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