SYDNEY GRAMMAR SCHOOL

2009 Annual Examination

FORM YV
MATHEMATICS EXTENSION 1

Thursday 10th September 2009

General Instructions
e Writing time — 3 hours
¢ Write using black or blue pen.

¢ Board-approved calculators may be used.

o A list of standard integrals is provided
at the end of the examination paper. '

¢ All necessary working should be shown
in every question.

Start each question on a new leaflet.

Checklist
o Writing leaflets: 10 per boy.
¢ Candidature — 150 boys

Structure of the paper
o Total marks — 120
* All ten questions may be attempted.

o All ten questions are of equal value.

Collection

o Write your name, class and master
clearly on each leaflet. _

* Hand in the ten questions in a single
well-ordered pile.

¢ Hand in a leaflet for each question, even
if it has not been attempted.

* If you use a second leaflet for a ques-
tion, place it inside the first.

o Write your name on the question
paper and place it inside your leaflet
for Question One.

Examiner

MLS

SGS Annual 2009 ............. Form V Mathematics Extension 1
QUESTION ONE (12 marks) Use a separate writing booklet,
(a) Factorise 922 — 25.

(b) Solve 7—3z < —2.

z T-—2
imolity & _ E—2
(c) Simplify 3 3

3

(d) Express V-

with a rational denominator.

(e) Convert 3—573 radians to degrees.

(f) If f'(z) = 3z + 7 find an expression for f(z).

(g) Differentiate:
(i) y= 3sin2z

(i) y= vz

2
(h) Find/;dm.

QUESTION TWO (12 marks) Use a separate writing booklet.

(a) Find the equation of the tangent to the curve y = log, = at the point (e, 1).

(b) The third term of an arithmetic sequence is 7 and the seventh term is 31.
(i) Find the common difference.
(if) Find the eighteenth term.
(iii) Find the sum of the first twenty terms.

(¢) Consider the function given by y = 2% — 3z — 24z + 12.
d d?
(i) Find % and dTg
(ii) Show that there are stationary points at z = —2 and z = 4.
(iil) Show that (1,—14) is a point of inflexion.

- {iv) For what values of z is the gradient of this function positive?

I L N TS B (51 I Y I )
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Exam continues next page ...
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QUESTION THREE (12 marks) Use a separate writing booklet. Marks
y . oo QUESTION FOUR, (12 marks) Use a separate writing booklet. Marks
6
' (a) Differentiate :
() v =85
(i) ¥y =e"cosz
tanz
(iii) y = o
z
b) Fi .
(b) 1nd/z2+3dz
; x\\ (c) Evaluate :
’ 3
: o / ¢ dp
The diagram shows the points P(—4,1), Q(1,6) and R(-1,0). Angle QPR is.§. 0

U

I}
i
';

() Show that the equation of QR is 3z —y + 3 = 0.

2
" 1
(11) /1 ;3‘ dz

]

(b) Find the gradient of PR.

(c) Show that PR and R(Q) are perpendicular.

(d) Show that the length of PR is /10 units.

(§) Find tané.

(f) Write down the equation of the circle with centre R that passes through P.
(g) Let T be the point on QR such that RT = PR. Find the coordinates of 7.

(h) Copy the diagram and shade the region where y — 3z < 3.

] o Dol [e] =] =] ==

Exam continues overleaf ...
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QUESTION FIVE (12 marks) Use a separate writing booklet.

Marks

(a) (i) Show that the line y = z -+ 4 intersects the parabola y = 10 — z* at z = —3 and

T =2.

(i) Find the area of the region enclosed by y = 44 and y = 10 — 2.

(b) Let o and 3 be the roots of the equation z* — 5z + 2 = 0.

Without solving the equation, find the values of:

(@) a+p
(i) of
(i) (e+1)(B+1)
(iv) o® + | ‘
© o R
time(min) | 0-] 1. | 2| 3 | 4
wkm/hr) | 0 | 25 | 34 | 30 | 40

The speed of a new Tangara train was recorded at intervals of one minute during
peak hour. The times, in minutes, and the corresponding speeds v, in kilometres per

hour, are listed in the table above.

(i) Explain carefully why the distance z kilometres travelled by the train in these
1

15
four minutes is given by = = / vdt.
0

(i) Estimate z by using Simpson's rule with five function values. Give your answer

correct to one decimal place.

Exam continues overleaf ...
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QUESTION SIX (12 marks) Use a separate writing booklet. Marks

(a) A geometric series has first term 35 and common ratio 2%.
(i) Find the values of z for which the the series has a limiting sum.

(ii) Find the value of & for which the limiting sum of the series is 40.

(b) (i) Write down the discriminant of 2% — (k + 5)z + 9.

(ii) For what values of k does the equation z? — (k + 5)z + 9 = 0 have equal roots?

(o] [l [=] [=][=]

(iii) For what values of k is the expression z* — (k 4 5)z + 9 positive definite?

(©

The diagram above shows a circle with centre O and radius 3v2 cm. A chord AB is 8 cm.
Let ZAOB =0.

(i) Show that cosf = —g.

(ii) Hence find the exact value of sin 6.

(iif) Find the exact area of triangle AOB.

] [==] =]

(iv) Find, correct to the nearest cm?, the area of the shaded sector AOB.

Exam continues next page ...
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QUESTION SEVEN (12 marks) Use a separate writing booklet.

(a)."+(1) Simplify sec?0 — 1.
(i) Sketch the graph of y = tan 2z, for 0 < z < 7.
(iii) Shade the region bounded by the z-axis, the curve and the line z = 5
(iv) Find the exact volume of the solid formed by rotating the shaded region about
the z-axis.

(b) Gold is extracted from a mine in Kalgoorlie at a rate proportional to the amount of
gold remaining in the mine. Hence the rate is given by

aG

where G is the amount remaining after ¢ years and k is a positive constant,.
After 20 years, 50% of the initial amount of gold remains.

G
(i) Show that G = Gge ™" is a solution to e —kG, where Gy is the initial amount
of gold.
(ii) Find the exact value of k.

(iif) How many more years will elapse before only 20% of the original amount remains?
Give your solution to the nearest year.

Exam continues overleaf ...
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QUESTION EIGHT (12 marks) TUse a separate writing booklet. Marks
(a) ¢
-
A4 oox B

A piece of wire of length 7 metres is bent to form the base and hypotenuse of a right-angled
triangle ABC as shown in the diagram above. Let the length of the base AB be x metres.

(i) What is the length of the hypotenuse AC?
(ii) Show that the area of the triangle ABC is Lx+/49 — 14z.

(iif) What is the maximum possible area of the triangle? Give your answer to the
nearest square metre.

(] [=] [=]

d
(b) (i) Hy=log, (%), show that dici = — COSeC L.

[22]

2
(if) Hence evaluate ﬁ cosec x dz.

4

]

(¢) (i) Show that (n+1)> —n® =3n2+3n+ 1.

(=]

10
(ii) Hence evaluate 2(3712 +3n+1).
1

[=]

Exam continues next page ...
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QUESTION NINE (12 marks) Use a separate writing booklet.

8
(t+1)2
The particle is initially at the origin with a velocity of 2 ms™!. Find expressions for
its velocity z, and its displacement z.

(a) The acceleration of a particle after ¢ seconds is given by & = 6 —

(b) Consider the function f(z) = ze™*® + 1.
(i) Show that f”(z) = 16ze™*® — 8e™1®,
(ii) Find the value of z where f(z) has a stationary point.
(iii) Find the values of z where f(z) is decreasing.
(iv) Find any values of = where f(z) has a point of inflexion.
(v) Find where the graph of f(z) is concave up.
(vi) State the value of Jim £ (z).

(vii) Sketch the curve y = f(z), for z > —1.

QUESTION TEN (12 marks) Use a separate writing booklet.

(a) (i) Using the fact that sinz <z <tanz for 0 < z < 3, explain why

hid
6 o, 5 3 6 2
z¥sinx dz < o dx < z“ tan z dz.
0 0 0

kil 4 4
6 i 6
(i) Hence show that / ?sinzdz < seoar < / z” tan z da.
0 20 x 3 o

(b) (i) Draw the graphs of y = 4sin2z and y = 4 — 2z, for —7 < z < 7, on the same set
of axes.

(i) How many positive solutions are there to the equation 2sin 2z = 2 — z?

{¢) Two particles P and () are moving on the z-axis. The position of particle P at time
t is given by

Tp = —2cos2t
and the position of particle @ at time ¢ is given by
Ty = —6+ 4t — 2
(i) Find expressions for the velocities of the two particles.

(ii) Use part (b) to find the number of occasions when these two particles have the
same velocity.

(iii) Find the distance travelled by particle @ between t = 0 and ¢ = 3.

(iv) Show that the particles never meet.

END OF EXAMINATION
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