SYDNEY GRAMMAR SCHOOL SGS Trial 2004 ..............
MATHEMATICS DEPARTMENT )
TRIAL EXAMINATIONS 2004 QUESTION ONE (15 marks) Use a separate writing booklet. Marks
1
(a) Use integration by parts to evaluate / ztan"ladx.
0

=]

FORM VI _ —z_ 1-s
(b) (i) Prove that T Ve

[]

MA_THEMATICS EXTENSION 2 (i1) Hence or otherwise evaluate /0% \/i_fidz.
| A

. 10+z—2° Bz +C
(C) (1) EX‘pIGSS m in the form —:L‘_+—1+ 213 .

[]

10+4+2 —a2? dz
(x+ D(=2+3)

[1o]

Examination date )
‘Wednesday 4th August 2004 (i) Hence find /
£ -1
Time allowed 4d)' (i) Prove that if I, = / cos" zdx, then I, = n
0
3 hours (plus 5 minutes reading time) =

2]

I 2.

[19]

3
(ii) Hence evaluate / cos” zdz.
0

Instructions

All eight questions may be attempted.
All eight questions are of equal value.
All necessary working must be shown.

QUESTION TWO (15 marks) Use a separate writing booklet.

=
&

(a) Evaluate |3 — 2i|.

Marks may not be awarded for careless or badly arranged work.

Approved calculators and templates may be used. (b) Express in the form z + iy, where © and y are real:

A list of standard integrals is provided at the end of the examination paper. G) (7+ Sz)z—m
. 2—5i

Collection (i) 4-3¢ 2]

Write your candidate number clearly on each booklet. . . .

Hand in the eight questions in a single well-ordered pile. (c) Find the real numbers a and b such that (a + bi)? =9+ 40i.

Hand in a booklet for each question, even if it has not been attempted. . .

If you use a second booklet for a question, place it inside the first. (d) (i) Express 1+1 in modulus-argument form.
i) Given that (1 +14)" = z + 4y, where  and y are real and n is an integer, prove [2

Y

Keep the printed examination paper and bring it to your next Mathematics lesson.
that 22 + 4% = 2",

Checklist (e)' ) 1 | P2
§GS booklets: 8 per boy. A total of 750 booklets should be sufficient. ’ z+1
Candidature: 64 boys.

)

} =92, where z = z + iy, show that the equation of the locus of z is

(z+8P+2=%.
(ii) Represent this locus on an Argand diagram and shade the region for which the |3

inequalities z+ T <2and0<argz < Qf are both satisfied.

Examiner

REP
Exam continues next page ...
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QUESTION THREE (15 marks) Use a separate writing booklet. Marks

(a) Consider the equation 28 +mz2+nz+ 6 = 0, where m and n are real. It is known
that 1 — % is a root of the equation.

(i) Find the other two roots of the equation.

(ii) Find the values of m and n.

(b) Given that the roots of the equation 4z3 — 2422 + 45z — 26 = 0 form an arithmetic
sequence, solve the equation by using sums and products of the roots.

(c) Y 1

2 PO |
y=—sin x
T

-1

The function sketched above is f(z) = 2 sin"tz.
T

(1 Using at least one third of a page, sketch the function y = |f (=)}
() Using at least one third of a page, sketch the function y = cos ( f(m)) .

(0] [vo] [1e] [1¢]

)
)

(1}1) Using at least one third of a page, sketch the graph of 3% = f(z).
)

() Using at least one third of a page, sketch the function y = f/(z), clearly marking
and labelling any point where the graph cuts the axes.

Exam continues overleaf ...
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QUESTION FOUR (15 marks) Use a separate writing booklet.

(a) Let the points P(Qap,apz) and Q(2ag, aq?) lie on the parabola z? =4day.
(i) Prove that the chord PQ has equation
y—3p+g)z+apg=0.
(i) Show that if the chord P( passes through the point (0,~a), then
1 1 1

5PTS0 " @

a) is the focus of the parabola.

b) y (i

1 2 3, ¥

y=3x—x2

The diagram above shows the parabola y = 3z — z2 and the line vy = z. Use the
method of cylindrical shells to find the volume of the solid formed when the shaded

region is rotated about the y-axis.

{¢) When a person dies, the temperature of their body will gradually decrease from 37°C,
normal body temperature, to the temperature of the surroundings. The situation is
modelled by Newton's law of cooling, which states that the temperature of the cooling
body changes at a rate proportional to the difference between the temperature of the
body and the temperature of its surroundings. That is

DB KO-R) ooeereeeeaaens 6

dt

" where K is a positive constant, 8 i
is the temperature of the surroundings.

s the temperature of the body after ¢ hours, and R

A person was found murdered in his home. Police arrived on the scene at 10 : 56 pm.
The temperature of the body at that time was 31°C, and 1 hour later it was 30°C.
The temperature R of the room in which the body was found was 22° C.

(i) Show that §=122+ Ae—Kt is a solution of equation (1), where 4 is a conétant.
(i) Find the exact values of A and K .

(iii) Determine when the murder was committed, correct to the nearest minute. ’

Exam continues next page ...
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QUESTION FIVE (15 marks) Use a separate writing booklet. Marks

(@)

In the diagram above, AABC is inscribed in a circle. The midpoints of the arcs AC
and BC are P and Q respectively. The line PQ) intersects 'AC and BC at Rand §
respectively. Let ZBAC = o and LABC = j.

(i) Copy the diagram into your answer booklet and show that ZQPC = ia and
LAQP =18.
(i1} Hence prove that CR= CS. . @

(b)

In the diagram above, a particle P is moving with constant speed v in a horizontal
circle on the smooth inner surface of a hemisphere of radius OP = a. The force
exerted by the hemisphere on the particle equals twice the weight of the particle. Let
the acceleration due o gravity be g.

(i) Draw a diagram showing all the forces on the particle.
(i) Prove that v* = 3—32 .

Exam continues overleaf ...
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(c) Onur uses a bowling machine to project a cricket ball of mass m vertically upwards
with a velocity of 120m/s. It is known that the air resistance on the ball when its

velocity is v is 3mv newtons.
(i) Show that if the acceleration due to gravity is 10m/s®, then the equation of
motion of the ball is & = —(10 + 3v) .
(ii) Find the greatest height attained by the ball. Give your answer correct to the
nearest metre.

(iii) Find the time the ball took to reach the maximum height. Give your answer to
the nearest {5 of a second. '

QUESTION SIX (15 marks) Use a separate writing booklet.

La) The depth z metres of the water in a certain South Coast harbour is found to vary in
approximate accordance with the equation

z
Z )
where ¢ is the time in hours. It is kiiown that the difference between high and low
tide is 4 metres. )
(i) Prove that the time between successive high tides is 12-6 hours, correct to the
nearest 11—0 of an hour.

=

(i) Find the rise in the water level during the first hour after low tide. Give your
answer in metres, correct to two decimal places.

(iii) Find the rate at which the level is falling two hours after high tide. Give your
answer in metres per hour, correct to two decimal places.

(b) (i) If z = cosf +isin, show that z — —i— =2{sinf and 2" — ;15 = 2isinnd.

(ii) Hence show that sin® 0 = s sin 56 — 5 sin30 + §sind.

(i) Hence solve the equation 16 5in® @ = sin56, for 0 < 6 < 2.

Exam continues next page ...

Marks

][] [o]

(][] o]
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15 marks) Use a separate writing booklet.

QUESTION SEVEN (
g (ar

Tt is proposed to comstruct an underground reservoir to store storm water in order
for it to be used on council parks and gardens. The plans are for the reservoir to be
15 metres deep and each horizontal cross—section to be rectangular. The base is to
measure 12 metres by 10 metres and the top is to measure 29 metres by 23 metres.
ss-section of the reservoir h metres above the base with dimensions E&]

(i) Consider a cro
metres. Show that the area of this cross—section is given by

z metres by ¥

A =25+ BBh 4120 .

(ii) Hence find the volume of the reservoir. @

(b) Consider the Fibonacci sequence defined by
Uy = 1
ug =1

Upt2 = Untl + Un, for all positive integers 1 >1

(i) () Show that for all positive integers n
Ugn+3 = 2Usp+1 T Udn -

(B) Prove by mathematical induction that ugn is always even. @

n
(Z) , for all positive integers 7.

(i1) Prove by mathematical induction that us <

Txam continues overleaf ...
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QUESTION EIGHT (15 marks) Use a separate writing booklet. Marks

(a) The variables z and y are positive and related by
ay = (@ +y)*"

where o and b are positive constants. By taking logarithms of both sides, show that

y _y .
g provided that br # ay .

dz
) i T 1 —_ k13
(b) Consider the function fr (=) = ﬂ_n'l'ic_)—’ where n is a positive integer.
. 1
i) (@) Show that 0 < fn i -
@) (@) fn(x)51n7r:z;<n.,for0<a:<1.
1
. 1
(8) Show that 0 < /0 fo(z)sinmzdr < o

(ii) Suppose that 72 were rational, and let a and b be two positive integers such that

7I'2=

e

Define the function Fy,(z) by
Fale) = 8" (12" fale) = 7 2P () + 2 2O @) =k ")

where f,, ) (z) denotes the kth derivative of fr (z).

d? .
() Show that Em—an (z) = 7a™ fu(w) — w Fu(®) .- @
d
(8) Hence show that o (Fy(z)sinmz — 7wk (z) cos 7z) = wa" fn(x)sinwa.
1
() Deduce from (B) that ma™ /0 fol(z) sinmz dz = Fu(l) + Fn 0).

(itl) Assume now, without proof, that the function Fp (z) has the property that Fo(0)
and F,(1) are integers.
. . .. "
Using parts (i) and (if),-plus the fact that tim & = 0 for any real number o,

n—oo !

prove that #2 is an irrational number.

END OF EXAMINATION
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The following list of standard integrals may be used:

/z“dm= ! 2, -1 z#£0,ifn<0
n+1

1
/—d$=lnm, >0
z
aL 1 az
e dr==e" a#0
a
[ N Lo
/cosa:z:da::asmax, a#0
. 1.
smazdm:——zcosa:z:, a#0
5 1
Sec azdxzatanaz, a#0
1
secax tan az dz = Zsecaz, as#0

1 N 1 1 T
/md“zm 5 a#0

/——i——da:—sin_lg a>0, —a<z<a
/———az_xz - a; ?
1
/—mdw=ln(m+ 372—‘(12), ac>a>0
1 2 1 42
Tt (e V)

NOTE: Inz =log,z, >0

SGS Trial 2004 FORM VI MATHEMATICS EXTENSION 2

Solutions

. . 142
1. (a)/a;tan cz:d:v—[gzz: tan :c] —-—2-/0 1+m2d:1:
1
T 1
RIS B (S R S,
8 2A1 T
1
=%—%[m]o+[%tan la:]
_r_ LT
872738
T 1
=173 VvV
. 1=z _ (1—=)?
® O\izz "Y1+
_ 1—=z J
V1—2?

!I

3 T
(ii) Using part (i), /0 ﬂ A 1/ = m2 V1—a? —m2

1

[sm z+ 1—:1:2]:

=%+%§~L¢¢
z — a? A Bz +C
() () Put (zlit)(wz +, 3) Tr+1 + —:;5%_3—
Then 10+ z — 2% = A(2® +3) + (Bz+ CY(= +1).
Substituting z = —1, 8 =4A
A=2.
Substituting z = 0, 10=6+C
¢ =4
BEquating coefficients of 22, ~1=2+DB.
B=-3
Hence 0+z-2o® _ 2  4-30 I

(z+1)(z* +3) zH1 tErs

10+z— 2 4-—-3z
= 24 ——=d
) _/(cc—l—l m2+3)d /<z+l+z2+3> *

=2mnjz+ 1|+ A tan? (—\%) ~$In(z® +3) + C;

V3

for some constant C.v/y/
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(@ () Let In=
Then I,=
. n—1 H 5 i2 n—2
= [sm.’z:cos :v]o +(n——1)/ sin® z cos dz
0

=0+(n—1)/2cos“"zmdz—(n—l)/zcos":cd:c
0 0

S0 Iy=(n~Vlh2—(n- DI,
Hence n Ip = (n — D)In—2

and I, = n_lIn_z. N

n
(ii) Using this formula, I7 = Sx1Is
By 4y 2
=g X H X 3 X Il.
z
But I =/ cos xdx
0
. z
= [sma;]
0
=1

Hence /2 cos” zdz = E vV
0 35

2. (a) [3-2i|=V13
(®) @) (7+3i)(4—i)=(7+3z’)(4+i)
=25+19 /
(@) 2-5i 2-5i4+3i
4—37 4-3i4+31
_ 8—20i+6i+15

25
23 14,
=% % VY
(c) Let (a4 bi)? = 9+ 40i.
Then a? — b° + 2abi = 9+ 404,
50 b =9 and ab=20.
Hence at — fi—)zg =9
a

a* —9a% —400=0
(a® +16)(a® — 25) =0,
S0 a=5 or — 35, since g is a real number.

Hence a =5 and b=4, ora=~5 and b= —4. \/v/V/

@) () 14+i=+v2(cosF+isin})/
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(ii) By de Moivre's theorem, (1+1)" = 2% cis 2
z=2%cos 2F

so
_ . nr
and y =27 sin °f.
H 22+ 9? = 2™(cos® BF + sin? 2T
ence Y= 7 T

2 +yt=2" VY

) z=1 _,
(e) (i) Here {z’+ 1} =2
S0 |z— 1} = 4|z + 1%
Let z =z +1iy.
Then (z — 1) +¢* =4(z +1)* +4°

3z% + 3y + 10z +3 =0
4+ +Re+1=0
(z+8)? +y? =18, as required. NV

A%
(i)

7

5
00
7

argz=0 Re(2)

3. (a) (i) The coefficients are real and 1 — 1 is a root,
sol—i=1+iisalsoa root.
Let the other (real) root be a.
Using the product of roots, (1+ i)l —i)a =6
2a = —6.
Hence o = —3 and so the three roots are 1 — 1, 1+1 and —3.
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(ii) Using the sum of roots, a+2=-m
50 m=1.
Using the sum of products of pairs of roots,
(A+9)(1—4)-31+i)-3(1 -9 =n
2—8—-3=n
n=—4 v
(b) Let the roots be & — §, o and a+ 8.
Using the sum of roots, 3a=56
a=2.
Using the product of roots, a(e? — %) = i
and since o = 2, 4—ﬂ2=1§-
5 =1
A= —-\é—g or ?
Hence the roots are 2 — %, 2and 2+ %—3 VvV
] s
() @
y
1 y= 2 sint
7T
~1 ) 1 x
) Vv
i
7l
[ 2 ‘ —1 )
y=cos —sin" x
L Py n
0.54
. +—>
-1 0 1 X

SGS Trial 2004 Solutions ........

(iif) yl
y*="sin"x
T
——t>
0 1 x
_1 |
@iv)
g y=—d— —2-sin"x
dx\
2
-1 0 1 x

o 2 a2
4. (a) (i) The chord PQ has equation i L |
z—2ap 2ap—2aq
y—ap® _ptg
z — 2ap 2
y—3p+qz+apg=0v

vV
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(ii) The chord PQ passes through (0, —a),

50 —apg = —G
pg=1
1
g=rc.
p
Now SP? = 4a’p® + (ap® — a)®
=a?(4p® +p' - 2% +1)
=a?(p* +29° +1)
— aZ(p2 + 1)2
PQ=a(p’ +1).
Similarly 5Q =a(g® +1).

Hence —}——{—i:l(———l————k——}———)
SP TS8O a\pP+l 2+1

_1( PPH1+g+l
_5(p2q2+p2+q2+1>
1( p? +gi+2

T\t +g+1

SENY

) , sincepg =1

s

[~}

(b) Slice the solid into cylindrical shells, each with centre on the y-axis.

Each shell has radius = and height yo —y1 = 3z — 22—z

=2 — 27,

so curved surface ares of each shell = 27z x (22 ~ z?)
= 2r(2z% — &3).

Fach shell is infinitesimally thin with thickness dz, so

volume of each shell = 27 (27 — z°) dz.

The volume required is the sum of the volumes of all shells from z =0 to x = 2.

2
Hence volume = 27 / 222 — ¥ da
0

2
=27 [%503 - %xﬂo
= e[ -4
= S units®. VYV
(€ () 6=22+AeF
ég = —KAe 5t
dt
=-K(6—22)
. —Kt . do
That is, # 4+ Ae~ T is a solution of o= ~K@-R).
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5. (a)

(b)

(i) Let t =0 be the time when the body is found.

Then #=31=22+4

S0 A=9.

Whent=1, 0=30=22+9%
. e-K=§

Hence K=mi Vv

(ifi) At the time of the murder, 6 = 37°C,

so put 37 =22+ ge~ Kt
g — oKt
5
In 3 = —Kt
ll’lg - 9
t= - where from part (i), K =In g,

= —4 hours 20 minutes.
So the murder was committed at approximately 6:36 pm. VvV

(i) First, [CAQ = LBAQ (equal angles on equal arcs BQ and CQ)
=1la (they are equal adjacent angles within /ZBAC = a),
s0 LQPC = a (angles standing on the same arc QB).
Secondly, LABP = LCBP (angles on equal arcs AP and CP)
=18 (they are equal adjacent angles within LABC = f3),

50 LACP = 1B (angles standing on the same arc AP). W/

(ii) First, /CRS = }(a+ B) (exterior angle of ACRP).
Secondly, LACB=7m—a—f (angle sum of AABC)
50 LC8R=}(a+P) (angle sum of ACSR).
Thus LCRS = [CSR,
and so ACRS is isosceles with the opposite sides C'S and CR equal. v/v/v/
v
(i)

Let the mass of the particle be m. Then its weight is mg.
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(ii) Let OP make an angle § with the horizontal.

Resolving forces vertically at P, mg = 2mgsinf
|
sinf = 3.
. . mu?
Resolving forces horizontally at P, 2mgcosf = —,
r
and since r = acosf, v? = 2agcos? f.
Since sinf = 3, 6 = 30°, s0 cos0=—-2§.
Hence from (2), v? =2ag x 3
3
and ‘ v= ——‘212, as requi

(c) Take upwards as positive.

(i) The only forces on the ball are its weight and the resistance.

Hence by Newton’s second law, mi = —mg — 3mv
&= —(10+3v). /

(if) Replacing £ by v d gives

dz
d
v EE = —(10 +3v)
dv _ 1043y
dz v
EITHER
Taking reciprocals, —— do Y
v 10+3uv’
. . 10+ 3v—10
and integratin, =1 =1z -
g g, T 3 / 10+ 30 dv

_1 10 _
3/<1O+3v 1) dv

= L 10g |10+ 3v| — v+ C, for some constant C.
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(i)

When z = 0, v = 120, and substituting these values,
= lgglog370— 40+4+C
C =40~- —19910g370

10 + 3v
370

oy

and s0 z = Llog

440 — %'u.

But 10+ 3v is initally positive, cannot be zero, and varies continuously,

10 + 3v

370 is always positive, and

S0

a /10 + 30\
101,

glog (=575 ) T40-
0

When v =0, o = Llog 57 +40

Oa)v-l

z

i

I
o
&

Thus the ball rises about 36 metres. v/v/+/

OR
Let H be the greatest height.
. . vdv
Separating the variables, dx = — e va‘

When z =0, v = 120, and when z =H, v=20.

Integrating LHS from « = 0 to z = 120 and RHS from » = 120 to v =0,
0

v
dm-———/ ——dv
/ 120 10+ 3v

0
[ ] [ log |10 + 3v}) — %'v] 120 using the same working as above,
(X10g 10 — 0) — (%5 1og 370 — 40)
= 19— log 5 35 +40.

Thus the ball rises about 36 metres. v/v/+/

I'Sw

0
H=

ocn

From part (i), & =—(10+3v)
dv

and so = = (10 3v)
EITHER
. . dt 1
Taking reciprocals, = =" 10730

and integrating, =—%log|l0+3v] =—t+ ¢, for some constant C.
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When £ =0, v = 120,50 0 = ——log 1370 + C
C=3 110g 370
Hence t=1log 310
10+ 3v|’

But 3710 . .. s

0130 is initally positive, cannot be zero, and varies continuously.

3 ) .
0 10730 is always positive, and

370
=11
s °g<1o+3u)'

Substituting v = 0, t=1log37.

Hence the ball reaches its maximum height after about 1-2 seconds. /+/

OR

Let T be time taken to reach the maximum height.

dv
10+3v°
When £ =0, v =120, and when ¢t =T, v = 0.

Hence integrating LHS from £ = 0 to £ = T and RHS from 120 to 0

/ dt_—/
2010+3'u

Separating the variables, dt = —

E ]0 =} [m10 +3v|]
= —2(In10 —In370) (Note that 10+ 3v was positive each time.)
=§mw

= 1.2 seconds. /y/

6. (a) Bec i i i
(a) ause of the fides, the water surface is moving in simple harmonic motion

with equation of miotion § = — z
4
(i) Here n?=1
=1
n=;.
. 2
Hence period = —
n
47 hours. v/+/
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(i) Let low tide occur at time t = 0, and take upwards as positive.

Then the motion is & = —2c08 zt

When t=1, @ = —2cos 1,

so the rise from low tide = —2 cos: —(-2)
=2-—2cos

= 0-24 metres. v//v/

(iii) Using the same equation of motion as in part (i),

‘ z = —2cos it
and differentiating, 4 =sin %t.
T'wo hours after high tide, ¢ =27+ 2 (2 is half the period)
and at this time # = sin{r + 1)
= —sinl

= —0-84 metres per hour.y/v/
giving the equation & = 2 cos it.

Alternatively, take high tide as time zero,
o @ =z- -/11— = cosf +isin@ — (cos(—0) + isin(—0))
= (cos§ — cosB) +4(sin 8 +sin 0)
= 2isinf /
2" — ;1; = (cos 0 + isin§)™ — (cos 6 + isind)™"
= (cosnf + isinnd) — (cosnf — isinnb)

= 2isinnb v/

5
(i) From part (i), ( - %) = (2isin 6)°

25—5zs+10z——12+-—5§-—~13=32isin50
z F4 z

(5—%> 5(2 ——1—>+10<z—l> = 32isin’ 6
z Z
94 sin 50 — 10isin 36 + 20sind = 32 sin® 9

Hence sin® = 75 sin50 — 2sin30+ 3 55in 8, as required. /+/

(iif) Here 16sin° § = sin 56
Using part (ii), sin56 — 5sin36 + 10sin § = sin 56
2sinf ~sin30 =0
But sin36 = 3sinf — 4sin® 0
25in6 — 3sind +4sin’ 6 =0
sinf(4sin’f —1) =0
sinf=0 or 3 or —3.

M
218]

Hence 8 =0, §, %’—r, , ZGE, —1—161 or 2. VVVV
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7. () (@)

(i)

(®) @

The reservoir is a polyhedron with rectangular cross-setions.

Hence the length  and the breadth y of the rectangular cross-sections

are both linear functions of the height h.
First, let z = mh + b, where m and b are constants.

When h =0, z =12, s0 12=0+b

b=12.
‘When h =15 z = 20, so 29 = 15m + 12
m=1
Thus m=i—gh+12.

Using a similar argument, y = %h +10.
So the area A of the cross-section 1 metres above the base is
A= +12)(3Eh +10)
= Z2Lp% 4 328h +120m% /v

The volume of each cross-sectional slice of thickness dh is
av = (%M + 326p +120) dh
Hence V = /0 (%%hz -+ 3—125§h+ 120) dh
15
= [Zn® + 320 + 120h]
= 1105 - 2445 -+ 1800
= 5350.
Thus the reservoir can hold 5350 m?® of water. v/v/

(@) Usn+3 = U3n+2 + Usn+1
= Ugp+1+ Uan T Usnt+l
Ugnts = 2usnt1 + tan - VYV

(8) THEOREM: For all positive integers n, usn is even.

PROOF: By mathematical induction.

A. When n =1, uzp = u3
= ug +ug, by the recursive relation

=141, which is even.

Hence the result is true for n = 1.
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B. Let k be a positive integer for which the result is true.
that is, ugy is even.
We now prove the result for n = E+1.
That is, we prove that ug(p+1) is even.

Now ug(k+1) = Usk+3
= Quag41 + usk, from part (a).
which is even, because ugi is even by the induction hypothesis.

C. Tt follows from A and B by mathematical induction

that the result is true for all positive integers n. VY

" e 7\"
(ii) THEoREM: For all positive integers n, Un < (Z) .

PROOF: By mathematical induction.

A Whenn=1,LHS=u =1

and RHS = (1)! > LHS.
Whenn=2, LHS =ug =1
and RHS = (1) = £ > RHS.

Hence the result is true for n=1 and n = 2.

B. Let k be a positive integer for which the result is true
forbothn=kandn=%k—1
That is, ux < (:—i)k and up+1 < ({-)kﬂ.
We now prove the result for n =k + 1.
That is, we prove that g2 < (%)HZ.

Now Ugi2 = Uk+1 + Uk

< (%)k+1 + (%)L , by the induction hypothesis.
k42 2
x (34 (8)

ia
X 35

ol
+
~N

WS I
—_— e
C
il
w

i

, as required.

A

C. It follows from A and B by mathematical induction
that the result is true for all positive integers 7. VIVVY
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8. (a) The relation is 2%y’ = (5 + y)(ett)
Taking logarithms base b of both sides,
alog, 7 + blog, y = (a + b)log(z +v)

Differentiating with respect to z, and writing 3 for % ,
a b a+b

_+__ I 1+ I

2T Y <$+y> a+y)

(2 _a+t b)

!

, _atb a
y Tty y rx+y T
bz + by —ay — by ,_aa:+bz—vaa:—ay
y(@+y) z(z +)

bz —ay , bx—ay

ety ! zlzty)

,_ (bz—ay)y(z+y) d
= 0 d that b .
Y (bs —ay)ala + e provided that bz # ay

Thus -j—z = % , provided bz # ay, as required. v/v/v//
. (1 —xz)®
() () (o) Here fule) = S
For0<z <1, 0<z" <1
and 0<(l—z)" <1
1
s0 0< falz) < i
Also 0 <sinmz <1
1
S0 0 < fa(z)sinme < —5. Vv

1 1 1
(8) Hence / 0dz < / fa(z)sinwzds < / —1_1 dz
0 0 o ™

1
0 </ fa(z)sinwzdz < —1—' Y
[} iy
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(i)

(i)

(@) The function F(z) is defined by

Fale) = 0 (w7 fale) = 721 P la) +7O) (I £0)) -
Differentiating twice,
Fo/(z) = b" (71,271. £,9(z) — 722 £ (z) 4 n2 £ Og) — oo (1) £ 42)( x)) )
But f,(z) is a polynomial of degree 2n, 50 £, () = 0, s0
F" ()
= (7[.271fn(2)(z) _ 7Tzn—zfn(z;) (z) + 7r2"‘4fn(6)(x) et (_1)n—17r2fﬂ(2n) (w))
= i (£, 00e) - @)+ O a) = G (=)
= 1r2( — Fp(z) + b fo ()

= 252" fu(z) — w2 Fy ()

Finally, 72 = %
n
and so T = e,
[

Hence Fn"(z)=na"fn(z) — 72 Fy(z), as required. v/v/

() LHS = F,"(z)sinmz + xF, (z) cos mx — wFy' (%) cos wz + w2 Fy () sin e
= (n%a" fa(z) — 72 Fy,(z)sinwz) + 12 F,(z)sin 7z, using part (@)
= 72" f(x)sinwz, as required. N4

(v) Taking the integral of both sides from z = 0 to z =1,

w2a® /1 frn(w)sinrzde = [Fnl(x) sinmx — mFn (z) cos 7”"](1)
0
w2a® /1 fol@)sinnzdz = (0+ nFa(1)) — (0 - ©Fa(0))
0
1
7ra"/0 fo(@)sinmzds = Fa(1) - Fo(0). VvV

. . wa”
Using part (i), 0<LHS< -
X3
But T4 0 asn— oo
nl
So for large enough values of 7, the LHS is between 0 and 1,
and thus the LHS cannot be an integer.

This contradicts the given fact that F,(0) and F,(1) are integers, s0 72 is irrational. v/v/

Notg: It is tedious, but not hard, to prove that F,o(0) and Fy,(1) are integers. Successive

m04t6ds 26/8/04

differentiations of fn{zx) progressively cancel out the n! in the denominator, and at
the same time, substitutions of 0 and 1 into the kth derivative yield zero for k < n.
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