TRrRIAL EXAMINATIONS 2006

FORM VI ,

MATHEMATICS EXTENSION 2

Examination date
Tuesday 1st August 2006

Time allowed
Three hours (plus 5 minutes reading time)

Instructions

All eight questions may be attempted.

All eight questions are of equal value.

All necessary working must be shown.

Marks may not be awarded for careless or badly arranged work.

Approved calculators and templates may be used.

A list of standard integrals is provided at the end of the examination paper.

Collection

Write your candidate number clearly on each booklet and on the tear-off sheet.
Hand in the eight questions in a single well-ordered pile.

Hand in a booklet for each question, even if it has not been attempted.

If you use a second booklet for a question, place it inside the first.

Bundle the tear-off sheet with the question it belongs to.

Keep the printed examination paper and bring it to your next Mathematics lesson.

6A: REP 6B: BDD 6C: GJ 6D: MLS

Checklist

SGS booklets: 8 per boy. A total of 750 booklets should be sufficient.
Candidature: 61 boys.
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QUESTION ONE (15 marks) Use a separate writing booklet.

(a) Find the following integrals:

! 1 d / t
® / zlnz * i

(ii) /m In zdx

) 2z +1 dz
(iif 2 +22+5

(b) Use integration by parts to evaluate

Y

2 1
cos™ ' zdx.
0

(¢) (i) Find the values of 4, B and C so that

2 A Bz +C
2y + 3"
l-z)(1+2?)) 1-2z 14z
\(n) Use the substitution ¢ = tan 8, and part (i) above, to find

2
/l—taneda

QUESTION TWO (15 marks) Use a separate writing booklet.

() Given that w =3 — 44, find lwlw_ Y in the form a+ ib, where a and b are real.

(b) Find the roots of the equation (14 4)z* + 2z +1—i= 0.

(¢} (i) Write 1 — iV/3 in the form r(cos 8 - isin ).
(i) Hence find (1 —iv/3)% in the form a + ib, where a and b are real.

@) If w is one of the complex roots of 2% = 1, simplify
(1 —w)(1—w?)(1 —wh( - w®).
(e) Shade on an Argand diagram the region given by

s T
[z—1/<1 and 5 <argz <o

>

o] [e] D] [¥]

[12]

Marks

3

[oo] o} (=] [e]

[ee]

Exam continues next page ...
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QUESTION THREE (15 marks) Use a separate writing booklet. Marks
(2) y 1

The diagram above shows the region bounded by the curvey = 222 and the line y = 8.
This region is rotated about the line y = 10 to form a solid of revolution.

(i) The solid is sliced perpendicular to the axis of rotation. Show that the area of @
each cross-section formed is

47 (24 — 105% + z*).
(ii) Hence find the volume of the solid.

1
(b) (i) Let I, =/ &"e® dz, for n > 0, where n is an integer.
A = €re 7t 1S an Integer.

Show that Int1 =e—{n+1)I,.

1 ,
" 3t
(ii) Hence find /; toe" dt.

(c) The tangents to the hyperbola zy = ¢? at the points P (cp, E) and @ <cq, E) inter-
P
sect at the point T° a

(i) Given that the equation of the tangent at P is z + p?y = 2¢p, show that the
coordinates of the point T are

( 2cpg  2¢
pt+a’pt+qg)

(if) Prove that the origin, the point T' and the midpoint of PQ are collinear.

Exam continues overleaf ...
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QUESTION FOUR (15 marks) Use a separate writing booklet. Marks
(2) Given that o, 8 and 7 are the roots of the equation 22° + 322 — 5z + 8 =0,
. . 11 1
find the polynomial equation with roots —, .5 and ;
a
(b) (i) Using the sums-to-products formulae, or otherwise, prove that
sin 2 + sin 3z + sindgs
= tan 3z.
cos 2z + cos 3¢ + cos 4z
(i) Hence find the general solution of
sin2z +sin 3z +sin4zs _ 1

0823 + cos 3z + cosdz /3

(c) The parametric equations of an ellipse are £ = 5cosf and y = 4siné.

(i) Find the Cartesian equation of the ellipse and show that its eccentricity is —g
(ii) Sketch the ellipse showing its intercepts, foci and directrices.
(@ \{7
16
yea’
5 >
X
4x+y=16

The region enclosed by the curve y = (z — 4)? and the line 4z + y = 16 is shaded in
the diagram above. A solid is formed with this region as its base.

When the solid is sliced perpendicular to the z-axis, each cross-section is an equilateral
triangle with its base in the xy-plane.

(i) Show that the area of the cross-section z units to the right of the y-axis is
3
\/T_ (4 )%, where 0 <z < 4.

(ii) Hence find the volume of the solid.

Exam continues next page ...
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QUESTION FIVE (15 marks) Use a separate writing booklet. Marks

(a) De Moivre's theorem with » = § states that

-~ (b)

()

(cos 8 + isin 8)® = cos 56 + isin 56.
(i) Show that cos56 = 16 cos® 6 — 20 cos® & + 5 cos d.
(ii) Hence find all five roots of the equation 16z° — 202° + 5z = 0.

(iif) Show that cos 1—7; cos| ‘21;—:; = \/Tg

=] ][]

The points P(2ap, ap®) and Q(2aq, ag?), where p > g, lie on the parabola z% = 4ay,
and the difference in their z-coordinates is 2a. Show that the locus of the midpoint
M of the chord P@ is a parabola, and find the coordinates of its focus.

]

any

2

2
In the diagram above, P(acos8,bsin @) is a point on the ellipse % + y_z =1, where
a

b
P lies in the first quadrant.

A straight line through the origin parallel to the tangent at P meets the ellipse at the
point @, where P and @ both lie on the same side of the y-axis.

(i) Prove that the equation of the line OQ is zbcos@ + yasing = 0, and find the
coordinates of the point @

(il) Prove that the area of AOPQ is independent of the position of P.

Exam continues overleaf ...
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QUESTION SIX {15 marks) Use a separate writing booklet.

(a)

(b)

Y
y — er
e
1
1
0 x

In the diagram above, P(},€) is the point of intersection of the curve y = e2% and the
line y =e.

Use the method of cylindrical shells to find the volume of the solid generated when the
shaded region enclosed by the y-axis, the curve y = €*® and the line y = e is rotated
about the y-axis.

A particle of unit mass is projected vertically upwards from a point O, with initial
velocity of um/s, in a medium whose resistance has magnitude kv?, where k is a
positive constant and vm/s is the velocity after ¢seconds. Let = be the vertical
displacement of the object above the origin after t seconds.

After reaching its maximum height, the particle then falls back to O, experiencing the
same resistance.

(i) Taking upwards as positive, show that
F = —(g + ko%).
(ii) Hence show that the maximum height attained by the particle is

2
-1——111 g+ ku -
2k g

(iii) Show that the speed of the particle when it returns to O is

gu®
g+ ku2’

(iv) Find the terminal velocity V of any particle of unit mass falling in this medium
subject to the resistance kv?. Hence prove that if the particle in part (i) above

. v
is projected upwards with velocity V, it will return to O with speed E

Exam continues next page ...
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QUESTION SEVEN (15 marks) Use a separate writing booklet. Marks QUESTION EIGHT (15 marks) Use a separate writing booklet. Marks
(a) The polynomial P{z) = 323 — 11z*+ 24z — 12 has one rational non-integer zero. Find (2) (i) Show that o + g% = (@ + B)(* ™ + fF71) —aB(aF~2 + BgE2), for k> 2.

fts value. (ii) By substituting o = cosf +isinf and § = cos# — isin 4, show that
(b) Given that z = —2 is a zero of the polynomial P(z) = 5z° — 3z -8z + 4, factor P(z) cos k@ =2cosfcos(k—1)0 —cos (k — 2)4, for k > 2.

into its real and complex linear factors. (iii) Using part (ii) with k = 2, 3 and 4, show that

_ 2g

(c) NOTE; The diagram below has been reprinted on Page 11 so that working can be cos 20 = 2cos” 0 — 1,

done on the diagram. Tear out Page 11, write your candidate number on the top of c0s30 = 4cos® @ — 3 cos b,

the sheet in the space provided, and nlace the sheet inside your answer booklet for cosdf = 8costd —8ecos?8 41,

Question Seven.

P (b) (i) The Tschebyshev polynomials are defined by the recurrence formula
to (:L‘) =1, .
11 (11,') =z,

te(z) = 2z tp_1 (z) — tr—2(x), for k2> 2.

Show that the Tchebyshev polynomials ¢, (z), ta(z) and t4(z) are
ty(x) = 227 - 1;
ta(z) = 42° — 3z,

-7
to(z) = 8zt — 822 + 1. .
(i) To ﬁnd a formula for ti(z) let F(z) be the power series in z with the coefficient
of 2* being tx(z). That is, let
F(z)=1+gzz+ (222 = 1)2% + (42° — 32)2% + (82* — 82° + Dt o tg(z)2® + -
0 (a) Show that
(1 —232)F(2) = 1 — 2 — 22 F(%),

The diagram above shows two circles touching internally at the point T. The line and hence show that

PQ is the common tangent at 7. The points A and B lie on the small circle so that 1—zz
TR = T4, and TA and T'B produced meet the larger circle at the points D and C F(z) = 1 %%z + 22
respectively. )

i th. d thi - that 1
The line DB produced meets the smaller circle at the point V' and the larger circle at (8) Given that o and f§ are the zeroes of 1 — 2oz + 2" show tha
the point W, while the line C' 4 produced meets the smaller circle at the point U and 19204+ 2% = (1 _ 2 > (1 _ % ) .

the larger circle at the point X.
Let /BAT =aand LVWX = §.
. (i) Bhow that CD || AB.
(i) Show that ABCD is a cyclic quadrilateral.
(iii) Show that UVW X is a cyclic quadrilateral.

(iv) Given that TU =TV, prove that T is the centre of a circle passing through the
points U, V, W and X.

[} [w] o] []

Exam continues overleaf ... Exam continues next page ...
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() Using the partial fraction decomposition of F(z),

1—zz _ A + B
—2$z+z2_1 z 4 _Z
o B

where A and B are independent of z, show that the coefficient ¢x (z)is

F(z):1

ik 1\*
A <E> +B (E) , for |z| sufficiently small.

(6) Deduce that the formula for ¢x(z) is

@ (N Y
YT a\ervaE—1 2\g—vaZ—1/

END OF EXAMINATION

Tear-off pages follow ...
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CANDIDATE NUMBER: .« .vevrrentencencannnneaneannnens

DETACH THIS SHEET AND BUNDLE IT WITH THE REST OF QUESTION SEVEN.

QUESTION SEVEN

(b)
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DETACH THIS SHEET AND BUNDLE IT WITH THE REST OF QUESTION SEVEN.

QUESTION SEVEN
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