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QUESTION 1 (15 marks)

a)

b)

4

Let z= S+di . Express z in the form ¢+ ib , where g and b are real.

1+2i

Suppose z=x+ iy where x and y are real and z is a complex number
()  Write |z> and Re(z?) in terms of x and y

(ii)  Show that the locus of the points z= x+iy in the complex plane
such that
2
IZIZ +3Re(z?)—~4 =0 is given by x>~ zi— =1

(iif)  Sketch the locus of z, stating and showing clearly the directrices and focus.

Shade the region in the complex plane sati‘sfying simultaneously the following
inequalities.

(i) Express /3 —i in the form r(cos8+isin 0) where r>0 and —w <8< 7

M) Show, using deMoivre’s Theorem, that if nis a positive integer, then

~N
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QUESTION 2 (15marks) Start a new page.

2)

b)

)

d

€)

Find J—Zde
\/1+x2

L4

3
Evaluatej xco083x dx
0

3 1
Evaluate J e (X

2 V5+4x—x2

@ Determine the values of 4, B and C in the identity
5x*+3x+13 A Bx+c

Ga)(+4) x+1 P+

5x2+3x+13

i Hencefind | ———F———=
@ (x+ 1)(x2 + 4)

z

3 o x
Evaluate dx using the substitution ¢ =tan—
o 1—sinx 2
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QUESTION 3 (15 marks) Start a new page.
a) Given that x=2+1 is a zero of the polynomial
P(x)=x*—2x% - 7x% +26x—20
Solve the polynomial equation P(x)=0
b) The cubic x®+5x%+11=0 hasroots ¢r, 8 and y

Find the cubic with roots &?, B* and y*

c) Given that P(x)= x* +3px +¢ has a factor (x— k)2
(i)  Showthat p=—k?

(i) Findgintermsof k

(i)  Hence verify that 4p° +4° =0

d) Suppose 1, w, w? are the roots of the equation x% ~1=0 where w, w? are

the complex roots.
(i) Showthat 1+w+w?=0
\ &) I the equation x*—1=0 and px® + gx + r = 0 have a common root

then evaluate (p+ g+ r)(pw” +gw + r)(pw'® + gw? +7)
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UESTION 4 (15 marks) Start a new page. Marks
a) Let f(x)=—x"+6x—8

1 .. . .
On separate diagrams (5 page minimum) and without using calculus, sketch

the following graphs. Indicate clearly any asymptotes gnd fntercepty with the axes.

0  y=Ff® 2
" L

i y= ) 2
G y=|f) ' ‘ 2
(v) y=e™ ' 2
™ Y=fE ' 2

Queshon was incorrect | ]

A sequence of terms u, n=1.2, 3, ... is defined by the recurrence relation 5
T 2Un-3 . e ...
u, =4u, | —5u, 5, n=4,5, 6, ... together with the initial conditions

uy=3, u,=1, u3=0.

Show by mathematical induction that\ w,=2""1~3n 45/ foralln>1
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UESTION 5 (15 marks) Start a new page. Marks b) When the polynomial P(x) is divided by x—2 the remainder is 4, and when 3
2) Divided by x— 3 the remainder is 7. Find the remainder when P(x) is divided
by x*~5x+6
M_" c) The sum of the first k positive integers can be written as 3

142434, +(k-1)+k=k—(k;—-1)

Given that  is a non-zero positive integer a@ﬁh/at,tﬁe ‘sum of the integers
between 1 and@nclusive which are pot divisibE B3 is 7572

2 .2 p
P is the point (acos®, bsind) on the ellipse with equation _x_2 + y_z =1. ‘ :
a

Without loss of generality assume a>b. Sand § are the two foci and
M and M'are the feet of the perpendiculars from P onto the directrices
corresponding to S and S' respectively

The normal to the ellipse at P meets the major axis of the ellipse at G.

(i)  Using the fact that SP = ePM where 0<e <1, or otherwise, 1
prove that SP+S'P=2a

(i) Show that the equation of the normal at P is 2 : )
y~bsing = atand (x—acosB)
2.2 )
(iii)  Show that the coordinates of G are [_(a_b)ﬁs_@ ,OJ 2 -
a

(iv) . Show that GS = l_ﬂs_e S 4

GS' 1+ecos® PS

Question 5 continued next page.
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QUESTION 6 (15 marks) Starta neyi\?age.

2)

»

l: x+y=w/§

The foot of the perpendicular from a variable point P, y) to the straight

line x+y= V2 is the point R, and @ is the point with coordinates (\/E ,W/E)

P(x, y) varies in such a way that PQ” = 2PR*

o
(i)

(iif)

()

Show that that the locus of P(x, ) is the rectangular hyperbola xy =1 2
Show that the equation of the tangent to the hyperbola xy =1 at the 2
point (t, %) t#0 is y?+x-2t=0

The tangent found in (ii) cuts the x-axis at 4 and the y-axis at B. 2
Find the coordinates of 4 and B
If C is the internal point on AB such that the ratio AC : CB=a: b 2

Show that the locus of C as ¢ varies is the rectangular hyperbola

__A4ab
o (a+b)2
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4 4

®
I
»

The area inside the circle x® + y% =16 is rotated about the line x=9 to form a

torus (doughnut). When the circle is rotated, the line segment S at height y
sweeps out an annulus.

The x coordinates of the end-points of S are x, and — x; where x, = /16— y*

(i)  Show that the area of the annulus swept out by S is 4

36716~ 2

(i)  Hence, find the volume of the torus. 3
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QUESTION 7 (15 marks) Starta new pége. Marks

a)

b)

‘ 2
A solid figure has its base in the ellipse I—G + 29— =1

2
) (i\{) Hence, or otherwise evaluate J.

2

Cross sections perpendicular to the major axis produce right angled isosceles

triangles with one of the equal sides in the ellipse.

® At a point where x =k show that the area of the cross sectional 2
triangle is; %(16— D)

(i)  Hence calculate the volume of the solid. 3

1
Suppose k is a constant greater than 1. Let f(x)=-———7 where0<x<
1+ (tanx)

B

Tt is given that f (g) =0)

(i) . Show that f(x)+f(%—x)=1for Ost% 2
(i) Showthat f/(x)= f'(%- x) 1
(i) Bketch y= f(x) for 0<x< % 4

fThere is no need to find f’(x) but assume y = f(x) has a horizontal
fangent at x=0.
'[Hint: Your graph should exhibit the property of b) (i)]

n

&
o 1+ (tan %)
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QUESTION 8 (15 marks) Start a new page.

a)

A regular tetrahedron TBCD has 6 sides of length ¢ units.
The point-H marks the centre of the equilateral. The line TXH is perpendicular

to the plane BDC. The plane PQOR is parallel to the plane BDC,
TX is taken x units from T such that O0< x < TH

’ . .2 .
"M Giventhat BHis 3 of the altitude from B to DC, Show that TH? = %az

~{§{) Explain why triangle THD is similar to triangle TXR

(iii) S)low, with reasons, that the cross sectional area of the slice APQR

__is given by —318—/—3—x2

v (V) Hence by considering the typical slice APQR of thickness &t units,

‘ . a2
show that the volume of the tetrahedron TBCD is

cubic units

Page 11 of 13

St Catherine’s School 2009

Marks




Year 12 Mathemuatics Extension 2 Trinl HSC St Catherine’s School 2009

. n-2_ .n , .
b) ()  Showithat =2 = x" 21— ‘ 1

-

1 n
x
(@ Letl,= J‘ dx . : 2
0 VI=x?

n

e X . -1 X :
By writing ———= in the form x" " .—=—=—= show that forn, 2
1% V-2
positive integer greater than one that;

n-—1
In =( n )In—Z
1 5

. X
(iii)  Hence or otherwise, evaluate J = dx 3
oVl—x

End of Paper
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