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Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 If z=2+3i and w=-5-2i, what is the value of zw?

(a) -4
B) -3+i

(€ -4-19
D) -16-19

2 . What is the gradient of the tangent to the curve ~2x*+ y + y =0 at the point (1\,1) ?

(a) 1

®

N|w win

©

o 2

3 Thepoint P(ct’, %j lies on the hyperbola xy =c?,

‘What is the x-intercept of the tangent to the hyperbola at P?

4

The vertices of the triangle PR are represented by the complex numbers z,, z, and z,

respectively. The triangle POR is isosceles and right-angled at 0, as shown in the

diagram.

Yi
P(z)

O(z,)

R(z,)

Which of the following statements is true?

A) z—z= i(z, - z,)

"B) z7—z=iz-z,)

€) z-z=i(z-z)

D z-z ;i(zl —-1z;)

Which of the following graphs could represent the graphi of y = |x| + ]x—l| ?

») y o ®
1
0 1 %
© y ()]
1 )
/ 0 1 x

y




The diagram shows the graph x* +y* =1 for —1< x <0. The region bounded by the

6 Which of the following, for x>0, is an expression for j X 4x dx? graph and the y-axis is rotated about the line x =1 to form a solid.
I
I
(A) log, (x\/x2 +1)+ C I
7 S | -

(6 41) 5 !

®B) log,(x(x*+D))+C ‘ . , [ (—i—:
/// //’ |

x , : =1\ 0 [ x

© o[ i | N '
» | G !
@) log. Ty &) i
A _q !

7 A stone of mass m is dropped from rest and falls in a medium in which the resistance is
directly proportional to the square of the velocity v. Suppose mk is the constant of
proportionality and that the displacement downwards from the initial position is x at time

0
t. The acceleration due to gravity is g. A) ZEJ (1 + x) N—x? dx
-1

‘Which of the following is true? )

Which integral represents the volume of the solid?

o
- (3B Zﬂ'J (1-x)V1-x* dx
(A) The terminal velocity is —‘I‘-*;-». =

0
© 47rj (1+ x)xll—xzv dx
B) Ast-—>w, x—> L where L is a positive constant. -1

. 0 .
. ’ 42
(C) The equation of motion is given by v % =g-kv ' ) (D) 4z J _l(l x) 1= dx

. v
(D) The time for the stone to reach velocity ¥ is given by J-o g~k av.




9 The polynomial p(x) of degree 4 has real coefficients. Section II
p(x) hasroots @, B, ¥ and §and it is known that a? + 5%+ % + 6% =-8.

A 90 marks

Attempt Questions 11-16

Which of the following must be true?
Bt e Allow about 2 hours and 45 minutes for this section

A ) .
(A) p(x) has all its roots real. . Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.
B) pk) has_ one real and three imaginary roots. Tn Questions 11-16, your responses should include relevant mathematical reasoning and/or

calculations.
(C)  p(x) has two real and two imaginary roots. calculations

(D)  p(x) has at least two imaginary roots. Question 11 (15 marks) Use a SEPARATE writing booklet.

(8) Let z=2+3i and w=-3-41,

10 If S (x) is a non-zero odd function with period z, which of the following statements is

false? . (i) Findz+w

(i) Express Y in the forma + ib, where a and b are real numbers.
z

@) J ”f(x)dx =0

(b) Sketch the region in the complex plane which satisfies % < arg(z) < 5—675 and

xX)dx =2 dx ;|
® | 1o j @ \ P
© [ rox--[ rena | p
0 0 (c) FindJ' __x_3 using the substitution x =3sin . Give your answer in terms of x.
| o=+

:(D) J f(x)dx = fx f(x)dx for any real number o.

(d) The following diagram shows the graph of f (x)= —2211 .
x
¥
14
o 0 T —
-1t

Draw separate onc-third page diagrams of the graphs of each of the following.

0 y=[r@J
() y=y7()

N
@) =7




Question 12 (15 marks) Use a SEPARATE writing booklet.

(@ (i). Find the square roots of —24—10i.

‘(i) Hence, or otherwise, solve x*—(1-i)x+6+2i=0.

(b) Use integration by parfs to find J‘% dx .

N 4
. o . 7 dx
(c) Using the substitution ¢ = tan% , or otherwise, evaluate

(d) An ellipse is defined by the parametric equations:
x=2cos8
"y=3sind

for 0568<2r.

(i) Find the Cartesian equation of the ellipse.

(ii) Find the eccentricity of the ellipse.

(iif) Sketch the ellipse showing the intercepts, foci and directrices.

0 2+4cosx

Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) A group of 30 students is to be divided into three groups consisting of 7, 8 and 15
students. In how many ways can this be done?

(b) (i) Findaandb suchthat x=2 is a double root of p(x)=x"+ax’+x*+b.

(ii)  For the values of a and b above, factorise p (x) over the real numbers.

©

A particle P of mass 0.3 kg is attached to one end of each of two light inextensible
strings of different lengths. The longer string is also attached to a fixed point 4 and the
shorter string is also attached to a fixed point B, which is vertically below 4.

AP makes an angle of 30° with the vertical and is 0.4 m long. PB makes an angle of 60°
with the vertical. The particle moves in a horizontal circle with constant angular speed
and with both strings taut. The tension in the string AP is 5 N. Assume the acceleration
due to gravity is 10ms™.

(i)  Find the tension in the string PB.

(if) Calculate the angular velocity of the particle P correct to 1 decimal place.

Question 13 continues of page 10




Question 13 (continued) Question 14 (15 marks) Use 2 SEPARATE writing booklet.

(d) The base of a solid, S, is the region enclosed by the parabola y = x* +1 and the line

(a) Consider the polynomial p(x)=x’~x*-21x+45 with roots &, £ and y.
y=2.

(i)  Find the monic polynomial with roots & -3, #-3, ¥ 3.

(i) Hence solve p(x)=0.

(b) Two circles C; and C, meet at P and S. Points 4 and R lie on (; and points B and Q lie
onC,. AB passes through § and AR produced meets BQ produced at C, as shown in the

diagram.
C
P
%
0 T x
R
Each cross section of S perpendicular to the y-axis is a rectangle. The height of the ‘ ;
rectangle that is y units from the origin is 4y units. G c,
()  Show that the area of the rectangle y units from the origin is given by y/y 71 2 4
square units. . SN
. : : B
(i) Hence find the volume of the solid 5. 3 :

(i) Prove that ZPRA=/PQB.

(ii) Prove that the points P, R, Q and C are concyclic.

End of Question 13

Question 14 continues on page 12

10 11




Question 14 (continued)

2 2 )
(c) The point P(asec#, btand) lies on the hyperbola _x_2 - -ZT =1 with focus S(ae,0).
a .

The tangent to the hyperbola at P meets the asymptotes of the hyperbola at Q and R, as
shown in the diagram.

y

P(asecd,btan8)

- S(ae,0) x
(i)  Show that the equation of the tangent to the hyperbola at P is given by 2
ZsecO-Ltang=1. I
a b
ii) Show that Q has coordinates | —— b. ) 2
@ ow that g has coo secf—tan @ sec—tand )’

a ~-b
secH+tand’ secH+tand

The coordinates of R are given by ( ) (Do NOT prove this).

) b
@iii) Prove that tan ZOSR = ~ 3

End of Question 14

12

Question 15 (15 marks) Use a SEPARATE writing booklet.

®

®)

©

®

(i)

®
(i)

(iii)

.o

4
Evaluate J tan x dx.

0 .

r

7
Suppose I, =J. tan"x dx.
0

Given that [, = —1—1—1"_2 for any integer n > 2, find the value of
n—

v
j tan®x dx.
0
Find the five fifth roots of z° =1 and plot these on an Argand diagram.

Express z° —1 as the product of real linear and quadratic factors.

4z 1

.Prove that cosz—”+ coO§— = ~—,
5 2

5

A projectile starting from the origin has acceleration given by

2
51—2{=—6ix——9x
dt dt

where x is the displacement from the origin at time £.

The solution to this equation is known to be of the form, x(¢) = f(f)e™ , for some

function f(¢).

®

(i)
(iti)

Show that f(t)=At+ B, where 4 and B are constants.

Find the value of B.

Assuming that 4 is positive, at what time is the displacement a maximum?

You do not need to prove a maximum is attained.

13




Question 16 (15 marks) Use a SEPARATE writing booklet.

®

(®)

©

The points P and @ represent the complex numbers z and w on an Argand diagram,

2

3z+
where w=

and P moves on the circle lz| =
7—1.

By writing an expression for z in terms of w, or otherwise, sketch the locus of w.

@) For any positive integer k, show that
1 1 1 1.1

+ +.. 22—,
2641 2842 2F43 2642 2
(i)  Prove by induction that, for integers n>1,

1+l+l+...+izl(n+1).
2 3 2" .2

Let x=cosf+isinf for 0 <8 <2z, and let n be a positive integer.

. p, 1 e
@ Show that x" + pry =2cos k8, for any positive integer k.

(i)  Show that

T B
X = x" + + X 2"_2 + 2n——4
x x 1 2
A ()
+
1
(i) Deduce that

2
2260528 = cos 2n6‘+( | cos(2n— 2)9+( ;}cos(Zn -4)6

2
+[ " )cos20+ [
n-1

. 2
2
(iv)  Hence show that J cosz"ﬁd6=—f—[ n}
n

2n-1
0 2

End of paper
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CSSA 2013 EXT 2 TRIAL HSC SOLUTIONS

Section I
10 marks

Questions 1-10 (1 mark each)

Question 1 (1 mark)

Solution

Answer

Mark

(2+30)(-5-21)
==10~4i 151 -6
=-4~19

Question 2 (1 mark)

Solutien

Angwer -

Mark

Using implicit differentiation
dy
Axs2p B P g
™
dy - 4x
de- 2yl

&3

Substituting (1, 1),

Question 4 {1 mark)

Question 3 (1 mark)

Solutien

Angwer

Marl

dy _—¢
& %

0y A ¢ -1
At]’(ot,t), PR T R

Equation of the tangent at P:
c -1
——2 (X~ el
R L)
ity =20t
The x-intercept is (2¢4,0).

Solution Answer | Mark
metng{ B |
7~z =1{z,~12,)
Question 5 (1 mark)
Solution Answor ' | Mark
¥y \
\ / )
i ! A -1
6 1
Question 6 (1 mark)
_ - Solution Answer Mark
frtze e
X+x x x*+1
1 1
= ——] +1j+C
og, x~log, (x* 1) c 1
x
=log, e o
8 Jxtel
Question 7 (1 mark)
Solution Angwer Mark
The equation of motion is
mi =mg - mhky*
i=g-k c 1
oo dvdv :
Sinee ¥=v— , y—=g~kv’.
ce ¥=y—-, v protal




Question 8 (1 mark)

J o ;ezj'T f(ds
:21 ]

Saolution Aniswey Mark
4 =2:rﬂ(l-—x)x 212 dx
D 1
- 0 ey
=4x 4(1 x)1~2"dx
Question 9 (1 mark)
Solution Answer Mark
p(x) has at least 2 imaginary roots, D 1
Question 10 (1 mark)
Solution Answer Mark
B 1

Seetion IT
60 marks

Question 11 (15 marks)
(® () (1 mark)

2+ W =243 +(-3+4)
=-1+Ti

(2) (i) (2 marks)

“3mdi _=3=d4i 2-3i
23  2+3 2-3i
Y-8
13
8.1
1313

(b} (3 marks)

0 ' “Re@@)

() (4 marks)

J‘ dx =J- 3cosddO .
(Q-xz)% (9-9sin*6]’}

. cosfdd
Scos' g

=-;»Isecz ad9

E-ltEIHB-I-C
2
%

1 O
Oyt

(d) (1) (2 marks)
. y

..'1.l° 1 4 *

(d) (i) (1 mark)




(d) (iii) (2 marks)

-1 o 1

Question 12 (15 marks)
(@) (i) (2 matks)

Lot ~24~10i=(a Jr:'b)2 whera & and b are real.
Then, a® =b%+ 2abi =24 -10f

Eciuaﬁng real and imaginary parts; g —b* =24 and 20 =-10
Substituting b = :&i into o' ~b* =24, gives

a'+24a% -25=0
(e +25)(a* -1)=0

a=1tlgince aisreal,
Lb=%5

»+ The square roots of ~24—10f are 1- 5/, ~1+51.

() (i) (2 marks) _
le-;i‘/(l—f)“»—qeug

2
_1-i2/=24-10¢
2
_L-i(i-50)

2
=1-34, 2

(b) (2 marks)
j}%dx aflnx.x”dx
=1 -1 1
=lnx (—x )—J‘{—x );dx

=-E+J‘x'zdx
x -

(¢} (4 marks)

‘ T
o T 24t
= THIE
e 2-+008X +1-=t 144

gzt
05T e

=J“ 24t
o 243

Tl

3
9

(d) (i) (1 mark)

z z .
LI |

4 9




(dy (i (1 mark)
4=9(1-¢")

V5

& o e

(d) (i) (3 marks)
‘ y

-2

Question 13 (15 marks)
(2) (1 mark)

300 (30)(23)(14
75 o L7 s s

(1) @ (3 marks)

p{x)=x*+ad’ +2*+b

P(*) =47 +3m? +2x
P(2)=0=>32+12a+4=0=5a=-3
PRQ)=0=16-2444+b=0=>b=4

sa=—3andb=4

(b) (i) (1 mark),

p(x)=x" -3¢+ +4
(;:"=—3x’+x’+4}+(x2-4x+4)=x2+x+1
- p(x)= (.x---Z)2 (x’ --I-x-l-l)

{c) (i) (2 marks)
Let T be the tengion in the string PB.

500530° =T cos60° +mg

53T o310
22

T= S«E — 6 Newtons
- (= 2.66 Newtons)

(e) @) (3 marks)
Let P move in & horizontal circle of radius » metres at rﬂqiansfsecond.

r=045in30°=02metres !
Resolving forces horizontally

58in30°+ T'8in 60° = ma’s

§+ (53 —6)3§~= 0.3xa? x0.2
e 50(103-3\]3 ]

8.9 radians / second (tdp)

(&) (i) (2 matks)
Pétabola has equation y = x? +1=> x=#fy~1

& y units from the otigin, the base of the rectangular cross-section has length 2. y-1,
The height of the rectangular cross-section is Ly (plven).

Henes, the area of the rectangle y units from the origin is 2./ y—-lx% y =y y~1 square units.




(@) (i) (3 marks)

yef sl

Using the substitution y=n+1

Ve[ (i)
= j: (ugf -:-u*)du

't T
. =[§§__+Eu_jl
5 3

]
-1
15

 The volume of the solid §is -:% cubic tnits,

Question 14 (15 marks)

(a) () @ marks) .

P =2 ~2* ~21x+45=(x—a)(x~B)(x~7) hasroots @, Fand y.

+ The manic polynomial with roots & ~3, S-3and ¥ ~3is piven by
((5+3)-){{x+3)-£)((x+3)-7)

= (x+3) —(2+3) ~21(x+3) +45

=xt 8¢, -
() (ii) (1 mark)
#* 48x% = 5" (x+8) has roots @~3=0, f-3=0,y~3=-8
ne=3 =3 y=-5,

s x=3,-5 are the solutions to p(x)=0.

(b) (i) (2 marks)

£PRA =PS54 (angles in the same segment ate equal)

£PSA=#/PQR (exterior angle of cyclic quadrilateral PSEQ equals the opposite interior angle)
o £PRA=LPOR ’ ‘

(b) (ii) (2 marks)

ZPRA=/POR (from part i)

180° - £PRA =180°—~ ZPQB

Therefore, ZPRC =ZPRC ..

~ P, R, @ and C are coneyclic as FC subtends equal angles at R and (J {on the sante side of PC)

{c) (i) (2 marks)

.x=}gsecﬁ=¢%=ase«:6tﬂn6
dy 2

¥ Btanﬂ:a»dg sec

_r;z")_)gbsecﬂ
dv atand

‘The equation of the tangent at P:

a baecd
atan @
aytan & ~abtan® B = bxsec O~ abses®

bysec @ aytan d = ab(gec’ § —tan* §)

y—btan &= (x—asect)

Zsecd-Ltanb=1
a b

{¢) (ii) (2 marks)
For the coordinates of O solva —{secﬂ—%im =1 simultaneously with the equation of the
a

asymptote y= -lzx. .
a

k3 .
Eoeco-Ttang =1
a b

[sec@ tfmﬂ)

¥ B2E IR0

’ ] a

PR W ' )
gecd—tand

Substituting into y = %x : v \

b _,,f_)
r= a[secG—tanH
b
" secO—tanf

Hence, the coordinates of O are 4 R b .
secf—tand secf—tand

10




(o) (iti) (3 marks)
b

mm =

sea @ —tand b

4]

secd—tand

_ge A(1-esecf+etand)

~b

sec 4 tand -

a

secd+tand

tan( LORS) =

ge A(1-esecd—etand)

Mg = Mg l

1+mg,.mm|
b -, —b
afl-esecdretand) a(l-esecd-etand)

1]

, -b
t a{l-esecd+etan ) * a(l-esecf—etand)

ab(1-esecd—etan §+1-esecd+etan ] [

a*(1-esenf + etan §)(1-escof—eton ) - b* |
2ab(1~esecd) |

&2 —Zafesend +a'et sec? O—a'e tan* - b* l

2ab(1-esecd)

& —2atesecd + ae (smc'z 0 —tan’&] - (a’ez - al)l

Zah(l—esecﬂ)
24° (1-esecd)

:

=P— since ¢, b >0
a

Question 15 (15 marks)

(8} (i) (2 marks)
_r} tanxde=

¢ 0

=[~

.}. .
SinXx e

COsX

In{cos :vc)]i‘F

=2 .

11

(a} (ii) {2 marks)
1
IS ﬂz—fj
i)
4 12 7
=-'—1+1m1'-2-
4
() () €2 marks)
z=1 cosgf-q-iqinE 'cosﬁ +{sin“_2ﬁ cusﬁﬁ-x—isini”% COSiJE’PfSiﬂ:ﬂE
s 57 55 5 5 5
o Sy cus-b—r-x-lsinz—#
I iy Sl 3
cos ¥ o pein % .
3 5, \\
RN \
\ I
',/'
cosii-%-islnﬂ?“‘-. - .-iu' =2
H 3 T -+~ cog —— 4 fin -
3 5
(b) {if) (2 marks)

The quadratic with roots et = cos%—risin-zéz, B -cos%-{«fsh:éﬂ =<x3s-2£—isin—2£
N 3 2 s 4
is 2 ~(a+ f)zraf=2* - Zsos—g- 2+,

4w

Similarly, the quadratic with toots cos %’Z + sin?, cos.—-_%E +f sin% is 2% = (2 vos iﬂ-«) 2+l

Hence, 2° -1=(z -=1)(z2 —(st%i)zf&l) (z’ —(2005%—-)24-1).

12




() i) 2 marks) (c) (i) (2 marks)
: x(t] = Aie™

sum of roots = — = 0
a :c'(!}:.Ae‘a*—BAte‘“

I+ cos%—+ ism—zsi + cns—i——l ism—%z+cos§5£+ismif-+ coslgf-ﬂsm n:# ={ = Ae™ (1a.3,)
1+ cos —2§-+i s{n%—-» coagg ~isin2?+oos 45 2 isin2E ces&fwz gin ﬂsﬁ =0 Displacement is 2 maximum when '(£)=0, i.e. f =~§-
1 27 A . ' . 1
+ 2cos-«5~ +2 cos-g— =0 . Therefore, the particle’s displacement is at maximum after 3 seconds.
In dzr -1 . 1 g . ; :
cos?—-% cos-—s— =5 - Note; since x’[—g—) =-34¢" <0 since 4> 0, p maximum is aifained.
(©) () (2 marks) Question 16 (15 marks)
x(fy= ™ (=) (3 marks)
P ? = 3242
()= (-3f(t)+f (t))e : W=—'z=:-1—
F O =03 (- 3f 0+ f®)e™ wz-we=3z42
=(97@)-6/1+ /') e Lo wt2
Smce‘; : —~6% 91, s : w-3
(O£ O~6L WD+ 7" 0)e™ =—6((-3/ 0+ L)) -9(7W)e) Since [z] =1,

(Or0-61W+ fO)e™ = (95 (O)~6f W)™
) Hence, f*($)=0
& F () 1s Hnear, e, f(f)= Af+B where 4 and B aro constants

w+2 =l=|w+2|=|w-3
w=3

Thus w is equidistant from ~2 and 3.

(e) (if) (1 mark) ' Tm(z)
x(f)=(4t+B)e™
When £ =10, x =0 {(as the projectile is starting from the crigin)
(dx0+-B)e™ = L .
" B=0 2 0 % 3 Re(?)

13 14




(b (@) (1 mark)

11 1 1 1 11 1
b ... = e + =4, 4
Pl T T T o e e T oF

' =¥y 1

2(24)

i

b [

(®) (if) (3 mark)
Let P(#) be the given proposition. P(1) is true sines 1 + == ~ == (1 +1¥=1,

Assume P(k) is true for some positive integer k.

11 11
ie 1+=+=—+4..+—=z=(k+1
ie. Lzt tgpao(b+1)

Prove F{k-+1} is true:

1++1++1 1+l+1++1 1;1,i++1_)
273 T2 F T e F s T

z —2=(Ic +1)+ 3 using the assumption and the result in part i
1
=—2—({k +1)+1)
¢« By the Principle of Mathematical Induction, P{n}is true for integersn 1.,

(c) (i) (2 marks)
By DeMoivre's theorem,

t=(cosg+ising)" =cos kO +isin kg
5 = {cos @ +isimg)™ —cos(—hﬂ)-&-ism(—kﬂ}ncoskﬁ - isinkd

& X7 = 008 kB +isin k@ + cos kO —isin kO
=2coskd
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(©) (i) (3 marks)

" (20 5 (20 er (21 s 2n 2z Y1 (2 )1 (a1
(x+x) -[O]x +(l)x HEY AR U m-2)x 7 Han-1)7 an 7
(21 50 (28) ge (28] 2s ‘2 Y 1 () 1 (a1

-—-(OJ;\: 4-(1]1?‘ + 2 X bk " +.F 5 W+ 1 ;ﬁ“_"{+ 0 'tTn
, n n
- since =
| AW
1 zn_ pL AT | 20Y gea, | 20N a1 2 s 1 o
[x-l-x) —[(J(x +x‘")+(l](x +——x2"")+ 5 (x +-—--xh_‘)+...+ et (x +?-)+(”)

Note (2’1) =1
0

{c) (ifi) (1 mark)
Using the result from part 1, x* +;lk- =2¢08%8 in ihe identity from partii:

{2c0s8)" = ( ](?.cos 206} +( )(2 oos(2n—2)6)+ ( ) )(2 doa(2n—4)0)+...+ [::’J(z c0829)+ [2:)
Dividing both sides by 2: ‘

2% cos @ = cos 2nd +(21 ]cos {2n-2)8+ ( )cos (2n—-4)0+., [:"J‘cos 20 +-;—(?:)

(c) {iv) (2 marks)
n 114

J 2 cas™ g0 =j cns2n9+(2 )cos (2n~ 2)04{ ]cos (2n~d)6+.. +("2"1Jc0929+%(2,:1] do
¢ 1]

Since I:'cos k0d6 =0 for all even integers &, all the integrals on the right hand side are zero except
for the constant term.

¥13 27 n
I 21 605G 20 =f i(z")da
o a 2 n
25
0]
2\n s

Dividing both sides by 2%,
2
j coa” 8 dd —22,‘_,[ n]
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