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Marks
Question 1 Begin a new page
(8)  When the polynomial P(x) =x*+ax+1 isdivided by (x + 2) the remainder 2
is 3. Find the vatue of a.
(b)  The acute angle between the lines y = (m + Z)x and y=mx is 45°.

. 2
(i) Show that };2—:2—",—3

(ii) Hence find any values of m.

(c)()) Show that cot8-cot28 =cosec28.

(i) Hence find the exact value of cotl5".

@

ABC is a triangle inscribed in a circle. MAN is the tangent at 4 to the circle 4BC.
D and BE are altiudes of the triangle.

(f) Copy the diagram.

(i) Give areason why BCED is a cyclic quadrilateral.

(ii) Hence show that DE is parallel to MAN.
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e Marks
Quéstion 2 Begin a new page
(a) _/1(—3 , 4) and B(l , 2) are two points. Find the coordinates of the point P(ﬁc , y) 2
wwhich divides the interval 4B externally in the ratio 3: 1.
(b)(i) Solve the inequality 1—1— <l. 2
-x
(i) Fence find the set of values of x for which the lirniting sim S of the geotnetric 1

serdes 14+ x+x*+x° +.. issochthat S<1.

Three points 4, B and C lieon horizontal ground.
Points 4 and B are 30 metres apart and Z4CB=120°.
A vertical flagpole CD of height h metres stands at C.
From each of A and B the angle of elevation of the

top D of the flagpole is 30°.

(i) Show that AC =BC=h3. 1
(i) Hence find the value of A 2

(@

(i) Find the coordinates of the point 7* on the parabola x? =4ay such that the tangent 1
{o the parabola at T is parallel to the line y = x.

@G 7 (25117 . apz) and Q(2aq saq” ) are two points that move on the parabola P =day 3

stch that the chord PQ is always parailel to the line y = x. A is the midpoint of PO.
Find the equation of the locus of Af and state any restrictions on this loous.
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Question 3 Begin a new page
ee . x-2
() Consider the function f (x) = .
x-1
(@) Show that the function is ‘increasing for all valnes of x in its domain. 2
(i) Sketch the graph of the finction showing clearly any intercepts on the coordinate axes 2

and the equations of any asymptotes.

(1) Find the equation of the inverse function f "l(x) . Deduce that the graph of the function 2
f (x) is symmetrical about the line y = x.

(b)  Consider the function y =Lcos™(x -1).

[

(i) Find the doinain and range of the function.

(it) Sketch the graph of the function showing clearly the coordinates of the endpoints. 1

w

({if) The region in the first quadrant bounded by the curve y = ;—ces'1 (x - 1) and the
coordinate axes is Totated through 360° about the y axis. Find the volume of the
solid of revolution, giving your answer in simplest exact form.
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Question 4 ’ Begin a new page
(a)(@) Show that the equaﬁon x*+2x~7=0 hasaroot @ suchthat l<a< 2.

(i) If an initial approximation of 1-5 istaken for @, use one application of Newton’s

method to find the next approximation, roumding your answeér to one decimal place.

3

()  Use the substitution x=%", u=0, to find the value of J’ ! &

. (x + I)-\[;

Give your answer in simplest exact form.

(c)  Five different fair dice are thrown togsther. Find the probability that
(i) the five scotes are all different

(ii) the five scorés inchide 4t most one 6

Stndent DAME / BUMBET  .vverersmsnsermmeresremsnenensenes

Question 5 Begin a new page

®

P is a point en the circle x* + y* =1 such that the radins OP makes an angle 6
with the positive x axis, wheré 0 <8 < F. The tangent to the circle at. P cuts the

raxisat 7.

(@) Show that thearea A of the shaded yegion is given by 4= —%—(tan g- 9).

|3

-G ¥ 6 is increasing ata constant tate of 0-1 radizns per secand find the tate af which
A is increasing when 0 =1, giving your answer correct 1 2 decimal places.

(b)  Thenumber N of individuals in a population at time # years is given by
N =100 -60e™"".

{i) Skeich the graph of N as a function of f showing clearly the initial population size 2
and the limiting population size.

(i) Find the exact time taken for the population to double its initial size and find the 2
rate at which the population is increasing then.

(¢)  Use Mathematical Induction to showthat, for all positive integers n=1, 4
P43+ 54+ (2n=1) =In(2n-1)2n+1).
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Question 6 Begin a new page
(a) A particle is moving in a straight ine with Simple Harmonic Motion. At time
¢ seconds it has displacement x metres from 2 fixed point O on the fine, given
by x=1+ 3cost, velocity vms” and acceleration a msZ.

() Showthat a=—+{x-1).

(i) Find the distance travelled and the time taken by the particle over one complete
oscillation of its motion.

(13i) Find the time taken by the particle to travel the first 100 metres of its motion,
giving your answer in seconds correct to two decimal places.

() A golfer hits.a golf ball from a point O with speed 40 ms? at ad angle 8
shove the horizontal. The ball travels in a vertical plane where the acceleration
due to gravity is 10 ms™.

(i) Write down expressions for the horizontal displacement x metres, and the vertical
displacement y metres, of the golf ball from O afier time f seconds.

(i) Hence show that the horizontal range R metres of the golf ball until it returns 1o
ground level is given by R =160sin28. ‘

(iif) The golfer is aiming over horizontal ground at a circular pond of radius 10 mefres
with centre 110 metres from O. Find the set of possible values of 6 for the golf ball
to land directly in the pond, giving your answers correct to the nearest degree.

92
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Question 7 Begin a new page
(8 A particle is moving in a straight line. At time ¢ seconds it has displacement ,
x metres from a fixed point O on the line, velocity vy ms™ , given by v = (k - x)

for some constant k>0, and acceleration @ ms?. Initially the particle is at .

(i) Showthat x= kI:Ztl . Hence show that x <k for all values of %
+

(ii) Express ¢ in teris of . Deduce that the particle is atways moving to the right
and always slowing down.

(iii) Find the distance travelled arid the time taken by the particle for its speed to drop
10 1% of its initial value. ‘

(b)) Showthat ™C,-"C,="C, , r=L 2 3,7

100.
(if) Hence find the value of »."C,.
=3




Mathematics Extension I Independent Trial HSC 2006 Marking Guidelines

Question 1
a. Qutcomes assessed : PE3

d. Outcomes assessed : PE2, PE3

Marking Guidelines
Criteria vlarks
+ uses the remainder theorem to write an equation for 1
« finds the value of @ 1
Answer
P(x)=x+ax+l " P(-2)=3 = ~8-2a+1=3 a=-5
b. Outcomes assessed : P4, HS
Marking Guidelines
' Criteria - . Marks
i * uses the formula for the angle between two lines to obtain the required equation for m 1
ii » reduces this equation fo a quadratic inm 1
s solves this quadratic to find two values of m 1
Answer
' (m + 2) - m 5
i.__w_z_ = tan45° [T S a— |
+ m(m + ) <m+l) coml=2
2 2
o= =1 - - . 7)
m+2m ] ..(m+1) 2 "
¢. Qutcomes assessed : HS
Marking Guidelines
Criteria Marks
i © expresses cot20 intemms of © where f =tan & 1
e simplifies LHS in terms of #and recognizes expression for cosec28 1
1

ii » applies identity to evaluate cot15°

Ansver
i. Let f=tanf. Then . cotl5°—cot30° =coset30°
2 L L0 y
co‘t6~cot29--—1~—1nt cot15° =13 =2
’ 2 r:ot].5°=2+’\/37
2 - (1— 7.‘2)
T
1+ z‘z_
2
= cosec28
1

Marking Guidelines .
Criteria Marks
ii * quotes appropriate test for a cyclic quadrilateral 1
iii » uses equality of exterior and interior opposite angles of BCED with explanation 1
» applies alternate segment theorem with explanation 1
» quotes an appropriate test for parallel lines 1

Answer

it, Interval BC subtends equal angles BDC and BEC at points D, E
on the same side of BC. Hence BCED is a cyclic quadrilateral.

iii. £ADE <= /ACB (exterior £ of cyclic quad. BCED is equal fo
interior opp. L)
But £MAB = £ 4CB (£ betweén tangent and chord AB is equal 1o
L subtended by AB in the alfernate segment)
Hence ZMAB=/ADE

o DE|| MAN  (equal alternate Ls on transversal AB)
Question 2
a. Outcomes assessed : P4
Marking Guidelines
. Criteria Marks
* finds x coordinate 1
s finds y coordinate . \ 1
Answer
A-3.4)  B(1,2)
>< ~ P (3 s 1) is the requited point of external division,
300 ~1
b (-Ix{(-3)  3x2H(~1pd
Pl—sp > TR
b. Ountcomes assessed : H5, PE3
Marking Guidelines
] Criteria Marks
i  applies a method which deals appropriately with the inequality and variable denominator 1
« finds possible values of x ; 1
1

i + uses condition for existence of limiting sum along with result from i. to find x values.

Ansgwer

§ = — provided e <1.
I—x

Hence S<1 for -l<x<

x<0or x>1

. 14 x+ x* +... has limiting sum

0.




it

il
¢. Outcomes assessed : HS 7 ) o o Interchanging ¥ <> y,
Marking Guidelines VA ) y= . .
Critoria iarks : x-1 inverse function is
i = uses right triangle trigonometry to show result 1 / : y 2 (x - l)y mx=2 -
ii © uses cosine rule to write equation for 4 1 2 . x=1 p-y=x=2 Y = —
° finds value of 1 </ ~~~~~~~~~~~ s{y-1)=y-2
: y=1 ,‘ -2 o x-2
i ii. Using the cosine rule in A4ABC, 7 . 5 > y~1
AC = BC = heot30° = b3 307 =3R% + 3% - 647 cos120° =1 /
500 = 61*(1+1) '
100 The graph of f “1(x) ig the reflection of the graph of f(x)
10 inthe line y = x. Butthe two graphs are identical. Hence the
graph of f (x) must be symmetrical in the line y = x.
d. Outcomes assessed : HS, PE3, PE4 ‘
Marking Guidelines b. Outcomes assessed : F8, HE4
" Criteria ’ Warks Marking Guidelines
i »uses derivative to write equation for x at 7 then writes coordinates of . 1 - - . Criteria Marks
ii * uses gradient of PO to show sum of p and g is 2 1 i« states domiain of ﬁm‘cmon 1
« writes coordinates of M in terms of p, ¢ then deduces equafion of locus 1 ¢ states range of function 1
» states restriction ¥ > a 1 il * sketches graph of cerrect shape showing coordinates of endpoints 1
: iii * writes volume as integral in terms of y 1
Answer * finds primitive afer using appropriate trig. identity 1
., « evaluates by substitution of limits 1
b =t i oF'-) peg i
& x ii. PO has gradient ~——d = Answer
@ 5 2a( pP— g) 2
;}ch - Hence p+g=2 i y=%'oos“‘(x—1) fii. x=1+ocos2y
em]=p x=2a M o) E(p 4 AN N L z
& . <a(p 0.5 +g)) 0 x L=z = V=”J (1+cos2y) @y
T(Za , a) Hence locus of A has equation x =24. M Hesabove ' . y»a, Domain {x Dsxs= 2} 0
’ 0s co's“1<x -1) = H
- ( . 25.)
Range {y :Osys—z’EI —HJ; (1+2c052y+oos Zy)dy
Question 3 _ R 7 .
a. Outeomes assessed : PS5, H6, HE4 u =7 I (1 +2c082y +£(1 +COS4J‘)) dy
Marking Guidelines y 0
Criteria Marls A ¥ =Joos7x -1 =m|2y+sinly+ lsindy 5
i = differentiates the function 1 ( ? 2 =) [2 ’ ] 0
« notes that the derivative is positive throughout the domain i Iy =0 %(3’5 - 0) + (sin 7~ sin O) + f‘g—(sinZyr ~sin O)}
ii » sketches hyperbola with correct intercepts on the coordinate axes i B i gt
« shows equations of both asymptotes I 0 (2 , 0) * 4
iit * finds the equation of the inverse function 1
° uges reflection property of graphs of inverse functions to justify required deduction t
Answer
i f(x)= X2 has domain % =1
, 1.(x~—1)~(x—2).1 x—1 ’ .
S (x) = ( - 1)2 S
x-1 y Lo . ; ]
A f (x) >0 and function is increasing threughout its domain.
1
(=-1)
4




Question 4
a. Dutcomes assessed : PE3

Marking Guidelines
: Criteria Marks f
i © shows that values of £ (x) =x"4+2x~7 at x=1,x=2 have opposite signs 1
° uses continuity of  to deduce the existence of a root of the equaﬁon between 1 and 2 !
1i » applies Newton’s rule for next approximation !
* calculates this approximation !
Answer
i Let f(x)=x"+2x-7 i f(x)=3x" 42
Then f is continuous with F1-5
: / JL 3-375+3-7
f{l)=~4<0 and F2)=5>0 % =1'5*'f,21_5)) =15 6-75+2
Hence f(a) =0 for some 1<a <2, ‘
a;~1-6
b. Outeomes assessed : HE6
Marking Guidelines
[ Criteria Marks |
* converts dx into du and simplifies new integrand 1
e finds 2 limits 1
» finds primitive function in terms of u 1
¢ substitutes lirnits and evaluates in simplest exact form 1
Axnswer
x=u, u=0 3 145
3 1 ) = 3+ -1
dx =2u du [=J T ! 2[tan u]‘
. (x + 1)\/;\?
x=l=py=1l i =2(tan‘1\/§»’can'll)
x=3=u=13 - ~—5—~1—~2udzz =2(z-z)
. ( U+ l)u N
5 we
=2 ! du
. ( ut 1)
¢. Qutcomes assessed : HE3
Marking Guidelines
. . Criteria Marks.
i * counts the number of arrangements of five different scores 1
* selects appropriate denominator and simplifies 1
il * ‘writes numerical expression for the sum of probabilities of 1o 6 and exactly one 6 1
¢ calculates tlis probability 1

Answer

[
i P(azz diﬁfe,ﬂenr) _ _c; : 5

Fin

§

“

i. P(ar mast one 6) = 5C0(l)0_(%)5+5C] (%)1(2)4 = 2(%)5 =0-804

Question 8§
a. Outcomes amissessed 1 Hd, H5, HES
Marking Guidelines
Criteria Marks
i * shows P7 =tanf 1
° uses difference between area triangle and area of sector to obtain expression for 4 1
. ad . d
11 ¢ expresses — interms of — 1
dt dt
* evaluates to find rate of increase of 4 when 6=1 1
Amnswer
i. LOPT =90° . dd dg de
; i ===k sec’ §— ——
(tangent L radius drown e 2 & &
to point of contact) 40
< PT =tan® ={sec’@ —1)7
A=1op Pr-1.1.6 !
(a8 0 =itan’6 x 01
b E(tan - ) Hence when 8=1, 4'is increasing

at arate 0-12 sq. units per second.

b. Outcomes assessed : HE3
Marking Guidelines

Criteria Marks
i v sketches graph of correct shape showing initidl population size 1
« ghows limiting size as horizontal asymptote 1
ii = solves exponential equation for ¢ to find exact time for initial size to double 1
= differeniiates then finds rate of fncrease. 1

Amnswer
i H =0 = N=100~60¢"=40
N N =80 = 60" =20
-0kt _ |
B1 e R e =3
011 -0'1I=lﬂ%—

N =100 -60¢
t=nt+(-01)

40
Population doubles initial size in 10In3 years
» an ot 1
0 ' EI_—=0‘1><6Oe°”=;‘0—(100—N)

Population is then increasing at a rate of 2 individuals per year.

c. Gutcomes assessed : HE2

Marking Guidelines
Criteria Marks
+ defines a sequence of staternents and shows the first is true 1

* expresses the LHS of S(k + 1) in texms of the RHS of S( k) (if true)
s rearranges algebraically to give RHS of S(k + 1)
« writes final explanation to complste process of induction

kel et




Amnswer

Let S(rz,) be the sequence of statements 1” +3° + 5% + ..+ (271 - 1)2 = %n(Zn «1)(271 + ].), n=123,..

Consider S(1) :  LHS=1"=1 and RHS=1 Hence 5(1) is true
IF S(k) is true: " (2k _1)2 -

Consider S(k+1): LHS = {12 P45 e+ (2h —1)2}+ (2k+ i

1(2-1)(2+1)=1.
P+3+ 5+ 1k(2k-1)2k+1)
~ {2k~ )2k 4 )+ (24 1)
(?k+1{ (2k-1)+3(2k +1)}
(2k+1){21c2+5k+3}
(2k+1)(&+ )(2k+3)

k+1){2 } 2(k+1)+1}

if S(k) is frue, using **

1l i i
W

Wie W= W

——

i
%

Hence if S(k) is frue, then S(k -+ 1) is true. But S(l) is true, hence S’(2) is fnue, and then S(S) is true

and so on. Therefore S(n) is true for all positive integers n = 1.

Question 6
a. OQutcomes assessed : HE3

Marking Guidelines
Criteria Marks
i * finds expression for & by differentiation (or by noting centre of oscillation and value of ) 1
ii e uses amplitude to find distance 1
- uses period to find time 1
iii ¢ finds number of complete oscillations and corresponding time 1
« recognizes time taken for extra 4 m is time to first reach O and writes equation for ¢ 1
« adds time for the extra 4m o time for 8 complete oscillations and calculates fotal time 1

Axswer

ii. Armaplitude is 3m and period is 4 s.

i. x=1+3003% :
Hence distance travelled is. 12m and time taken is 4 5.

v=-2sind ity ;
23 21 iii. Initially particle is at its far right extreme where x =4.
a=-—30085 Also 100 =8%12+ 4, Hence time taken for 100m is time for § complete
g ( 5 1) oscillations plus the time taken te travel directly from x =4 tox =0.
sa=-d

1

x=0 = 0052 =-1. First such ¢ 1s ’)(Jr cos” ~) seconds.

Hence time taken to travel 100m is 8 x4mw+ 2(:5 cos™ l) ~104 35 s.

Ir. Outconmes assessed : H4, HE3
Marking Guidelines

Criteria ' | May]

. arks
i » writes expressions for x and y 1
ii e finds ¢ >0 for which y =0 1
s substitutes this value of 7 into expression for x to find R 1
iii  writes inequality for R 1
» finds one interval for 8 1
o finds second interval for 8 1

Answer
i x=40rcosb ii. J/=51’(Ssjn9-—t) i 100 = R =120
y =40 t5in8 - 5¢° y=0=>1=0, 8sinf 2 <sin26<1
Particle retumns to ground level wheh 38-68°=220 =48 59°
% =40 (8sin)cosd or 131-41° =20 514132
=160 {2sin Boos6) 20° < 6 = 24°
- R=160sin28 or 66°=8=70°

Craestion 7

a. Ouicomes assessed : FIE1, HES

Marking Guidelines

Criteria Marles

\ it .
i e writes ?d; as a function of x

* deduces x <k
ii e finds g in terms of x

il « finds x when v = 7k

« finds corresponding value of ¢

* integrates to find ¢ as a function of x
» rearranges to find x as a function of ¢

v notes that v > 0 and « and v have opposite sigas to make required deductions

[ L

ALuswer

=k-x} #+¢
0 D=k +c
x=0} =1
1 1
“k-x k
ol ]
k k-x
R+l 1
E k-x
K
T T et
k
l~k~kt+1
k(e 1)~k
T R+l
kK
Tkl

x = L~—~——” where 0O<

ket +

Lx<k

= —2(k - x)3
x<k=>v>0anda<0
Hence particle is always moving right and slowing down.

it v = (k- x)2

vl

Initially v = k. Hence particle has 1% of initial speed when

LS
(ke+1) 100
i r1=10

9k

Hence particle has travelled 9 m and taken 7? S.




b. Quicomes assessed : PE3, HE3, HE7

¢ cancels out terms fo simplify and evaluate

Marking Guidelines
. Criteria Marks
i * writes expression for "'C, - "C. 1
» rearranges to obtain required result 1
ii » uses result from 1. to write required sum as difference of two sums i

Answer
: sl om
i. "C-"C, =

]
L

(n+1)1 nl

7t (n +1~7~) b (n wr) !

7l (n+1—-r

nl

nl.r

)!{(n+1)~—(n+l~r)}

7l (n + 1—7’) !

|

7y

]

¥

P

nl

51 " neler
i G=""C-"C

100 100 100
S a4l
2'G=2"G-2
n=3 =3 n=3
101 100
- E AQ - E "C3
n=4 n=3
=1‘01'C3 -~
=166 649




