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Question 1 - (15 marks) — Start a new booklet Marks

Trial Higher School Certificate Examination

ex

dx

a) Find j4+62x

2005

b) By completing the square and using the table of standard integrals find

J» dx

\/x2 —4x+9

X

¢) Evaluate J. 52 ! m dx using the substitution x =u” —4 }

Mathematics
EXteIlSiOll 2 d) Using the substitution t=1:an§, or otherwise, calculate

W ey
0 13+5sinx+12cosx

General Instructions

Reading time — 5 minutes
Working time — 3 hours
Write using blue or black pen ¢) Find J‘ e2* cosx dx
Write your Student Number on every page '
All questions may be attempted.
Begin each question in a new booklet.
All necessary working must be shown.
Marks may be deducted for careless or
poorly presented work. i
Board-approved calculators may be used.
e A list of standard integrals is included at the
end of this paper:
» The mark. allocated for each question is
listed at the side of the question.

s & & & & o o o

.. Students are advised that this is a Trial Examination only and does not necessarily
reflect the content or format of the ‘HigherSchool Certificate Examination;




St George Girls High School

Trial HSC Examination —Mathematics Extension 2— 2005 Page 3.
Question 2 — (15 marks) — Start a new booklet Marks
a) z1=3-2 and z,=1-; 2
Find in the form a +ib (whére a and b are real).
21
b) If z=1-; and w=A3+i 6

) Find L imtheform a+ib
. :
(i) Show that arg(ﬂj =z
z
(iii) Find the modulus of hid
z

(iv) Hence find the exact value of cos?—;l

It is given that z? lies in the first quadrant of the complex plane, as shown in the diagram.

e

| RECO N

d)  Sketch the locus of z if

O |z-1=|z-2| @) arg(z—i)=arg(z-2)

e) Itisgiventhat z=2+/ is a zero of P(z)=z*-42% +202-25
(D)  Explain why 2—7 is also a zero of P(z)

() Hence factorise -P(z) over the real mumbers

<

Shade the region in which z can lie.
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Question 3 - (15 marks) — Start a new booklet Marks
a)  The rectangular hyperbola, A, has equation x% - y2 =§. Write down 5

b)

() the eccentricity
(if) the coordinates of the foci
(iii) the equations of the directrices

(iv) the equations of the asymptotes and

(v) sketch the curve showing the foci, directrices, asymptotes and any intercepts with

the coordinate axes.

2
Placos, bsin 6) and Qfasecd, btan @) lie on the ellipse x—2+

2 2

hyperbola _35_2_ - %2— =1 respectively, as shown on the diagram. (O <6<z

a

M is the foot of the perpendicular from

N
P to the x-axis and N is the foot of the

2

L:l and the

)

perpendicular from Q to the x-axis. QP meets the x-axis at K. 4 is the point (a, 0) .

(i) Giventhat AKPM il AKON , show that KKA;

e
(-(1/19 Hence show that X has coordinates (—a, O)

(iii) Show that the tangent to the ellipse at P has equation

and deduce that it passes through N.

(iv) Given that the tangent to the hyperbola at O has equation

Show that it passes through M.

{(v)- Show that the tangenfs PN; OM and the common tangent at 4 are concurrent.

Find the point of concarrence.

a

ind
xcos¢9+ys1n _1

xsecd ytand ~1



St George Girls High School

Trial HSC Examination —Mathematics Extension 2— 2005 Page 5

Question 4 — (15 marks) — Start a new booklet Marks

a) The shaded region i$ rotated about the y-axis to form a solid of revolution. 4
by

Using the method of cylindrical shells,

(i) Show that the volume, ¥, of this solid is givenby V=2r _[ g 43? — 33 dx

(i) Hence find the volume of the solid.

b) The base of a solid is a circle of radius 1 unit. Parallel cross-sections perpendicular to
the base are equilateral triangles. Find the volume of this solid. 3
(Draw any necessary diagrams).

Part c) and d) on next page
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Question 4 (cont’d)

©)

d)

A stone building of height A metres has the shape of a flat-topped square “pyramid”
with curved sides as shown in the figure below.

N

The cross-section at height % metres above the base is a square with sides parallel to

. L
the sides of the base and of length / where [ is given by /=
: & ety =

(L is the length of the side of the square base in metres).
(i) Write an expression for the volume of a slice of width A% at height 5 metres.

@ Hence find the volume of the building in terms of L and' H.

Prove by Mathematical Induction that 5" +2x11" is a multiple of 3 for all positive
integers, n.

Page 6
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Question 5 — (15 marks) — Start a new booklet

2 —
a) (1) Findreal numbers A, B and C such that ¥ -Tx+15 _ Ax+B +

C

P +4)(x-3) 2 +4 x-3

.2 _ o
(i) Hence find jj—ﬁ“z Tx+15
(x* +4)(x~3)

b)) P(x)=3x>+T7x+2

If «, fand y are the roots of P(x)=0

(D Find the value of o+ 8% + 53

(i) Form polynomial equations with integer coefficients whose roots are
@ a?, p%, 7

®B) a+p, f+yand y+a

¢) Find the equation of the tangent to the curve x° + 3xy - yz =3 at the point (1, 2)

-

[A

-

T

Marks

3
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Question 6 ~ (15 marks) — Start a new booklet Marks

a) A particle of mass 5kg is acted on by a variable force whose direction is constant and
whose maguitude at time ¢ seconds is (31,‘ — 442 )g Newtons. 4

If the particle has an initial velocity of 2m/s in the direction of the force, find its
velocity at the end of 1 second.

b) A particle of mass m kg is set in motion with speed « m/s and moves in a straight line
before coming to rest. Attime ¢ seconds the particle has displacement x metres from
its starting point O, velocity v ms™ and acceleration g ms™. 11

The resultant force acting on the particle directly opposes its motion and has
magnitude m(l+v) Newtons.

() Showthat a=~(1+v)

(ii) Find expressions for
(o) x;interms of v
(B) vinterms of ¢

and (y) xintermsof ¢

%Showthat X+v+t=u

N

Qlfi Find the distance travelled and time taken by the particle in coming to rest:

3

s,
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Question 7 — (15 marks) — Start a new booklet

a) The diagram shows the graph of y=

b)

f‘];(x)

Marks

Draw separate one-third page sketches of the graphs of

O y=1(x])

iyl
(i) y—f(x)

(i) y=2/)

() y=xf(x)

1

i) Show that [4 (tanx)2* sec? v =
@ W .[0( x)“* sec” x T

- 1(1) By writing (sec x)zn as (1 +tan? xy show that

z n 1 n
4 (secx)?" 2 dx =
fo ( ) ,Z‘O 2k +1 (kj

gl\lfl} Hence or otherwise find the value of fg‘g (sec x)8 dx
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Question 8 — (15 marks) — Start a new booklet Mark
20

a) Let 3+2x)" = >a.x" 7

b)

r=0

(i) 'Write an expression for a,

(i) Show that Gral _ M
a,  3r+3

(iii) Hence find the greatest coefficient in the expansion of (3 + 2x)20 .
Give your answer in scientific notation correct to 4 significant figures.

A projectile is fired from ground level with an initial velocity of ¥ m/s at an angle of
elevation of . The only force acting on the particle is gravity, Acceleration due to
gravity is g m/s®

() Derive expressions for the horizontal and vertical components of displacement

from the point of projection in terms of #, where ¢ is the time in seconds since the
-projectile was fired.

() Derive an expression for the time of flight, given that the projectile lands at
ground level.

({l;lxj\A’C the instant the projectile is fired a target, which is initially » metres ahead of
i\i/z’ihe point of projection, starts moving along the ground in the same horizontal
direction as the projectile is moving. The target is moving at a speed of A m/s.

Show that if the projectile is to hit the target, ¥ and & must satisfy the equation

2 sin2a —24Vsinag~bg =0

End of Paper
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