Year 12 Extension 1 Mathematics

Student Number:,

Teacher:

St Catherine’s
School

Waverley, Sydney

Half Yearly Examination

Task #2
April 2010

Time allowed: 2 hours

Reading time: 5 minutes

General Instructions

* Working time — 120 minutes

» Write using black or blue pen

» Board-approved calculators may
be used.

* All necessary working should be
shown in every question

Total marks — 84

* Attempt Questions 1-7

» All questions are of equal value

* Section A- Questions 1-3 are to be completed in one booklet
* Section B - Questions 4-7 are to be completed in one booklet
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The following list of standard integrals may be used:

n 1
Jx dx=—x”“,n¢—1;x¢0,ifn<0
n+l .

1
[Zax=mnx, x>0
x
ax 1 ax
Je dr=>e" az0
a
1.
_[cosax dx="=sinax, a#0
a
. 1
_[smax dx=—-"cosax, a#0
a
[ sec? :
sec” ax dx="tanax, a#0
a

1
_[secaxtanax dx==>secax, a#0
a

1 1, .-
J- ) dr=—tan" Z, g0
. a a

a’+x

1 L1 X : )
J-—“z > dx=sm1—, a>0,—a<x<a
Va*—x a

j—\/——zLT dx=‘ln(x+\)x2—a2), x>a>0

[x*~a

| ——
2

%2 +a

dx=ln(x+\/x2 +a2)




SECTION A — Questions 1-3 (Write your answers in the one booklet)

Question 1 — 12 Marks

% -9

a) Solve the inequality: 20.

b) The point P(-3,8) divides the interval 4B externally in the ratio k:1. If 4 is the point (6,-4)
and B is the point (0,4), find the value of k.

» .
FL’)\ Prove that: for O< x < VL
|
L/ .
T cosx +sinx
tan(—— + x] =

4 cosx—sinx

d) Differentiate the following with respect to x:

i y= cos"(-l——— 1)
x

i y=tanx?~-1

Question 2 — 12 Marks (START A NEW PAGE)
¢

a) Let @, B and ¥ are the roots of the polynomial 2x° —5x—1=0.
Find o'y

b) Show that x +4 is a factor of P(x)= x> +2x —23x - 60 and hence factorise P(x).

19) i. Evaluate J(xz + 1)3 2xdx , using the substitution u= x> +1. /

ii. Evaluate _H 1~ x* dx, using the substitution x = sin6.

0
d) Evaluate wa/l -+ xdx, using the substitution u=1+x.
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Marks
Question 3 —12 Marks (START A NEW PAGE) Marks
3
)  Let f(x)=——.
3 x° =1
i. For what values of x is f(x) undefined?
ii. Show that y= f(x)isan odd function.

iif. Show that f'(x)< 0 at all values of x for which the function is defined.
2 iv. Hence sketch y = f(x).
2
2 b) Consider the parabola y = (x—-2)* = 3.

i. Sketch the parabola y = (x—2)” - 3, showing its vertex and y-intercept.
il. Find the largest positive domain such that the graph defines a function f(x)
which has an inverse function.

iii. Find the inverse function, stating its domain.

iv. Sketch the inverse function.
2
3
2
3

4
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SECTION B ~ Questions 4 ~ 7 (START A NEW BOOKLET)
Question 4 — 12 Marks)

a) Evaluate, in terms of 7,

. _l( 1) ‘ —1( 1) |
1 cos |——|—sin"|——
2 2

ii. 2tan”(1)+tan™ (—w/§)

b) A bushwalker on a horizontal straight road that runs north-east, observes from a point P
that a hill bears north-west and its peak R has an angle of elevation of 15°. On walking

200m further along this road to a point Q, the angle of elevation of R is now 12°.
‘What is the height 4 of the hill to the nearest metre?

w
. .. . . 1 2 :
c) In surveying, when determining a reference point, the expression >——tan” ¢ occurs.
os” o
. . cos2q
Show that this expression is equal to >
. 2cos’x
d)  Fiod [cos4xdx.
Paged of 7}

Question 5 — 12 Marks (START A NEW PAGE)

a)
Marks
2
2
b)
4
c)
d)
2
2

Marks

The two points P(2ap,ap®) and O(2ag,aq”) are on the parabola x2 = 4ay.

i The equation of the tangent to x* = 4ay ata point T(2at,ar”) is given as y = tx — ar>.
Show that the tangents at the points P and  meet at R, where R is the
point (a( p+ q),apq).

ii. As P varies, the point 0 is always chosen so that ZPOQ is a right angle,
where O is the origin.

Find the locus of R.

Consider the polynomial P(x)= x> +2x—4.

i. . Showthat P(x)=0 has only one real root and that it lies in the interval 1< x <15,
ii. Taking x, =1.2 as a first approximation to this root, use one step of Newton’s Method
to find a better approximation x,, correct to two decimal places.
. 0 . 1—cosB 0
By substitution ¢ = tana, or otherwise, show that — 8 = tanE.
sin

Sketch the graph of f(x)=2cos™ x, indicating clearly the coordinates of the endpoints

of the graph.
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Question 6 — 12 Marks (START A NEW PAGE)

a) Find the exact values of x and y which satisfy the simultaneous equations

1
sin?x+—cosy = Z and
2 3

3sin™x— lcos‘1 y= 2—”
2 3

b) The cubic polynomial P(x)= x> +rx” +sx +t, where r, s and 7 are real numbers,

has three real zeros, 1, & and ~1.
i. Find the value of .

ii. Find the value of s+ 1.

c) i Write 8¢0sx +6sinx in the form Acos(x— ), where A>0 and 0S @ <

ii. Hence, or otherwise, solve the equation 8cosx +6sinx =5 for 0< x < 27,

Give your answers correct to three decimal places.

d) Suppose x° —2x” +a= (x+2)0(x)+3 where 0(x) is a polynomial.

Find the value of a.
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Question 7 - 12 Marks (START A NEW PAGE)

Marks
a)
3
b)
c)
1
2
2
2
2

Prove by mathematical induction that:

1x2° +2%x2' 43X 2% + A nx2" =1+ (n=1)2", forall n=1.

Let f(x)=sin"(x+5).

i State the domain and range of the function f(x).

ii. Find the gradient of the graph of y = f(x) at the point where x=—-35.

iii. Sketch the graph of y = f(x).

Let 5x=90". Show that sin2x = cos3x

END OF PAPER
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