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General Instructions

Reading time — 5 minutes

Working time — 3 hours

Board approved calculators may be.
used.

A table’ of standard integrals is
provided at the back of this paper.
Diagrams are NOT drawn to scale.

All necessary working should bé shown |
in every question.

Start each question on a new pége.
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Extension 2

Total marks — 100

Section | Pages 3-7

10 marks
s Attempt Questions 1-10
» Allow about 15 minutes for this section

Section Il Pages 8-17

90 marks

. Aitempt Questions 11-16

o Allow about 2 hours and 45 minutes for
this section '

STANDARD INTEGRALS
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fx"dx =—mx"+l, naéfl; x#0,ifng0
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'; =Inx, x>0
ax 1 oax
fe dx ==, a=z0
a
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secaxdx . =—tanax, a#0
fsecaxtanaxdx =%secax, az0
1
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J.——-dx =ln(x+Vx2—-a2), x>a>0
/xz_az

. - [2. 2
f ,_x2+a2dx —ln(x+ x“+a )

NOTE : Inx=log,x, x>0




tior 3. Consider the Argand diagram below:
Section I
10 marks:.
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 110,
1 An object moves in a circular path at a constant speed. Which vector in the diagram > Re(z)

below best represents the object’s acceleration?

@ (A)  |z+i|<land 05arg(z+1).<———§—

® X g

—i -)<—
: >{§§) Iz z‘SlandOSa.rgz ) 4
© m .
';Qé‘ |z—i|<1and 0$arg(z—1)<'~4~
o v : :
©) |z+i<land 0Sarg(z+1)<%-

2: / Which of the following cannot be the argument of 2 complex number z

such that z° =~1-+17 s 4, A point P(x,y) moves so that the ratio of its distance from the point (1,0) and the line

A 11 x=2 is a constante, where 0 <e<1. The locus described by this point would be a:

Al :
.,(A) 56 A (A) Circle
® = - _ ’ , v (B) Parabola. C ) ’
12
(C)  Hyperbola
' T 297%
C — : . .
© 36 o (D)  Ellipse.
197z '
)] 36
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Given that (x—1)P(x) =16x° —20x° +5x -1, then if P(x)= (4xz +ax -1)2 , the value of 8. The graph of y = f(x} is shown below.
ais; S o y
|
@ 1 ,
® 2 ' o1
1 + + x
C = ; 2 4
© ;
® o
= Which graph best represents y = f(2—x)?
J‘o Ssinxcos' xdx=
o @) ®)
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24 24
x 44 44
_ ')
Given that .fsec" x.dx = —1-—ta1:1xs.ec"'2 x+ 11—2_'.sec"’2 xdx then J.sec4 xdx =
n-1 n-1 .
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The curve 43> —9x* =36 is defined parametrically by the equations: Section I1

__________ L 90 marks ‘
. / ’ e : Attempt Questions 11-16
(A) x=4secl, y=9tand Allow about 2 hours and 45 minutes for this section
B) x=3sech, y=2 tand . . Answer each question in a SEPARATE writing booklet. Exira writing booklets are available.

(C) x=2tanf, y=3secl ! In Questions 11-16, your responses should include relevant mathematical reasoning and/or
‘ calculations.

(D) x=9tand, y;4sec€r ,
Question 11 (15 marks)

(8) - The complex number wis given by w= -1+ J3i.

3 Px+Q R

7 ="5—=+4-— where x#1,and P, O, R are constants. Which one of : : ’ :

(x +2)(x—1) 42 x-1 -
. . @) Show that w* =2w. 2

the following statements is false? . :
@A) 3=(Px+Q)(x-1)+R(¥+2) " '

) (Px+0)(x-1) (x ) (i)  Evaluate |w|and argw. 2
B) R=1 :
(©) 3=2R-Q (iii)  Show that wis a root of the equation w~8=0. 1.
®) 3=P+R

(v)  Sketch the region of the Argand vdiagram whose points satisfy the inéqua]jties

‘z—;ls4and——3£5argzs—73£. v _ 2

Question 11 continues on page 9

(7 v : : ' (8]
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(d

(e)

ABCD is a quadrilateral whose diagonals AC and BD are equal and bisect each
other at the origin. 4 is the.complex number z and Z40B =30°.

@

(i) ~ What type of quadrilateral is ABCD? (justify your answer)

The complex number zis a function of the real number r given by the rule

Evaluate lz| and hence describe the locus of z as r varies from O to 1.

By completing the square, ﬁndJ. 3
x

Find the coordinates of B,C, and D in terms of z.

z=r—_t_, 0<r<l
ri .

_dx
+4x-1"

End of Question 11

(9]

Question 12 (15 marks)

(@

®)

©

@

x+7 4 B C
i E ————— in the form —+-—=+4-——, 2
® HPIess x (x+2) " x x x+2
(ii)  Hence or otherwise find ijide. 2
x (x + 2)
Find j —dx— 2
V1+4x*
1
Evaluate j xe* dx., 4
4]

A toy airplane attached to a string 1.5m long moves in a horizontal circle as shown in the
diagram below. The string makes an angle of 30° with the vertical. (Use g =10ms™)

® What is the mass of the plane if the tension in the string is 5N? 3

(iiy  Calculate the period of the plane’s motion. 2

End of Question 12
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Question 13 (15 marks)

(8)  Using the substitution ¢ = tan (g) , show that fa 1 dg=+3-1. 4

o 1+sind

(b)  The diagram shows the graph y = f(x) .

2+

' 3+

Draw separate one-third page sketches of the graphs of the following:

O y-rl) o
D ol '
® =5 , 2
i) y=[f@f S ‘ 2

() y=mh[f(x)]. ' _ 2

Question 13 continues on page 12

1)

()  Usethe method of cylindrical shells to find the volume of the solid obtained
by rotating the region between the curves y =4(x—2)* and y =x* —4x+7
about the y axis.

End of Question 13
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Question 14 (15 marks)

(a) The Rarth’s orbit around the sun is elliptical with the Sun as one of the foci.
The semi major axis of the Earth’s orbitis 1.486x10% kilometres and its

eccentricity is 0.017.
(i) How close to the sun does the earth come? 2
(i) What is the greatest possible distance between the sun and the earth? 2
(b)  Determine all the roots of the equation x* —5x* - 9x* +81x—108 = 0 given that 3

there is a root of multiplicity 3.

(c)  Thepolynomial P(x)=x"+ax® +bx+6where a, b are real numbers has 1—i as onc zero.

| ()  Find aand b. o 2

(ii)  Factorise P(xj over the complex field. . 1

(iif) " Factorise P(x) over the real ﬁgld. : 1

B (d) Show th;t the equation 3x° +20x° + 45x = ¢ can have only one real root, and 4

\ find the value of the constant c, if thé. sum of the other (complex) roots is -7,

I

End of Question 14

[13]

Question 15 (15 Marks)

2 2
a)  Forthe hyperbola®——2_ =1, find:
(a) or the hyper CTRET:

®)

@ its eccentricity
(ii)  the coordinates of its foci
(iii)  the equations of its directrices

(iv)  the equations of its asymptotes

(v)  the equation of the chord of contact of tangents drawn from the point (1,2)

Consider the region enclosed by the curves x = y* and x=2—y*, Find the volume

of the solid formed when this region is rotated about the line x =3 by taking slices

perpendicular to the axis of rotation.

Question 15 continues on page 15
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uestion 16 (15 marks
(c) Consider a solid ABCDEF whose height is , and whose base is a rectangle ABCD, Q ( )

where AB=a, BC=b, and the top edge EF =c . . ' .
(a)  Two tangents TA, TB are drawn from a point T to a given circle. Through A, a chord AC -~
is drawn parallel to the other tangent TB and TC meets the circle at E.

B
()  Prove AAFT is similarto AEFT. 2
(i)  Hence shaw that TF* = AFxEF 1
Consider a rectangular slice 4'B'C'D' (parallel to the base 4BCD) x units from the top
edge, with width Ax . (iii)  Hence or otherwise prove that AE extended bisects T8, 2
@) Show that the volume of the slice is AV = (%aj[c + —b—;—ngAx . 3
. : 5
(®) (@  Prove that the equation of the tangent to the curve x = T——I-l?’ y= l—j_tT 3
.. ... ha ‘
ii Hence show that the vol f the solid is —(2b .
) : otime o Te sold s 6 ( +c) 3 at the point with parameter tis 4y+(5t+t’)x=5t.
(i)  This tangent meets the coordinate axes OX and OY in the points Pand Q. 3
1
. y 15)(5)
Show that the area of the triangle OPQ never exceeds | — || = | .
End of question 15 . 3203

Question 16 continues on page 17

[15] [16]




(c) Prove by mathematical induction for all positive integers 7 , . 4

tant =2 |+ ta™ ——1;)+...+tan"( L Z)=£—tan'1( 1 )
2x1 2x2 2xm 4 2n+1

" End of paper

[17]
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T4

Area of base of cylindrical shell: A4(x) = z(R* ~r?)

Volume of shell: .

Volume of solid:

Ad(x)=m((x+Ax): ~r?)
A4(x) =2z xAx, (since Ax? is very small).
AV (x) = Ad(x)x height

AV (%) =AA(x)x(x2——4x+'7—4(x~2)2)
AV (x) = AM(x) x(~3x* +12x-9)

AV (x) =.27m><3(—x2 +4x—3)A;c

3
V=lim ;sn(—f +4x* —3x)Ax

* 4x 32T
=67[ ——t e —
473 o

—6x (_EJO_S_E B
43 2) (47372

Question 14;

a)

ii)

Earth is closest to the Sun at P,
PS=PO~-ae

=1.486x10° — (1.486x10° 0.017)
=1.486x10° — 2526200
=146073800km
=1.460738x10%m

Earth is furthest from the Sun at P’.
P'S=PO+ae

=1.486x10° +(1.486x10° x 0.017)
=1.017x1.486x10°

=15112 6200km
=1.511262x10%km

b)

Let

P(x)=x"—5x* ~9x* +81x—108
P'(x)=4%° —15x* ~18x
P(x)=12x"-30x-18

For a root of multiplicity 3, P"(x)=0.
That is:

0=12x"-30x—18

0=2x*-5x-3

0=(x-3)(2x+1)

sLx=3 or.)c=~l
-2

Testing roots: P(3)=0
sox=3 isatriple root,

Consider the sum of the roots of P(x):

3+343+a=5
a=—4

S P(x)=(x—3Y(x+4) and

P(x)hasroots 3, 3, 3 and -4.




c) .
i) P(x)=x"+ax’ +bx+6

Since all the coefficients are real, then by the
conjugate root theorem both (1—7) and (1+7) are
factors of P(x).

Product of raots of P(x):
A-H+Hax=-6

1-# Yo =—6
200 =-6
a=-3
Now:
P(-3)=0

0=(-3) +a(-3° +b(-3)+6
0=-27+9%a-3b+6 _
0=-214+9a-3b......cco...... ()

Sum of roots:
(-H+0-i)-3=-a
2-3=-~q
a=1..5sub into (1)

0=-21+9(1)-35

0=-12-3b
3b=-12
b=—4

if)

Over the complex field:
Plx)=(x~1+5)(x—-1-i)(x+3)
i)

Over the real field:
Py =((x-12 - )(x+3)
=% - 2x+14+D(x+3)
=(x* —2x+2)(x+3)

d}

Let

P(x)=3x"+20x" +45x—¢
PY(x)=15x" +60x* +45

For stationary points P'(x)=0.

0=15x" +60x% +45

0=x*+4x*+3
0=(x*+3)(x* +1)
No real solutions
No turning points.

For points of inflexion P"(x)=0.
P"(x)=60x" +120x
0=x(x*+2)
s.atx =0 (¥ =c) there is a point of inflexion.

Hence there must be only one real root and two
pairs of conjugate complex roots of P(x).

Sum of ‘other’ roots is given as -7.
Consider the sum of the roots of P(x):
—T+a=0

o =7 (is the real root)

Now P(7) =0 and by substitution ¢ = 57596 .
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