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SYDNEY CAMPUS

Term Four, 2009

HSC MATHEMATICS

Extension One (July Students) .
Weighting: (25/50)

Time Allowed: 60 minutes

Instructions

o Attempt all three (3) questions. (Total marks: 36)
o Begin each question in a SEPARATE answer booklet.
e Show ALL necessary working, neatly and clearly.

o Hand-held, non-programmable scientific calculators may be used.
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Question One (13 marks)

Use a SEPARATE writing booklet.

Q 2
(2) Using the substitution u = z* +, find / 23Vt + 9dx.
0

(b) The graph of the curve y = f(z) is given below.

5 5
If / f(z)dz =8, find the value of / 3f(z) + 1dz.
0 0

10
(c) Evaluate 2(2" —2n —2).
k=1

(d) The graph of the curve y = — 1 is shown below.
T

Let (m,n) be a point on the curve in the first quadant. A rectangle is drawn
between the points (m,n}, (—m,n), and the = axis as shown.

Question One continues next page

(i) Show that the area, A, of the rectangle is given by

_ 2m
Tm241

(ii) Find the value of m which maximises the area of the rectangle.
Justify your answer.

‘Question Two (12 marks)

Use a SEPARATE writing booklet.

2 5 _ 05
(a) Given that / (az + b)ds = P SaQ , find a and b in terms of P and Q.
1

(b) The point P(2ap, ap®) lies on the parabola z* = 4ay.

Y

P(2ap, ap®)

(i) Show that the equation of the normal to the parabola at P is given by
T + py = 2ap + ap®.
(ii} The normal at P meets the parabola’s axis of symmetry at N. Find the
coordinates of N.
(iii) If M is the midpoint of NP, find the coordinates of M.
(iv) Show that the locus of M as P varies is a parabola.

(v) State the coordinates of the vertex and focus of the parabola found in
part (iv).

Marks




Question Three (11 marks)

Use a SEPARATE writing booklet.

The spread of an influenza epidemic at Taylors College during winter is modelled

by the equation
t—3
Nt)=800|1+ =),
® ( \/t2—6t—l—10>

where N(1) is the number of students who have been infected with influenza ¢
weeks after the first infection is diagnosed.

The graph of y = N(¢) is shown below.

Y
y=28
y=N(t)
c
A -t
Note that
, 800
N = 61 10p°
2400(t — 3
N() = — (t-3)

(12 — 6t + 10)%/%

(You do NOT have to prove this.)

(a) Find the value of A to the nearest whole number.
(b} By completing the square, show that 2 — 6t + 10 is positive for all values of t.

{c) Show that N(t) is increasing for all real ¢.

Question Three continues next page

Marks

2

T . 1
d i} Show that =
(@ O vz +1 14+ L
$2
.. . t—3
(i) Hence evaluate lim ——————.
tvo0 /22 — Bt + 10
(iif) Ast — oo, the curve approaches the line y = B.
Determine the value of B.

(e) The point C' on the graph corresponds to the time when the increase in the
number of new infections is the greatest. (That is to say, N'(t) is at a
maximum at the point C.) :

Find the coordinates of C.

End of Paper




HSC MATHEMATICS - Extension One (July Students)

Term Four, 2009 - Solutions

Question One

(a) Since u = z* +9, du = 423 d. G)
Hz=0u=9. Z Q)
fz=2 u=25

2 2
/:1:3\/:1;4+9d:c=%1/ 4a®y/at +9dz
o 0
25

- [ v ()

1[2u3/2rs

4] 3 g

L7 g%

Hﬁ[u ]9

= HED) - 9%}
49

aE T O)

(b) Using properties of the definite integral,

/053f(x)+1drz;=3/05f(m)dx+/:ld:c Q

=3x8+ [z}
=24+5

=29. ()

(c) Splitting the sum into a geometric and an arithmetic series, we have

10 10 10
SEr—m-2)=3 2= (n+2) ®

k=1 k=1 kg:i
20220 — 1§ 10
=T U O
= 1916.

(d) (i) The area of the rectangle is A= 2m x n.

Since (m,n) lies on the curve, n = ——iL— (])
2m
Hence A = o

(i) Differentiating A with respect to m, we have,

. 2(m? + 1) — 2m % 2m
(m?+1)?

2 —2m? 4
=gy O

If A/ =0, then 2 — 2m2 = 0, so m = 1 (since (m,n) lies in the first quadrant). L\D
Testing points on either side of m =1,

m |01 2
A 1210} —

Z
. : e Q)
Thus the stationary point at m = 1 is a maximum.

Question Two

(a) Evaluating the integral using the reverse chain rule,

/ (az -+ b)* [(MH’) ]

1

_@akb) @td)f ()
5a 50
.'.P=2a+b§ o
Q=at+b
La=P-Q w
b=12Q — P,
(b) (i) Making y the subject of the equation,
il Q)
y='21"a"‘
= 2
sy =g

If 2 = 2ap, ¥ = p, so the normal will have gradient —%. ( I)

1
y—ap2=—5(z—2ap) (t)
Y — ap® = —2 + 2ap
T+ py = 2ap + ap®.

(i) I z =0, then y = 2a -+ ap?, so the coordinates of N are (0,2a + ap?).

(iii) Using the midpoint formula,
0+ 2ap
)
=ap
_ 2a+ ap® +ap®
- 2
= a+ap™.

So the coordinates of M are (ap, a + ap?). o)
(iv) Since z = ap,

p=2. ®

a

.'.y=a+a(%)2

2
T
=at—. (1
Thus the equation of the locus is 2? = a(y — a).
(v) The vertex of the parabola is (0,a) and the focus is (0, 50y,

M Q)

on




N

Question Three

(2) N(0) = 800 (l - %) £ 41 (to the nearest whole number). So A & 41. m

(b) Completing the square on the quadratic expression,
26t +10=1t"—6t+9+1
—-3p+1 (O
For all real t, (¢t — 3)? > 0, thus (¢ — 3)? + 1 > 0 for ail real ¢. (l)
800
(2 — 6t + 10)3/2°

Trom part (b), £2 — 6t + 10 is positive for all veal £, so both the numerator and denominator
of N'(¢) are positive and hence the function is always increasing. Q)

@ O

(o) N'(t) =

R.H.S = !

i+ s

1l

(i) From part(b),

t—3 lim t—3 (,)

lim = li
im0 /12 — 6+ 10 t—oo \/(T_3)2+1

:ﬁm___l—l_ (from (d)(3)) o

L =

sy 1 t—3
(iit) t]ir& 800 (1 + m

So B = 1600. 1
(iv) When N'(t) reaches a maximum, N"(t) = 0.

If N"(t) =0,

2400(t—38)
(£ — 6t +10)5/2
2400(t — 3) =0
t=3. Q)

Furthermore, if t < 3, N(t) > 0, and if ¢ > 3, N"(¢) < 0, so N'(¢) has a local
maximum at ¢t = 3.

N(3) = 800 (1 + —3_3_—)

) = 800(1 + 1) = 1600.

9—-18+10
=s800. (1)
So the coordinates of C are (3,800).

End of Solutions




