SYDNEY GRAMMAR SCHOOL

2011 Annual Examination

FORM YV
MATHEMATICS EXTENSION 1

Wednesday 31st August 2011

General Instructions
» Writing time — 3 hours
* Write using black or blue pen.

 Board-approved calculators and tem-
plates may be used,

» A list of standard integrals is provided
at the end of the examination paper.

¢ All necessary working should be shown
in every guestion,

" Start each question on a new leaflet,

Structure of the paper

» Total marks — 135

¢ All nine questions may be atternpted.
o All nine questions are of equal value.

Collection

» Write your name, class and master
clearly on each leaffet.

¢ Hand in the nine questions in a single
well-ordered pile.

¢ Hand in a leaflet for each question,
even if it has not been attempted.

« If you use a second leaflet for a ques-
tion, place it inside the first.

« Write your name on the question
paper and place it inside your leaflet
for Question One.

5A: BDD 5B: PKH 5C: FMW
5D: MK 5B: SJE 5F: RCF
5G: LJF BH: 50 5l: MIS
Checklist
» Writing leaflets: 9 per boy. Examiner
RCF

 Candidature — 142 boys
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QUESTION ONE (15 marks) Start a new leaflet.

(a) Write down the exact value of sin 315°.

V2

(¢} Factorise % — 7z +12.

with a rational denominataor.

(b) Express

(d) Evaluate loéa i

(e) Differentiate:
(i) * +2¢

(1) €2+

(E) Write down a primitive of z° — 2.
. . e dy .
(g} What is the nature of a stationary point if e 0 at that point,

{h} Simplify In{e®).
(i) What is the natural domain of the function flz) =In{z+2)?

() Write as a single logarithm 2logq ¢ -+ logq 3.

{k) Sketch the graph of (z —2)2 + y? = 4, clearly indicating any intercepts with the axes.

(1) Solve tand 4 v3 = 0, for 0° < ¢ < 360°.

Exam continues next page ...
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QUESTION TWO (15 marks} Start a new leaflet, Marks QUESTION THREE (15 marks) Start a new leaflet. Marks
{a} (i) Sketch the parabola y® = 4z. (a)
¥
(ii) State the co-ordinates of the focus. B
L
{(b) Find the monic quadratic equation with roots 2 and —4.
(¢) The Yimiting sum of a GP with first term § is 2, Find the common ratio. E]
@ | ¢
Y
A D é o
B e
e, A
F_ =
B The points 4, B and C, shown in the diagram above, have co-ordinates (-1,-1), {-2,7}
and (5,3) Tespectively. The angle between AC and the z-axis is 4.
(i) Find the gradient of AC.
v=f) (ii) Calculate the size of angle # to the nearest degree.
Which point labelled in the diagram above has: (iii) Find the equation of line AC, Give your answer in general form.

() f{z) <0and f(z) >0,
(W) /() =0,

{e) Given points A{—2,4) and B(3,—11), find the co-ordinates of the point P which
divides the interval AE internally in the ratio 2: 3.

{iv) Find the co-ordinates of I?, the midpoint of AC.
(¥) Show that AC is perpendicular to BD.

{vi) Explain why AABC is isosceles.

(vii} Find the area of AABC.

(£) (i) Complete the square on the expression z* -+ 6z — 1. (vifi) Write down the co-ordinates of point E such that ABCE is a rhombus.

el fs] ==

(ii) Hence, or otherwise, find the co-crdinates of the vertex of the parabola

y=a®+65—1. {b) (i) Differentiate y = log.(2z —1).

(ii) Henee find the gradient of the tangent to the curve y = log {2z — 1} at the point
where z = 3.

== B ] 2] R ]

(2) (i) Graph the function f(z) = v/4—=z2
(c) (i) Graphy = |2z —2|. Use at least one third of a page in your answer booklet for
the graph.

= [
]

2
(i) Hence evaluate the definite integral f V4 — 2% dz without using calculus,
-2

[2o]

(i) Hence, or otherwise, solve the inequation |2z — 2| > 4.

Exam continues overleaf ... ¥ixam continues next page ...
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QUESTION FOUR (15 marks) Start a new leaflet. Marks

{a) Differentiate:

() y=(5—22)7
' 2]

() g O T2

(b) Find:
) f o/ de
(i) ] gladm [2]

=

o) ] ﬁ do
(iv) ;/’e‘iz“z dx

o] [H]

{¢) Evaluate f ? z{z— 2) dz.

(d) Shade the region where the inequalities « > 8, y < 10 and 2z — y > 0 are simultane-
ously satisfied. Clearly indicate on your diagram the inclusion or exclusion of points
on the boundary lines and corners.

Exam continues overleaf ...
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QUESTION FIVE (15 marks) Start a new leaflet. Marks
(a) Solve sin{a+45°) = £, for 0° < o < 360°.

‘(b) The second term of a geometric series is 16 and the fifth term is 2.
(i) Find the common ratio.
(i) Find the first term.

(iil) Find the sum of the first fifteen terms. Write your answer as a rational number
in simplest form,

o] [=] [<]

=

()

2
The diagram above shows the graph of y = |z| — 1. 'ind the value of / |z| — 1 dz.
0

9 —
(d) Solve x:n 6 <1 : @
{e) Consider the parabola with equation (y — 4)* = —16{z 4 2).
(i) What is the focal length?
(i) Sketch the curve, clearly showing the focus, the directrix and any intercepts with @
the axes, -

Exam continues next page ...
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QUESTION SIX (15 marks) Start a new leaflet,
()

¥ y=F(2)

4 @

nd
=Y

The diagram above shows the graph of the gradient function y == f/() of the curve

= fla). Given that f(0) = 0, sketch the curve y = f(z}.

(b) Fet f(z) =In{z +1).

8
(i) Use the trapezoldal rule with three function values to estimate f f(z) dz. Write
o

your angwer correct to one decimal place.

8
{ii) Use Simpson's rule with five function values to estimate f f(z)dz, Write your
0

answer correct to three decimal places.
(c) Differentiate:
\ Inz
M v=—5

(i) y=e*(2 %)

0
4z
(d) EV&!U&t&[l :‘:2—_'-3 dz.

(e) Solve the equation 9% — 10 x 3* +9 =10.

Exam continues overleaf ...
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QUESTION SEVEN (15 marks) Start a new leaflet.

{(2) Suppose that the equation 222 + 4z — 1 = 0 has roots o and 8. Without solving the
equation, find the vatues of:

(i) af
1

1
(i) = + B

(ifi) {e—B)
(i) la -4l

(b} (i) By forming a suitable arithmetic sequence, find how many multiples of 7 lie
between 100 and 10007

(i) What is the sum of these multiples?

{)

N2/

Consider the diagram above showing the parabola y = 232 — 4z — 6 and the straight
line gy = 8= — 16.

(i} Find the z co-ordinates of the points of intersection of the parabola and the line.

{ii) Find the area enclosed between the parabola and the line,

(d) (i} Show that the = co-ordinates of the points of intersection of the line y = mz and
the circle (z + 3)? +y* = 1 satisfy the equation (1 + m?)z* + 6z +8 = 0.

(if) Hence find the equations of the two tangents to the circle (z + 3)° + 9% =1 that
pass through the origin.

Exam continues next page ...
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QUESTION EIGHT (15 marks) Start a new leaflet.

{a)

¥

In the diagram above the shaded region is bounded by the curve y = 3 In(3 — z) and
the co-ordinate axes.

{1) Find « as a function of y.
(i) Henee find the volume of the solid of revolution formed when the shaded region
is rotated about the y-axis,
(b) Consider the curve y = {& — 2)e™ ",
(i) Find any = or y intercepts.
(ii} Find any stationary points and determine their nature.
(iii) Find any points of inflection.

{iv) By considering the behaviour of the function for large values of ¥, determine the
equation of the horizontal asymptote.

{v) . Sketch the curve y = (x — 2)e™ =, clearly showing all the above information.

Exam continues overleaf ...
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QUESTION NINE {15 marks) Start a new leaflet.

(a)

c

In the diagram above, /BAD = o, {BAC = [ and sides AB, AD and AC have
lengths a, b and ¢ respectively.

(i) Write down an expression for the area of AACD in terms of b, ¢, o and 4.

(i) Hence show that sin{@ — o) = sin ffcos o —sinarcos 8.
{b) (i) Differentiate /zeV™.

{ii) Hence find ] ev* dz,

4
(iii} Evaluate f V= da.
D

Exam continues next page ...
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{)

The diagram above shows the curve y = ¥z, together with a set of n rectangles of
unit width. :

(i) By considering the areas of these rectangles, explain why
\S/i+€/§+€/§+...+€/ﬁ>j;n Yz ds.
(i) By drawing ‘another set of rectangles and considering their areas, show that @
Vo V54 Vbt i< [ Pode
100 '
(iii) Using parts (i) and (ii) find the value of E ¥/n, giving your answer accurate to

n=1
as many significant figures as can be justified.

(d) Given that e is the limiting sum of the infinite series (3]
z? 2 I
e* =1+m+a+a+"'+;ﬂ-+“‘

wherenl=nx(n-1}xn-2)x---x2x1,

find an expression for the limiting sum of the infinite series

2 3 m
1+2m+§-§,—+3‘?—+---+w

3 T

END OF EXAMINATION
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The following list of standard integrals may be used:

1 s .
fx“dm=n+1m“+1, n# -1 2#0,ifn<0
1
—dz=lhz z>0
T
az ) }' ax .
€ do:=ge , aF£0
1.
jcosazda::—smaa:, a#)
a
. 1
/smaa:da::~&-cosaz, a#0
2 1
sec awdxz;tanam, a#0
1
fsecamtanaa:dm:;secam, a#0

1 1, 4=
f—dx=atan 1;, a#0

a2+ 52
1 L1 %
\/ﬁdﬂ?:&ﬂ g, G>0, —a<e<a
1
f\/ﬁdm=ln(a:+ zﬁ—a?), z>a>0

| s 7 57)

NOTE: Inz=log,z, >0
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