TRIAL HIGHER SCHOOL CERTIFICATE
2003
General Instructions:
¢ Reading time — 5 minutes
e Working time - 3 hours
e Write using black or blue pen
* Approved calculators may be used
* All necessary working should be shown in every question
® A table of standard integrals is supplied at the back of this paper
e Start each question on a new page
e Attempt all Questions 1 — 8
¢ All questions are of equal value
e Total marks 120
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Question 1

- a)

@) Find j—l——— dx using the subsﬁtuﬁon t= tanizc-

cosx+2
Evaluate;
.. 4 dx
u ——r e ————
@ J.Z x> —4x+8

G [

b) Let n be a positive integer and let
1= (og, v
.= [ (log, ™
@) Prove that 1, =2(log, 2)" —nl et
(1)  Hence evaluate flz (log, x)* dx as a polynomial in terms of log, 2
Question 2
a) The complex number z and its conjugate z satisfy the equation
2z +2iz =12+ 6i. Find the possible values of z.
b) On an Argand diagram shade the region containing all points representing
complex numbers z such that Re(z) <1 aigd O<arg(z+1i) 5%—
v +4i . .
c) Express z;, = 27 in the form a +ib where a and b are real.
— 21 .

On an Argand diagram sketch the locus of the point representing the complex
number z such that [z ~3 z! = «/— Find the greatest value of |2| subject to
this condition. -

@) Given that w is a complex root of the equation x* =1, show that
w? is also a root of this equation.

() Show that 1+w+w” =0, and 1+ w? + w* =0.
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/(On 3
x> 2
The ellipse £ has Cartesian equation > + % =1
Find
()  the coordinates of the foci S and S
(ii)  Show that any point P on E can be represented by the coordinates

(5cosd, 4sin9) and hence or otherwise prove that PS + PS! is 2 constant.

(iii)  Show that the equation of the normal at the point P on the ellipse is

@iv)

b)

S5x 4y

cosd sind

If this normal meets the x axis at M and the ji'_qx_i/sﬂg‘g N, prove that
PM 16 o
PN 25

Marks

Using the method of cylmdqcalshdlsto calculate the volume of this solid, show that: -

®

(i)

The volume & ¥ of a shell at x is given by
OV =27z(4x’ — x°)éx

Hence find the volume of this solid.




Question 4

a) Let f(x)=-x*+8x—12. On separate diagrams, and without calculus,

sketch the following graphs. Indicate clearly any asymptotes and
intercepts with the axes.

@ y=f(x)
i y=[f&)
() = ()

1

(v)y vy :-f—(x;

(v)  y=e/®, giving the coordinates of any turning points by not using calculus.

b) Given p + g 224/ pq if p and g are positive real numbers

a+b

(i)  Show that e® +e’ >2¢ ? forallrealaand b

(i)  Hence find the minimum value of ¢™* +e™* +1+ * + ¢** for all real x.

Question 5

a) ,

A stone building oflhelght H metres}has the shape of a flat topped. square ‘pyramid’ with
curved sides as.shown in the figure. The cross-section at helbht h metres is a square with

sides parallel to the sides of the base and of length I,- 1= L W here L is the side length

R

of the square base in metres.

@) Write an expressmn for the volume of a slice at helght h metres

(i)  Hence find the volume of the building in tenns of L and H
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b) The Fibonacci Sequence, F,, is defined by:

=1
F, =1
F,,=F_+F forall n>1

@) Write down the first 12 terms of the sequence

( )ib (i)  Prove, by mathematical induction, that for all positive integers, 7,
F,, is divisible by 3.

sin® 8
cos

c) Find

d$

s

W Consider the function of y = tan™ (tan x)
@ . Whatis its period?

(i)  Hence sketch the function for — 27 < x < 27

Question 6

The equation x* +2x~1=0 has roots «, B, and y . In each of the following cases, find an "
equation with integer coefficients having the roots stated below.

DO —a-piy
(i) a-a f-By -
() o, g,
b) @) Prove that 1 and -1 are both roots of multlphclty 2 of the polynomial
P(x)=x*-3x* +2
(if) - Express P(x) as the product of irreducible factors over the field of
(@) rational numbers |

( ,B) complex numbers
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In the Argand diagram above; A >OQR is constructed similar to A OAP.
Show that

@ |zl=la] 2]

(i) arg z; =argz, +argz,

(i) ~ What is the significance of these results? |, - Ww%wfd “

‘Question 7

The figure shows two towns located at[@ and@. BCD is an equilateral triangle.
A road junction is to be placed at P, somewhere on the minor arc BC of the
circumscribed circle of the triangle BCD.

Let BP, CP and DP have lengths x, y, z respectively.

The point Q is on the line PC, extended so that BP and CQ have
the same length x. Let < PBC = «.




@) Show that <BPD = < CPI?;60°

() Find <DCQin terms of &

(iiiy Prove APBD =A QCD.

(iv)  Prove ADPQ is equilateral

(v) Nowshowthat z=x+y
b) Owing to the tides, the depth of water in an estuary may be assumed to rise

and fall with time in simple harmonic.motion.

At a certain place there is a danger of flooding when the depth of the water is

above @ One day high tide was 1.5m at lam and the following low tide

was_0.5m at 7:30am.

@) Find the amplitude in metres and period in minutes of this tidal motion.

(ii)  Hence find between what times after lam was there no danger of flooding.
¢) Fhm.jl‘x dx

1-+x
Question 8
x4 3 x2

a) (i)  Find the 1% and 2" derivatives of P(x) = VR +c

(i)  Hence or otherwise show that P(x) = 0 has not real roots if ¢ > —122—
b) (1) Write down in mod-arg form, the five roots of z°-1=0

S
(i) By combining appropriate pairs of these roots, show that for z =1,
. \
-1 (z* —2zc0s 2+ D (z* - 2zcos—%+l)
z-1 5 5
@) Deduce that coszsg— and co"sf%’£ are the roots of the equation

47 (cont)

4% +2x-1=0




Teacher’s Name:

Student’s Name/N°:

Solytrows 2oos STHUS 4\ Trml

l“.ﬁ;.!'.)._..n [ 0)..n& ..I“,
e LOEX ¥ o(:t, PO Y SO |
N R Ky
~ ‘ n. fi
LR
Jlrf:’ u)) (I—-l)z-l—'q’ @
N E: : =174
oz ( '—-;Z’i—/_ ~ {_..’("p.,q"’ 2 @
SR IO 2710 S

T 0 S T e g

9 -t ‘r = M=
- —'\I‘.rg-’ ‘{’ Q- \E'! i €
2 *hn 13 O
B oTeal G ) 4 c,
ciiy. bax? o o F - (4-2?) R —
R e o d.- 2 [ l
Lt 5 4 b
4—x? 22— X
T"\M .= A2ex). +B8C 1*3(:\}
B Y ] 5
x. =/1 , S St ®

ll&ca/”\aj
|
[
| ‘ ' p -
:EfllonvCl“:fv) k‘llog/oCIHQ /L]v, @

ol +2log, 3 =1 = (2o +2lop | 1)
= 4[03)/3 ’lv | @

r1

b ci')’_['v, ‘:'j\lld G%}/DE}” clx/

:j\il<l@3b1‘,>n jliLC{L

- EQQOS”QH]:- /‘J\)LOC‘HQOS e/f;ﬁ)n“"—oli “o(x’ @
n ﬂl"\ cu:h”

= l(lastD — nj:\,‘ / {}

0

o $ Cloge Db =T

= 1([03@2)‘* — 4T,

= 2([%9)}42 ‘l(]:z(lo(je/g)s “’SI;]

- 2([0 1,/?) XF"/(@@OJely +-
1202(leg2)" - 2] O




NOW I :-j\L o[){,,vc,,a[x/

OB R £

[ Ot 1’] 7 far%@

- 2[03?/?/ VI

5 ey e = 201D (1)

0

1 2(‘/

24 Qog DY —4810g, 0
* § ¢

2'® [—E)/’(’—- 2 = dA+ l‘\/
o2z 202 =12 4,61' ]a‘?/-Cow\e,S

CZCJr\.\/):vap+QIC:1:H>D;(1+6',
:{114..\/2. *2[:’;”2\/ :[l_lfé‘l

ll-"%f\/lmz\/:tl .QM( QJL:Q
' 371-\/“ .,17 =1L Sox=3
=1y =3 =0,

(y Dy-3) =0
\/'/':—/1 or3 |
,".2:3“1 oC 343

O

0 éafoCz H) £
0 £ ay(z —(0-i) <%

mcl
I' )

ookl

= > Rez)

0 gy - 1r4i. 321,
32 3+ 27
B LV
9 Jz-3-i|-To |
lz-’(S 'F‘)‘ = O t‘S a
Tul2)

o fc(“; Ce w"lfe,

6D edivs To Q)

(Q@ lies o —H/‘a/

JRe(z C{(C(l’/- Cfe,a‘fes%

2] -0f
=210 ()




do TE o & rw% O$TM' mewai,w ngg(Q%(D "g(;;;zgmw,

:LZ —,l . *H/\aw W gct+}~s"\[\ | es ‘H/\Q/ SCB;O) S' (_,3 O) @
€<l\)q+l'0n -

2w =
2 3
(0) =0 =] g;aﬂ - |

e W also sedtsfies qr=].

) The  sum oWD’ ‘H/\&, foo'{] 04\’
0

®
Ay

P ®

<
™~

ls“l :—O 15 V-l;/ e

[y

@ ¢i) Pa(‘am’!’f e F_OFW o’p" f},\ 16“ \'PSL

(a C.o&@‘l losfvx@)
Since wB:' | Q :S‘/ L =4

J

otz w | ~~.' :‘P652”®:4&M@ 0

ol +~wl’vo.

er=| - ko
[ €
= | T T

Jo



S + PS5 | /

o @P cl,rec'llf\x + €& Pclirgc{rhc | 5/
. - I n - S"W@_ _ g8 ,'
- <L S/COSGA + 6’/( 5(‘,05@ + ‘D ‘pfom \/ 4 ° @ 4cos § CQC S/C ®) O

_ (26 235; O}VWIU O‘Pa“ 4‘7/COI®’“IGJ"I'M@C0Y® :T‘j’g,‘m@x,ﬂggl.-n@cw@
.‘()SQ/ CZSMG cosO = S’Sm@xv‘ﬁ‘cor@
= 9, A - /
£ 9 = Saimlx —Ges8y
- [O @ cindcos®
- : » = B/L
i) o ‘ OZ Cos O gﬁ\%}’ @
= "=l | | |
: , iy Cuts o aws \,\A\a, \/ = O
D'L‘pﬁfﬁﬂ”ﬂ "D fmplictH
2 9 é(\"' 6) \/J (? = Cor@ o0
L : E
S

-0 ' _ te® | ,@




PN

V%/“‘ 0-Fws®)™+ (e

)k

| (v )4 Croin 0 (T

= ms@ “+ [Esrud

Q 25/&);1@ ¥ (2%’31'%@) -

- yg%Cog

G+ lG(!vcoﬁ@)

.ﬁs@ﬁ@ + 625/61 cos’Q

- T5hgcos eIk g0
it M—-/FT X 7@/0“
— i es™® + Tk .

—

o —2304 cos ' + (6400
5625 cos*Q |5 615

= §1§"6 (T5<Jc76)
625 (05 —3e2™0)

=

as (@,)u(.

0

NG e e |
N Sboo V= e rsD =) h O \O

:QW(‘F‘izvxg)Sx. siae Qx>0 0,
D= op (el ke o 5

\,\/Ms(?/ ’H’Lo/ cU (Ve C:U‘+S ‘H/LQ/ X —0xlS
e oyt xt=()
o (F-x) =0
w= )
i 2
N =0, bt chTclsc 0
(o
- [ 5],

=9 16— o]

st 32”}" \) M+S @




o0 Fl)e —xt+%z-12
e (2 Fx ¢ 12) @
== (x-2Xx-6)

1
H
|
1
1

1
!
\
1
!
|
1

i
i

Q) TF p=e’, g=e' bl el
a b Tt N\T :
€ + e }2(@)((’,) 5!\/{’)" @
arh
e e’ vt N0,




—J)x —

e re H| J«em%e/m>/2€/*1’tx+l *Qe"l ﬂ% @ “ t/ 1,2,3/“5“/%1 5,2 34/ 5/’?}‘81 44 @ {{
=7

-y
il it

>/ 2 1 [ v 2 exiy glf\ow +f\)e/- ‘po(‘ Vl-’l -
> f F4~ =5 . / |
’ s oz / 0

MM, \/Q[\)Q, L5 5_,, @

oo Afsum/ WLF\}Q/ “(‘\of lf\ik

5_', COV\S'TO(QF o S(I‘Ce/’ OWD' ’H/‘I‘Cl(/lu‘j QL\ l£,~ E"rk - 3\/< Ulflg(e/ lé S a (JOJIL\LI‘\/V
b bt itopc

I fon (L2 O Need  wouw 4o shov resolt holds o n=lee]
(ea o1~ Crofr—seclion = - - = :

ho+ | " _ e F4C1A+l) = BL \,JIMO/ }__ N a ()O.J’(Lt'.f\\/e/
.¢ \/otum/ 01& slice = _\:%T_, S\‘/\ \M3 @ \w‘\jQég,(\ :
Nl ob solid = S gL O FUS Foce =P v Py dn A, €
- v 0 +
_ 1 H T e + Foruu + auu + F‘W
=L g G| o |
=~ Llloﬂe/Cl’U'B @ Tkt Y T ¢ F4‘~l<+l t 4/14*'[4')%!

= 3 P 4 2 Faxc ®

- 3 Fofku + él/( (\Cfom a;suwf+l'0::
- BY,F‘HCH +9‘l’<] '

— 3L e FLHM +2U di I#gml




U See fesult i Foue Hor y\« [

>
v m‘”% also e Frye 'Por l =2 Q).@Ci) o dx ]| =0 e roots

V\:Q+] :3 €/Jrc/— —por‘ @“ {)Ofl%f Ve ‘qu OZ) &) G,

\/al\)o,{y‘ O'P' n. g C/’IB3 Jrl(,l) -
je: 34’2 + :"O \
© j%}!\ﬁ@/‘ & L X l @

g ¢ Cl rx +>(ac LQI“D ’O Peon JNM
= sSin S‘l'n@"(@
jﬂ eclk}ﬂllm\ od ) 0
‘/5 «L—(—)—Z%g/ .9\\/\@ 01@ @

ie_;7 <* +4x¢+ b= -\ =0 0

\?@l —’CO:(\? g JJU :“SI'V\%O(\@ ar ‘) C'L> 4/2(3(/ - :’ “
yot gL T

| . S = |
= Jw —edv | O I BN
TR () = | O
- A SQ’/O}@ "‘SO/CG +C @ "IC‘J’L%/%X 4/45 ;/
: ' vhxida-l =0 @
D e 1o s Sare & T Taax v
BMPU J " 7n( fo ) 0 © ) P(@; f 3 L
i) ,/ Pl ) =6x"—6x
Ll LN/ | -
,fo— /n’ . /;r u/l"/ £ @ GI('L )

- GIC'L —-’\,)CI ‘fD

PG = Gele-DGeab(aarl)



SIKWC@/ CDC“‘D ) (DC+D afe Q(;{‘b[‘j %
O'XD FI(DC) | "H’lo/"l xT= t[ afe - fooTLJ
O“P ) Hl F([CH’\/I Q . @
S PCx) = oG o) (o)
Gi)@)P (x) = (DC*D(JCiLD(;)c«D(chLDCiL—r.l) @
BIC) = e Ce) Gfl)=) ()

© ‘,‘)'Bj siwlar As | 0
lz)l _ tzl!
lzll - \
: lzs‘ :, lleZ-z_ @

b ZR00 =2P0k Corr 24 o civbe 45) ©

o QFDZ} —arq 7. = QFJZ‘

. af(st =of92, ¥ M)E @

[¢)) T‘/b/ Confl‘(‘ut‘f‘rlbw Cou lﬂz/ : USQC/ 7L0 @
Mo Hl‘()(y C,var(g,x ny \MMJ

/(") 4 CPD = A C_BD (A.:D(u i1 Safe 3/‘\0,»{9\‘%
=6 0° (af‘ ACBD e7vfldu"10 0
ZBED =L BED (Nl v sure sfjm@

= 60 CQS ACED s e.7 o] ater “D @

«y /L pCQ = L CRP + ABPC (ax’f”erfer 023((9

LDCQ+60=od + 120  Frm
S bce =4 +60 a
@) BD=DC (oquileferl deiolo)
BP =CQ = o (jfm) 0
L DBP=2DCA=u+60  (fom ay)
L APBD = AQeDd  (shs) 0




.....

7

)y /DPG = 2DBC (sam @MQ \{
L LDPQ =GO | - BN
/D0OC = 80— £ DCO —LCDE

T
T

\”‘\ +, 7300 m 4. 2pm

= tYO*@JK&D—'LBDp‘ 0
— 180 —(d %O) ~Cl‘80——(d+~6®— €O> o Wlﬁrviy =09 0

—

190 —4—60 —(60—4) - fecod = B3he 5 60
- 130 — 120 = 730 mivsier
. @OO ' ®o | ) | et | ecjvﬂ’rm A L LZ/
. A DPG 9 olefersl (2 215 ot 60) < = hea () ¥ C
o g =iy (qul i ot etk % T. 2%
750 = B 0= Fe s

A -
4 DC:O«§c.aSC‘§“';'i;>+Q
W hon +=0 x5
15 205 s 0 #C
|-’y =05 +C
LC o=

1
. %:O'YCOJC% 4/, (s “H/b/ @thﬂ

| opfosding Mo drdd  wmelien.




fleed Ao Aind T e a=p2F ~ b P (D=2, x.lp,i +] R~

l 25’ O g’(_dS‘CTLO f?n(ﬁigxﬂzzx 4// . @
oS To,) =05 @

. . 5 M P =0 P(o) = T 200 +|
310 3, 3 ' oAty 4” =0 a=3, A <40
-t =130 miwrdes 65 0 wivites  obher fun TN IES) - P@s.’qtin, difwite

o2 Mo C(qauf of ‘PlOOCélﬁ betveey @CLJ«DCM—D =0 UL Curve s alwaf
i

' n = — ! X
3:00an  axd  11:50an (@ doa a0 coments Up.
| - 8@ c(){\/cz/ mUS“{/ t'ﬂm!e/ a mint wmU ¥

+UFMZ\) fo,‘,,f[’ o+ 96,2“/[,,

PC-D=H-%5 «3-1+C
B 0
. hc C>% cuNe- will q.[»m/; he -
shove Moo woeris o heve
(el rooJV{_,~
@Cl‘) -5 2] = cos O + isin O

2 = ((ces® + 15ca0)
ZS"_,/ . S'_CCQS: 50 + (fin S/@) @




R B AN

59 =0 +2km
6 = e

e i
ﬂZS_?(:@SQ/EMSM/f For k- =0,1,2,3,4

17

wWhon

ki
K:\; ZL:COSQ%"L‘S‘V\/E";
S 4

z.-«u 23 207
— 7|

> Vz=2Xz-3)z-72 X=-7,) 10

[‘Z Z(]COS/E’-) +|][2 _Z<Qcoqu> l]
.—:<2 — ) zcosFE D(‘Z vgzcos = +D 0

Y:Z 2(23_%2)%212112 2(2 +‘Z>+2 2

iRl 4 \
Swd o rodts U
2, v 2, +2, +2+ +2=0

e

ez, +2, +2Z, +Z, +2,; =0

lQCM + Dcos ‘j—% =()
Cos T2 b cos T ;*'5’,,, QO

‘SU"V‘ ot f)m‘r,r ot foots ‘Por ZT*L.:O

22,+ 2,27, v T2, +2,2Z, +2,7, v 2,7,

'P21_23 +2123 + 'Z‘—IEJ + Z}Z :;O

+2 <2Cos )
+1=0
|+l + Qe Qs w1 =0 Gon m.»

‘DCos +flcos4E ¥l + = @cos

' I —

. . Cof 4/511;005}’ = ’\F @
Tl/b ?uac(quﬂc, ec]\)q‘}lovl \,\/\(\ore/ (00‘{j
ale COS/K’/ Cas 5/ 'S

= () + () =0
o byt dx -l =0 o




