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Question 2 (12 marks) Marks

1
. — forx <3,
(a) Given f(x)=13 P
(x~3*+1 for x23

evaluate 27(4)- f(~1).

y
(b) A
E(0,12

NOT TO

SCALE
D

B
ol azo cen

In the diagram above, 4, C and E are the points
(2,0), (6,0) and (0,12) respectively. The line AD is parallel to the
line CE and the line AB is perpendicular to the lines 4D and CE.

2
o) Show that the equation of the line CEis y =-2x+12.
(i)  Find coordinates of the point D. 2
(ili)  Show that the perpendicular distance from A4 to the line CE is
85 2
—~
. . . . 2
(iv)  Find the coordinates of the point B.
(v)  Find the area of the trapezium ACED. 2
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Question 3 (12 marks) Marks

(a) Differentiate with respect to x:

(i) cos? 3x 2
. 2tanx
(i) 2
"
(b)  Find:
x 2
() j e2dx
0
2
" cos2x
ii —dx
@ I 3 +sin2x
(c) A marathon runner runs 10 km from point 4 to point B on the
bearing of 050°in relation to point 4. He then runs a further 15 km
to point C on the bearing of 160° in relation to point B.
1
@ Show £ABC =70°.
1
(i)  Show AC? =25(13-12cos70").
2
(iii)  Find the bearing of 4 from C. Express your answer to the
nearest whole degree.
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Question 4 (12 marks)

(@)

®

(6)] Find all the values of @ for which

3c0s@—~-2=0 where 08 <2x

Express your answer(s) in radian measure correct to two
decimal places.

(ify  Hence sketch the graph of y =3cosf -2 for 0<9 < 2rx
marking clearly any intercepts.

A
In the diagram, 4CE is a right-angled triangle. The point B lies on AC
and the point D lies on CE. Also £BDE =90, 4B = BD
and ZDBE =0.
@) Show that AdBE = ADBE .
(ii)  Show that LACE=26-90".

(i)  Show that AACE||ADCB.

(iv)  Hence show that £4: AB=CE:CB.

Question 4 continues on the next page.

Marks
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Question 4 (cont’d)

©

é
=
s

The graph of the function f is shown in the diagram above. The
shaded area 4 is equal in area to the shaded area B.

12

Write an alternative, equivalent expression for _" f(x)dx in terms of
1

the integral of f(x).

(Do not attempt to evaluate any integrals.)

Marks
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7
Question 5 (12 marks) Marks
(a)  Solve (x2 - 2x)2 =3+ 2(x2 —2x) 4
3

®) The quadratic equation 5x” — (21 + a)x +a =0 hastwo
roots where one is the reciprocal of the other. Find the value of
a and hence find the two roots.

(c)  Find the values of k for which the equation /o ~{k +1)x = -1 has 2
two distinct roots.

@ Sketch y=f(x) given that it passes through the points 3
(0,0)and (4,—2) given the graph of y = f'(x). Show clearly any
turning points or points of inflexion.

y

A

74 AN
/NS

y=r'x
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Question 6 (12 marks)

(a) Use the change of base formula to evaluate

log; 7 +2log; 3

correct to two decimal places.

®

Marks

NOT TO
SCALE

The graph of the line y = x+1 and the curve y =x” ~1 are shown on

the diagram above.

i) Find the coordinates of the points of intersection of the two

graphs.

(i) The shaded region shown on the graph is rotated about the y-

axis. By considering two integrals or otherwise find the

volume of the solid formed.

Question 6 continues on the next page.
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Question 6 (cont’d) Marks Question 7 (12 marks) Marks

(c) In a game, two coins are used. One of the coins is a large, fair coin (a) Consider the geometric series

and the other is a small, biased coin. The probability of a tail

appearing on the small, biased coin is two thirds. 94 2sin? x4+ 2sin® x+.... for O<x <
Two players take it in turns to throw the two coins simultaneously. o 4
Throwing a head scores 1 point and throwing a tail scores 0 points. 2
A game involves two turns by each player. ® Show that the limiting sum exists.
i What is th bability that a pl 4 points i :
@) a r)1s e probability that a player scores 4 points in a 2 X (@) Find the limiting sum as x —> z 2
game? 4
(i)  What is? the probability that a player scores at least 1 point in 2 (b)  Consider the arithmetic series log, k +2log, k +3log, k +.. . 3
agame: Find the value of & given the sum of the first ten terms of the series
is 165.
(iii) ~ What is the probability that a player scores 3 points in a 2
?
game: (c) The displacement of a certain particle is given by x=5+2sinz¢

where the displacement x is in metres and time ¢ is in seconds.

@ Find an expression for the velocity of the particle at any 1
time 1.

(ii) At what time is the particle first at rest?

(iii)  Sketch the graph of x as a function of t for 0<1 <4, 3
Hence find the distance travelled for the first 4 seconds.
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Question 8 (12 marks)

(a)

(b

©

Sketch the graph of the function y =2tanxfor0<x < % and state the

range.

Let f1 (x) =x.
) Calculate f(0), f(2), f(4), f(6)and f(8) and use your

8
results to find I f{x)dbx using Simpson’s rule.
0

(iiy  Hence explain whether or not Simpson's rule gives an
approximation or an exact answer for this particular function
over the given interval.

Julian borrowed $20 000 from a finance company to purchase a car.
Interest on the loan is calculated quarterly at the rate of 2.5% per
quarter and is charged immediately prior to Julian making his
quarterly repayment of $R.

Let A4, be the amount in dollars owing on the loan after the n"

repayment has been made.

()  Showthat 4, =20000x1-025° - R(1+1-025+1-0252).

Show that 4, =20000x1-025" ~40R(1- 025" -1).

(ii)

(iii)  If the loan were to be paid out after 7 years what would the
value of R be?

(iv)  If Julian were to pay $1282.94 per quarter in repayments, how

long would it take to pay out his loan?

Marks

@

(b)

12

Question 9 (12 marks)

The function f{x)=e* +e™"is defined for all real values of x.

) Show {1 (x) is an even function. Find the stationary point
and its nature. Hence sketch the curve of y = f (x)

Find the equation of the tangent at x =1.

(i)

Find the area of the region bounded by the curve, the
tangent at x =1 and the y-axis. (Leave your answer in terms
of e.)

(iif)

The number N of a certain species is falling according to
N =N e where ¢ is in days and N, is the initial number of

species present.

(i)  Show that N =N,e*®is a solution to the differential

equation a =-0-03N.
dt

(ii)  How long, to the nearest day, will it take for the number of
species to halve?

Find, in terms of N, , the rate of change at the time when
the number of species has halved.

(i)

Find the number of days, to the nearest whole number, for
the number of species to fall to just below 5% of the initial
number.

(iv)

Marks
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Question 10 (12 marks) Marks

(a) An underground wine cellar is in the shape of a rectangular prism
with a floor area of 12m? and a ceiling height of 2 m.
At 2pm one Saturday, water begins to enter the cellar. The rate at
which the volume, V, of water in the cellar changes over time ¢
hours, is given by
av 24

d 15

where ¢ =0 represents 2pm on Saturday and where ¥ is measured in
cubic metres.

The cellar is initially dry.

(i) Show that the volume of water in the cellar at time ¢ is given 2

by
2
v=121 =B r 50
15

(ii)  Find the time when the cellar will be completely filled with 2
water if the water continues to enter the cellar at the given
rate.
Express your answer to the nearest minute.

(iii)  The owners return to the house and manage to 2
simultaneously stop the water entering the cellar and start the
pump in the cellar. This occurs at 6pm on Saturday.

The rate at which the water is pumped out of the cellar is
given by

av .
—l/— = m where £ is a constant.

dt
At exactly 8pm the cellar is emptied of water.

Find the value of k. Express your answer correct to 4
significant figures.
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Question 10 (cont’d) Marks

(b)

R

—
< r »

In the diagram above, PRT is an isosceles triangle with
PR = PT =r. Also, PS is a perpendicular bisector of TR, TQ meets

PR at right angles and £TPS = ZRPS =8, where 0 <8 < %

()  Showthat PQ=r{l~2sin?8)and OQ = rtand(l-2sin’ 6). 5

2
(i)  The area of APQO is given by 4= 4 ,t;ne (1 ~ 2sin? 0)2 . 3
Show that

2
“__r : (1—25in29X800849—6cosz9—1).
df  2cos 8

(iii) It is known that the equation 8a” ~6a—1=0 has solutions 1
a=0-89anda =~0-14 (each correct to 2 decimal places). It

rPn0 6 sin’ 0f has

is also known that the function 4 =
only one local maximum and no minimum turning points for
7
0<8<—.
4

Use this information to find the value of @ for which 4 is a
maximum. Express your answer in radians correct to 3
decimal places.

END OF EXAM
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THE
HEFFERNAN MATHEMATICS
GROUP HIGHER SCHOOL CERTIFICATE
N TRIAL EXAMINATION
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Question 1 (12 marks)

43%-1
a =1.88678...
@ L7

=1.89 correct to 3 significant figures

(d) A primitive of x? +i
x

3

. ox
is —+S5Inx.
3
2 marks Correct answer
1 mark Obtaining one correctly integrated term

(e) cost of book after discount = 38-50x80%

2 marks Correct answer
1 mark Correct answer with no rounding
2x-1 x+1 1
® 2 32
/ 32x-1)-2(x+1) 3
6 6
i;“ 6x—-3-2x-2=3
4x-5=3
4x =8
x=2
2 marks Correct answer
1 mark Obtaining the line 6x—-3-2x-2=3

(©)  427-2V12=4x33-2x23

=123-43
=83
2'marks Correct answer
1 mark Obtaining 4x3v/3 ~2x 243

@©THE HEFFERNAN GROUP 2006 Mathematics Trial Exam solutions

(including GST) =$30-80
cost of book after discount =30-80x %g
(excluding GST) =328
2 marks Correct answer
1 mark Obtaining $30.80
® I=r6
10=156
p=2
3
6= 2° " 180
3 7z
(2
T
=(38.197..F
=38°12'(to the nearest minute)
2 marks Correct answer
1 mark Using /=r8
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Question 2 (12 marks)

(iif)

The equation of CE is 2x+ y—12=10.
The perpendicular distance from A(2,0)
_x2+1x0-12|

toCE =
V22 +17

t
Q0

oz, sl 5

2 marks

Correctly deriving answer

1 mark

Making a reasonable attempt to substitute into the correct formula

(@) J(@)=(4-3) +1
=2
1
VACHE 77 =3
2/(4)- 1(-1)=2(2)-3
=1
2 marks Correct answer
1 mark Finding correctly either f(4)or f(~1)
() ()  Gradientof CEis 12-0_,
Equation of CEis y -0 = —2(x —6)
y=-2x+12
(Alternatively y-12= —-2(x - 0)_
y=-2x+12)
2 marks | Deriving equation correctly
1 mark | Finding gradient correctly
(ii)  gradient of AD = gradient of CE= -2
The x coordinate of D is zero.
Let D be the point (0, y,)
then 21— 0. -2
0-2
»=4
D has coordinates (0,4)
2 marks Correct answer
1 mark Finding one correct coordinate

(i)

Find B.
Equation of ABisy—0= %(x -2)

y=36-2)

Note that the gradient of 4B is % since the gradient of CE is 2.
B is the point of intersection of CE and 45.
y=-2x+12
X

=X
=3

So -2x+12=2-1
2
—dx+24=x-2
—5x=-26
26

x==

5
y=—~2><2—56—+12

— | oo

B is the point (5—,1 3)
55

2 marks

Correct answer

1 mark

Finding the equation of 4B
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AD+CEJ

(v) Areaof ACED= AB( 5

Now, 4B = 8—? from part (iii).
A(2,0), C(6,0), D(0.4), E(0.12)
AD =:J(2-0) +(0-4)

CE =+/(6-0) +(0~12)
=180

=65
Areaof ACED = %[—5_—( 5

2J§+6«/§j

=8\5/§><4\/—5-

= 32 square units

Question 3 (12 marks)
@ @O i(cosz 3x)
dx
= -;{—x((cos3x)2>

= 2(cos3x {~ 3sin 3x)
= —6¢cos3xsin3x

2 marks Correct answer

1 mark Obtaining 2{cos3x {~ 3sin3x)

2 marks Correct answer

1 mark Finding correct lengths for 4D and CE

i) i[Ztanx)
e e

__fz’_ 2tan x
dx

X
82

£
(2sec’ x)e? — %(2 tan x)

)

x
22!2seczx—tanx?

x

e

_ !2sec2 x—tanx?

x
e?

w3

2 marks Correct answer
1 mark x

LR
(2sec’ x)e? —%—(2 tan x)

]

Obtaining

1 x M x 1
(b) ) jeidx=2e5]
]

!
=2 ez—lJ

2 marks . | Correct answer

1 mark !

Obtaining Z[e 2 }

0
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Question 4 (12 marks)

G) [SS g L[2e0SE 5 @ @ 3cos8-2=0
3+sin2x 2 ?3+sin2x 5
== S|A
=%logg(3+sin2x)+c ‘ cos¢ 3 0<o<27
6 =084106..., 2z-084106... Tie
2 marks Correct answer =0.84, 5.44 (correct to2 decimal places)
1 mark Recognizing that a log function was required 2 marks Correct answers
(©) I mark - One correct answer
. y
(ii) A
y=3cosd -2
™ a
0.84\ 7 ” 3z /544 m
2 2
ot
@ ZABC =50° +20°
=70° (asshown in diagram)
[ 1 mark | Correct answer ] -3
(i)  AC? =15 +10? -2(10)15)cos70°
=2254+100-300cos70° 2 marks Correct graph with all intercepts marked
. 1 mark Correct graph with no intercepts marked
=325-300c0s70
=25(13 -12cos 70" )
[ 1 mark | Correct answer ]
(iii) Let LACB =0
sin@ _sin70°
10 AC
sinf = 10sin 70° ) .
25013 - 12008 70° where AC is from part (ii)
6 =39°4" (nearest minute)
Now, 360° — (39"4’ )—20° =300"56'
The bearing of 4 from Cis 301" (to the nearest degree).
2 marks Correct answer
1 mark Finding @ correctly.
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E
® (iv)  Since AMCE|JADCB, 3
EA:BD=CE:CB
Since BD = AB (given),
EA:AB=CE:CB
A4
[ 1 mark | Correctly reasoried answer
A
(i) A's ABE and DBE are both right angled triangles. ©
Also, AB = DB (given) y NOT TO
EB is a shared hypotenuse of A's ABE and DBE . 4 SCALE
So A4BE = ADBE (If two right-angled triangles have equal
hypotenuses and one other pair of sides equal in
length they are congruent.)
2 marks Correctly reasoned answer 1 m / > X
1 mark Making some attempt at showing the RHS condition for congruency 0 W4 9 c/12
(ii) LABE =6 (AABE = ADBE from part (i) and ZABE
is the corresponding angle to £ZDBE.)
. . 12
£BDC + ZACE = £DB4  (The sum of two angles in a triangle equals the J‘ f(x) dr = area B - area A - area C
exterior opposite angle.) i
. 4 12
80 90" + LACE = LDBE + £EBA because J.f(x)dx' and J'f(x)dx are both negative.
90° + LACE =26 ) i 5
ZACE =20 —90° ISzmce area 4 = area B,
x)dx =—~area C
[ 1 mark | Correctly reasoned answer ] ;’— /&)
12
(i) ZCAE=/BDC =90 (given) = [£(x)a
ZACE = ZBCD (common angle) ’
So AACEH]ADCB (Two angles of one triangle are equal respectively 2 marks T Correct answer
to two angles of another triangle.) 1 mark Some attempt made at arriving at correct answer
2 marks Correctly reasoned answer
1 mark Making some reasonable attempt at showing similarity
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Question 5 (12 marks)

@ (2 -2x)f =3+2(x? - 2x)
letm=x"-2x

so m’=3+2m

m*=2m-3=0
(m-3 m+1)=0
m=3m=-1
x?=2x=3 x?-2x=-1

¥ -2x-3=0 x’-2x+1=0
(x-3)x+1)=0 (x-1'=0

12

Question 5 (cont’d)

) b —(k+1)x+1=0
A={k+1) —4xkx1
=k*+2k+1-4k

=k ~2k+1

=(k-1y
For 2 distinct roots we require (k - 1)2 > 0 ; that is we require k real,

k=1.
be
y=(k-1
i k
2 marks Correct answer
1 mark Obtaining (k-1)* >0

x=3,x=-1 x=1
4 marks Correct answers
3 marks Finding x =3and x = —1 as solutions OR x =1 as solution
2 marks Finding x* —2x-3=0 orx’ -2x+1=0
1 mark Solving correctly m* —2m—-3=0
(b) 557 ~(214ak+a=0
let a,i be the roots of the equation
a
(o)
soa —|=—
a) 5
a=5
5x*~26x+5=0
(5x-1fx-5)=0
x= l, x=5

5

The two roots are %a.nd 5.

3 marks Correct answer
2 marks Finding g correctly and one of the roots
1 mark Finding a correctly

(d)  The graph of y = f(x) has stationary points where x = -1, x =1 and x = 4.
It must pass through (0,0)and (4,~2).

© THE HEFFERNAN GROUP 2006 HSC Mathematics Trial Exam solutions

y
4
1 I 2 \3 4 >
-1}
2+
y=5
3 marks Correct graph
2 marks Showing correct turning points and point of inflexion
1 mark Showing one correct turning point or point of inflexion
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Question 6 (12 marks)

(a) log, 7 +2log; 3 =log, 7 +log, 3

=log,7x3?
=log, 63
log, 63

=—=%— (using change of base formula)
log, 5

=257 {correct to 2 decimal places)
Alternately, log, 63

_ log,, 63

- log, 5

=257 (correct to 2 decimal places)

2 marks

Correct answer

1 mark

Obtaining log 63

® O

y=x+1
y=xt-1
¥ -l=x+1
x?-x-2=0
(x=2)x+1)=0
x=2orx=-1
The points of intersection are (2,3)and (~1,0).

[ 1 mark

| Correct answer

(i)

! 0
Volume = zr_[(y—l)2 dy+nm f(y+ 1)dy
0 ~i

I 2 0
=7 (y2 —2y+1)dy+7r[y7+y]
-

5w . .
= 3 cubic units

3 marks Correct answer ) :
2 marks Correct integrals with an integration or arithmetic mistake
1 mark Obtaining correct integrand with incorrect terminal(s) OR

correct terminals with incorrect integrand(s)
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Question 6 (cont’d)

© ®

To score 4 points a player must have thrown 2 heads on each turn.

The tree diagram below shows the probabilities for one turn.

1 h
3

o
Wl— Wi
-

W
o+

Sequence Probability
Hh 1 1

6

|
X

0o w—

I}

Ht

X
Th X
x =

@

3
Tt -
3
P(4 points) = P(2 heads) x

1 1

= ——

6 6

1

"3

1
3

11
3 6
2 1
3

P(2h

eads)

2 marks

Correct answer

1 mark

Find correctly the probability of throwing 2 heads

@D

P(at least 1 point)
=1- P(0 points)
=1~ P(4 tails)

i
33

k4
9

2 marks

Correct answer

1 mark

Use of the complementary approach
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Question 6 (cont’d)

(i)  To score three points in a game a player must throw exactly 3 heads.
The tree diagram below shows the probability for two turns. There are
16 possible outcomes for a player in a game. We are interested in those

that have exactly 3 heads (or exactly 1 tail).

wi—
-+

it
- =

wha

e
oo
(X'

™
-

H
: i i _h
2

let

H zh

H T% ljt
; 7"

2 H % 3t

w
-
-
-
“im
i
=M=

win

-

P(3 heads) = P(HhHt) + P(HhTh) + P(HtHR) + P(ThHR)
11 11
=ttt —
18 36 18 36
L
36

| —

Question 7 (12 marks)

2sin’x .,
- =sin® x

@ O r=

T . Y,
For0<x<z,sm20<r <smzz

0<r<l
2

Since =1 <r <1 the limiting sum exists.

2 marks Correct answer

1 mark Making a reasonable attempt to find how many outcomes have 3
heads appearing

© THE HEFFERNAN GROUP 2006 HSC Mathematics Trial Exam solutions

2 marks Correctly reasoned answer
1 mark Finding correct values of r
.. 2
ii S, =—————
) ® l-sin®x
2
cos? x
Asx — E, S, — 2
4 2
cos® —
4
so S, =4
2 marks Correct answer
1 mark
et Finding S, = —
cos” x

b) a=log, k,d=log, k
St =%[210g2 k+9log, k]=165

1110g2k=£§—51=33
log, k=3
k=2
so k=8
3marks Correct answer
2 marks Obtaining log, k =3
1 mark Obtaining correct expression for S,
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Question 7 (cont’d)

© O

x=5+2sinxt
v=2zcosmt

| Correct answer

[ 1 mark

(i)

Given v =0, find ¢.

2z cosmt=0
coszt=0
zt=cos™ 0
T
rt==
2
The particle is first at rest at 1 = % second.
{ 1 mark | Correct answer
(i) x=5+2sinxt
amplitude = 2, period = 7 2, graph is translated 5 units up
T
X
4
T
5 .
3
05 1 15 2 25 5 35 47!
distance travelled =2 +3x 4 +2
=16 metres
3 marks Correct graph and distance travelled
2 marks Correct graph
1 mark Finding correct period, amplitude and translation
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Question 8 (12 marks)

(2)

range = [0,2]or 0< y <2

y=2tanx

r
4

Correct sketch and answer

2 marks

One of the above

1 mark

®

®

2

Jx)=x |
0,7(2)=4, f(4)=16, f(6)=36and f(8)=64

10)=
[FG)ax = [£lx)abe+ [f(x)atx

[

_1_x4(0+4x4+16)+é><4(16+4x36+64)

128 896
=4+ =
6 6
2

=170—
3

2 marks

Correct answer using Simpson’s rule

Correct method with one arithmetic mistake

1 mark

(i)
8 x3 8
Ixz dx ) [—:I
; 3
_si2
3
= 170g
3
Since the same answer is obtained by integrating, we see that

for this particular function over this interval, Simpson's rule
provides an exact answer rather than an approximation.

4

| Correct explanation

[ 1 mark
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4, =20000%1-025~ R
4, = A4 x1.025-R
=20000x1-025" —=1-025R - R
4, = 4,x1.025-R
=20000%1-025" ~1-025? R—1-025R - R
=20000x1-025° - R(1+1-025+1.0257)

[ 1 mark

[ Correct derivation

(if)

A, =20000x1-025" ~ R{1+1-025+1-025% +...+1-025"")
For the series in the brackets, g =1, » =1-025 and there are n terms.
g 025 -1)
" 0025
= 40(1-025" -1)
4, =20000x1-025" —40R(1-025" ~1)

2 marks

Correctly derived answer including the series finishing with
1-025"" andnot1-025”

1 mark

Obtaining the first line in the working

(iii)

If the loan is paid off after 7 years or 7x 4 = 28 quarters,
then 4, =0whenn =28

So  0=1-025% x 20000 - 40R(1-025% ~1)
40R(1-025% ~1)=1.025% x 20000
_1-025% x 20000

" 4000257 -1)

=$1001-76

2 marks

Correct answer

1 mark

Obtaining the equation 0 =1-025% x 20000 — 40R(1-025% —1)

20

Question 8 (Cont’d.)

(iv)  If Julian pays $1 282.94 per quarter in repayments then
4, =20000x1-025" - 40R(1-025" ~1)
becomes 0= 20000x1-025" - 40x1282-94(1 -025" ~ 1)
s0 20000x1-025" = 40x1282.-94(1-025" ~1)
=51317-6x1-025" ~51317 -6
31317-6x1-025" = 51317-6
1.025" =1-6386...

Method 1 — trial and error

1-025" =1-6386...
If n=30, LS =2-0975..TOO HIGH

n=10, LS =1-2800..TOO0LOW
n=20, LS=1-6386..
So it would take 20 quarters or five years.

Method 2 — change of base
1-025" =1-6386...
log, o (1 : 6386...): n
SO n= M'—
log,, 1.025

=19.9995...
So it would take 20 quarters or five years.

Method 3 — take log,, or log, of both sides
1.025" =1-6386...
log,, 1.025" =log,, 1.6386...
nlog,,1.025 =log,, 1.6386...
= log,, 1.6386...
log,, 1.025

=19.9995...
So it would take 20 quarters or five years.

2 marks Correct answer

1 mark Obtaining 1-025" =1-6386...
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Question 9 (12 marks)
@ @  fl)=e+e”
f(—x)=e" +e”
= f(x)
so f(x)isan even function
Fe)=e e
For the stationary point f*(x)=0:
e ~eF =0
e” ——1; =0
e
e =1
2x=log,1
=0
so x=0
F0)=e +¢°
=2

The stationary point is (0, 2).

Nature:
x |-1]ol1
f'(x) ] -ve | 0 I +ve
The point (0,2) is a local minimum.

22

Question 9 (cont’d)

@) At x=1, f)=e+e”

=e+—
€

Atx=1, f'{l)=e-e"
1

=g -
e

The equation of the tangent at (1, e+ —1—j is given by
e

y-(e+§]=Ee—%(x-l>
1 1 1
y-e——=le-~|x—e+—

CH
so y=|e——|x+—
e e

YQREF(C)
2
.I > X

3 marks Correctly sketched graph with statienary point given and having

shown f(x)= f(-x).
2 marks Correctly sketched graph with stationary point given OR correctly

shown f(x)= f(-x) and correct stationary point.
1 mark Showing f(x)= f(~ x) OR finding the stationary point

2 marks Correct equation
1 mark Finding gradient of tangent
(iii)
1 y=r®
2
7T —» X

=(e—e" —1e+i-§]-( 0 _e"—(0-0))
]

© THE HEFFERNAN GROUP 2006 HSC Mathematics Trial Exam solutions

2 2e
5
=—e—-——(1-1
2 2e =D
1 ( 5) .
=—| e —— |square units
2 e
2 marks Correct answer
1 mark Giving correct integral
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Question 9 (cont’d)
b O N = Nye™™
% =-0.03N,e™%
=-0.03¥
[ 1 mark | Correctly showing it to be a solution ]

(i)  Giventhat N =—N,, find .
2
%No = Noe-oosz

Logom 20
2

-0.03t= ln—l—
2

(- ln2
0.03
t = 23 days (to the nearest day)
It will take 23 days.

24

Question 10 (12 marks)

dv _ 24
415

2
V=12_[t2+15dt

@ O

¥ =12log, (1> +15)+c
1=0,V=0
0=12log,{15)+¢

¢ =-12log,(15)

2
v =1210g |
15

Have shown

2 marks Correctly derived answer

I mark Obtaining ¥ =12log, (i +15)+¢

[ 1 mark | Correctly finding number of days

(iil)  Also, when
N= %No ,

a _ ~0.03(1N0]
dt 2

=-0.015N,

[ 1 mark | Correctly finding rate

(iv)y When N <5%WN,, findz
5N,
100

- 1
00 o 1

20

Noe—O,OBI <

~0.03f < lnL
20

ln—L

t>—29 _999(1dec)
Z0.03

So ¢ =100days (to the nearest whole number) for the number of
species to fall just below 5%.

(i)  The volume of the cellar is 12m? x 2m = 24m’

2
So 24 =1210g‘,(t 1*515)

t*+15
2 =lo,

15¢* =12 +15

t=+15¢* =15,1>0

=9.7895...
The cellar will fill with water at 11.47 pm on Saturday (to the nearest

minute).

2 marks Correct answer

1 mark 2
Obtaining 2 =logu[t ;:-SISJ

2 marks Correct answer

5N,
100

1 mark
Obtaining Nye ™ <
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Question 10 (cont’d)

(iii) 6 pm Saturday corresponds to ¢ = 4 for the function
12 +15
V =12log,

] (when the cellar is filling with water).

SoV=1210ge(16+15)

=8-7112...
So at 6pm when the water stops flowing in and the pump starts,
V =8.711244m’ (correct to 6 decimal places).
dv

2
Now, 7 % where f = 0 corresponds to 6pm

V=%J.t2dt
3

V=t—+c
3k

Whent =0,V =8-711244
8.711244 = ¢
t}
V=—+8-711244
3k
At 8pm; thatis,at r=2,V =0.
So, O=—8—-+8~711244
3k

k= 8
Ix~8-711244
=-0-3061(correct to 4 significant figures)

2 marks Correct answer

1 mark £
Obtaining V=8-7Il2att=OANDV=§+c

26

Question 10 (cont’d)

(b

®

Now, in APSR, siné =—R—S—,so RS =rsinf.
: r.
Since RS =rsind, TR =2rsiné.

So in ATQR, sinf = R_Q 50 RQ = 2rsin® @
2rsiné

Now PQ =PR-RQ
=p-2rsin’ @
= r(l - 2sin? 9)
In APQO, tanf = OQ_
Hi-2sin?0)
00 = rtan6(1 - 2sin? 6)

as required.

2 marks

Correctly reasoned answers

1 mark

Obtaining one correctly reasoned answer
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Question 10 (cont’d) -

(i)
r’tané

A= (1-2sin?0)

2 2
EA; =1 gec? 9(1 —2sin? 9)2 + tan@x 2(1 —2sin® 9)x —4sinfcosf
dg 2 2
2
= 12—5602 9(] —2sin? 6)2 — 4% sin’ 9(1 —2sin? 9)

= r?(1-2sin? 0){ 29(1 2sin?6)- 4sin29}
=7 (1-25in? B)sec’ 61~ 25in’ 0)-8sin 6
" (1-2sin” 6 )sec’ 6~ 25in” @sec’ 9 —8sin’ 9}
(1-2sin? 9){——17~(1 —2(1 - cos? 6))-8(1 - cos? 9)}

(1 2sin’ 9( 9( 1+2cos’ 9) 8+8c0529)
os?

(1 2sin® 9(8005 0-6- 1, )
cos* g

K\)l“‘ o[

o

~

~|m wm ~1

2cos 9(1 2gin’ 6X8cos @ -6cos’d— 1)

as required.

(iii) A maximum occurs when g% =0.

If 1-2sin’ @ =0, then siné = +———and9 =Zzsasolu’aon

7

This solution must be rejected though because 0 <8 < %

For 8¢ -6a-1=0,a=0-890ra=-0-14.

So, for 8cos* @~ 6cos’ @ ~1=0,

cos’#=0-89 or cos’@d=~0-14 which hasno real solutions
cosd =10-9433...

6 =0-3380... or @=2-8035... rejectsince0 <@ <%

Since we are told that just one maximum and no minimum exist for

0<f< % , then the maximum occurs when @ = 0-338 (correct to 3

decimal places).

[ 1 mark | Correct answer
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