SYDNEY GRAMMAR SCHOOL

2012 Half-Yearly Examination

FORM VI
MATHEMATICS EXTENSION 1

Monday 27th February 2012

General Instructions
e Writing time — 2 Hours
e Write using black or blue pen.

e Board-approved calculators and tem-
plates may be used.

o A list of standard integrals is provided
at the end of the examination paper.

Total — 70 Marks

o All questions may be attempted.

Section I - 10 Marks

» Questions 1--10 are of equal value.

Section IX - 60 Marks
s Questions 11-14 are of equal value.

» All necessary working should be shown
in every question.

e Start each question in a new booklet.

Checklist
o 5GS booklets — 4 per boy
o Candidature — 128 boys

Collection

Section I Questions 1-10

e Place your multiple choice answer
sheet inside the answer hooklet for
Question Eleven.

Section ITT  Questions 11-14

o Start each of these questions in a new
booklet.

¢ Wiite your name, class and master
clearly on each booklet.

¢ Hand in the booklets in a single well-
ordered pile.

» Hand in a booklet for each question,
even if it has not been attempted.

o If you use a second booklet for a ques-
tion, place it inside the first.

s Place the question paper inside your
answer booklet for Question Eleven.

Examiner
MLS

SGS Half-Yearly 2012

SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet

handed out with this examination paper.

Question One

1
a

¥ f(z) = "”m;l which of the following is equal to f( )?

(A) 1-a

®) a—1

Q) l+a

)

Question Two

(A} =<3

(B) z<0orz>3

(©) 0<z<3

(D) 0<z<3

Question Three
Which of the following is the derivative of 2sin™! 527

10

N T
® g
©) e
0) <

- Which of the following is the solution to the inequation z ; 3 <07

Exam continues next page ...
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Question Four
. 1 . .
The area under the curve y = P between © = 1 and = = & is 1 square unit.
What is the value of a?
(A) e
B o
(C) Inz

o) 1

Question Five
The acute angle between the linesy =2z - bandy=56x+3 s e
What is the value of tana?

@ +

® =

© 1

® -5

Question Six
Suppose A is the point (1,2} and B is the point (5,8). The point P(9,14) divides the
interval AB externally in what ratio?

(A) 12
® 11
(©) 31

(D) 21

Exam continues overleaf ...

What is an expression for f

Question Seven
What is the domain of y — sin™! 2¢7

) ~3<s<?

Question Bight

dz

(A) itan 4z te
(B) 4tan'Z+e
(¢) 4dtanldz 4o

(O) tan!Z4c

Question Nine
What is the Cartesian equation of the curve z = 2sin 8,y = 2cosf?

() @4y =v2

(B) #*+y*=4
(C) =4y
D) y* =4z

% g
16 427
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Exam continues next page ..,
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Question Ten SECTION II - Written Response
Which of the following functions is a primitive of sin® z?

(A) 4z-}sinz

Answers for this section should be recorded in the booklets provided.

Show all necessary working.

) %m — §sin2s Start a new booklet for each question.

C) iz jcosz

(D) jz—Leosiz ' Question Eleven (15 marks) Use a separate writing booklet. Marks
{a) Find il—l-]% 311;3:1:_ A

[+

{b) Find the exact value of sin {cos™{—£)).

1
-1
Evaluat ———— .
(c} Evaluate '/.; ot
{d) Solve the equation 2sin® 8 = sind for 0 < 6 < 2.
(e) (i) Expand sin{4 — B).

gin 34 B cosdf
sinf cosf

(if) Prove that

(f) Find the volume of the solid formed when the region bounded by the parabala
y =4 — 2 and the z-axis ig rotated about the y-axis.
End of Section T

B[] [ ] [F]

(g) The volume of a sphere is increasing at a constant rate of 200 em® /s, You are given
that the volume of a sphere of radius r is ¥ = #xr®. Find the rate of change of the

. dr .
radius, e when r = 10cm. Leave your answer in exact form.

Exam continues overleaf ... Exam continues next page ...
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Question Twelve (15 marks) Use a separate writing booklst. Marks

{8) (i) Express v3coss — sins in the form Acos(z + &), where A >0 and 0 < or < 2. @
(i) Write down the maximum value of V3 coss — sing,

i) Solve the equation vBcosz —sing =1, for 0 < = < 2m. @

{b)

Q

The angle of elevation of a mobile phone tower AB of height i metres from a point P
due east of the tower is 12°. From another point @, the bearing of the mobile phone
tower is 051° and the angle of elevation is 11°. The points P and  are 1000 metres
apart and on the same level as the base B of the tower.

(i) Show that ZPBQ = 141°.
(i) Show that PB = htan78°, and write a similar expression for Q8.

(o] =] [=]

(iii) Use the eosine rule in APB@ to calculate h correct to the nearest metre.

Exam continues overleaf ...
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(<)

A

o N
¢ z B

In the diagram above ABC is a triangle with a right angle at B. The point I) lies on -

AB so that AD is 5 units and DB is 1 unit. Tet CB be z units. The angle at C is
divided into two angles marked @ and ¢ as shown in the diagram.

(i) Show that § = tan™" 5_ tan™? l
: T .
(i1} Show that # is a maximum when = = V8.

(ii) Deduce that the maximum size of ZACD is 8 = tan™" 51‘—2@

Exam continues next page ...

[o] [e] [=]
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Question Thirteen (15 marks) Use a separate writing booklet.

(a) Consider the function f{z) = 2tan™" z.

(i) Evaluate f(v/3).
(i) Draw the graph of ¥ = f(x), labelling any key features.
(b) Consider the function f{z) = ﬁj-:é;.
(i) Show that f{z) has no stationary points.
(if) Show that (In5, }) is a point of inflexion,
{iii) Find the domain and range of f(z).

z .
-Lez, showing any intercepts, asymplotes and points

{iv) Sketch the curve f(z) = 5
of inflexdon.
(v) Explain why f(z) has an inverse function.
{vi) Find the equation of the inverse function y = f " (z).

{vil} State the domain and range of y = f~*(x).

Exam continues overleaf ...

(] [ [l ]

(=] ] [=]
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Question Fourteen (15 marks) Use a separate writing booklet. Marks
(a) Find the general solution of cos 2z + 3sing = 2.-
{b) (i) By considering the sum of an arithmetic series, show that

1
(1+2+3+...+n)2=3 2+ 1)2

(if) By using the Principle of Mathematical Induction prove that
P42+ 0= (14243 +...+n)?
for all integers n > 1.
{¢) Twa distinct points P{2ap, ap®) and G(2ag, ag?) lie on the parabola £® = day. You
are given p > g > 0.
(1) Show that the equation of the tangent to the parahola at P is y = pz — ap®.
{ii) The tangents to the parabola at P and €} meet at T. Find the co-ordinates of T
(iti) The tangents at P and €} intersect at an angle of 45°. Show that p —g=14pq.

[eo] (=] [=] =]

{iv) Find the equation of the locus of T' given that the tangents at P and Q Intersect
at an angle of 456°. .

End of Section IT

END OF EXAMINATION
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The following list of standard integrals may be used:

1 .
fx"dw=n+1$“+1, n#—L; s#0,ifn<0
L .
f—dz:lnx, x>0
L
AT 1 az
e dr=—¢e"%, a#0
a
1.
/cosa:cda:xﬁsmam, a#0
27
. i
fsma:cd:c:"a-cosrw:, a#£0
. 1,
sec aa:da::Etana:s, a0

1
fsecaztanamdx = ~secan, a#i

1 i, =
f—u—d:c—gtan o a0

a2 + 52

/—1———61;':—51‘;1‘1E a>0, —a<z<a

Ve —af 6’ '

f\/%dz:]n(z—l—\fzg—-a?), z>a>0
% —a

da::ln(m+ m2+a2)

1
.[w/xz +a?

NOTE: lnea=log, 2, >0

Tear-off pages follow ...
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