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STANDARD INTEGRALS

=—-—11x"+‘, n# -1, x#0, ifn<0

n+

=lnx, x>0
1

==e%, a=0
a

1.

=—sinagx, a#0
a
1

=——cosax, a#0
a

1
=—tanax, a#0
a

1
=—secax, a#0

a
1. .

=—tan?Z, a0
a  a

L X

=sin" —, a>0, ~a<x<a
“a

=In(x+ xz——az), x>a>0

=]n(x+\/m)

NOTE: Inx=log,x, x>0




4 Which of the following graphs is the locus of the point P rep_reéenting the complex number

zmoving in an Argand diagram such that |z - 2i| =2+Imz?
(A) acircle

(B) ahyperbola

(C) aparabola

(D) astraight line

Student name /NUMbET  ....oovvecevieiiierreeeeeeieeeee,
Marks
* Section 1
10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section
Use the multiple-choice answer sheet for Questions 1-10
1 What is the value of (Iog‘z b)(logb c)(logc d) ? 1
1 '
@) 7 /
og,a |
1og, 2.
. a
a
log —
© ey
D) log,a
2 y= sin”' ¢* . Which of the following is an expression for % ? 1
(A) cosecy
(B) coty !
(C)  secy o
D) tany
. \ 2
3 What is the number of asymptotes on the graph of y = — ] ? 1
=
4 1
® 2
© 3
® 4

Student name / number  ........cooiiiiiininnn.

5 Which of the following is an expression for the eccentricity of the ellipse
2 2 :

x—+l—=1where k>1?
ko k-1
J2k—1
w =
®
2%k—1 ’
C PR
© 5
2k~ 2k +1
o S

6 Which of the following is an expression for fx’ log,x dx ?

4

(&) Ixtlogx-lx*+c

’ ;(B) %x‘ log, x— T%x“' +c
© %x‘ Iog;x+1—16-x4 +.c ' R
()] %x" loggx+%x4+c :

7 The base of a solid is the circle x* + y* =1. Every cross section of the solid taken

perpendicular to the x axis is a right-angled, isosceles triangle with its hypotenuse
lying in the base of the solid. Which of the following is an expression for the volume
¥ of the solid?

@ j_ll(l—xz)dx
® 2 1(1—x’)dx
© '*4f (1-27) e

(D) sﬁl(1— x*) &
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10 If » fair dice are rolled together what is the probability that the product of the n scores

1( 1
kJ1+v

L[
ol
kJv(l+v)

1( 1
Tk j v(1+v) &
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kJ1+v

is an even number?
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A particle of mass m is moving horizontally in a straight line. Its motion is opposed
by a force of magnitude mk(v +v*) Newtons when its speed is v ms™ (where kis
a positive constant). At time 7 seconds the particle has displacement x metres from

a fixed point O on the line and velocity v ms™. Which of the following is an expression
/

. BET  oeeeecn e
Section IT Student name / number ‘
Marks
90 marks -
Attempt Question 1116
Allow about 2 hours 45 minutes for this section
Answer the questions on your own pape, or writing booklets if provided.
Start each question on a new page.
All necessary working should be shown in every question.
Question 11 (15 marks) Use a SEPARATE writing booklet.
L dy . 1 1.3
(a) Fmd—?d; in simplest form if x=t+; and y=gt —1. 2
cosx
Find | ———dx. : 2
® J- 1+cosx
elx . .
(¢)  Use the substitution #=¢"+1 to find dx. 2
Ve +1
4

I
(d)  Use the substitution ¢ = tan to evaluate f ———— dx in simplest exact form.
o 4+5sinx

)

{e)  The diagram shows the graph of the curve y = f(x) where S =%~ l
x

YVa y=x
rd
Ve
/y=f(x)
s/
7
7 »
74 x
Ve
7/
/S
7
Ve

On separate diagrams sketch the graphs of the following curves showmg any intercepts
on the axes and the equations of any asymptotes.

@ y=|r)|
P
(i) y= 7
(iii) y =™




Student name / number  ..............eeeels e evrrenenenn,

Question 12 (15 marks) Use a SEPARATE writing booklet,

(& Ifz=1+ 21 and w; 43?— 1, express in the form a+ib (aand b real numbers)
G 2z-w / T '
(i) zw

b)) If:z= 4((:0‘s-73£ +1i sin%), express in modulus/argument form the two values of z% .

A B e G

B

In the Argand dlagram below vectors OP, 0OQ, OR, OS represent the complex

numbers p, g, 7, s respectively where PORS is a square. Show that s+ip=g+ir.

A (@ Consider the function f¢x)=x*— px+ q; where p >0 and g are real numbers.

®

( 1) Sketch the graph of y= f(x) showing the coordmates of the turning pom’ts

,(xl) ‘Show that the equatlon x* = px+q =0 has exactly one real root if and only if
27q >4 p

The region bounded by the curve y = tan™ x and the x axis between x = 0 and x=1

is rotated through one complete revolution about the line x=1.

(i) Use the method of cylindrical shells to show that the volume ¥ of the solid formed
. 1
is givenby ¥V = 27rf (1 x)tan™ x é .
[

(ii) Hence find the value of V in simplest exact form.

Student name / nUMbEr  ..ecovvvvereereeennn. .

Use a SEPARATE writing booklet.

2 2

Y

Question 13 (15 marks)

(), P(Z\/Z_ , 2\/5) and Q(4 s 6) are two points on the hyperbola —z—z 7 =1

where a > b> 0, Find the values of g and &.

(b)  Inthe diagram below, 4BC is a triangle inscribed in a circle. Tangents to the circle
at 4 and C meet at D. E is the point on AB such that CE = BE .

(i) Show DAEC s a cyclic quadrilateral.
(ii) Hence show DE ||CB.

J’

(c)(i) Show that the area of the ellipse —2 o =11is mab.

2 2
(if) \Show that if the hyperbola 1 = ¢* and the ellipse ’;—2 + Z_ﬁ =1 (where a>b>0)

intersect at (acos() , bsinG) then 2¢* = absin26 .

By considering the graph of y =sin28 for - <6 < 7, show that if 2¢* < ab the
ellipse and hyperbola intersect at four points (two in the first quadrant and two in

the third quadrant), while if 2¢” = ab the curves touch at two points (one in the
first quadrant and one in the third quadrant).

2 2

(iii) The ellipse —J% + %2- =1 (where a >b> 0) has eccentricity e and foci S and S’.
a
This ellipse touches the hyperbola xy = %ab at points P and Q. Show that the ratio
of the area of the quadrilateral PSQS’ to the area of the ellipse is e\/E T,




Student name / MUIGDET  .......ccvvvererierereerenraenn. , Student name / numbeEr  .....ooiiiiiii i

: Marks - Marks
Question 14 (15 marks) Use a SEPARATE writing booklet. : Question 15 (15 marks) Use a SEPARATE writing booklet.
(a ' e ——— (8)  The equation x° +kx+1=0 hasroots o, § and ¥.
(i) Find the monic cubic equation with roots LZ , —12— and _12_ . 3
e _ o B
" (i) ‘Find the value of off + f* +¢*. 2
/(b) A sequence of numbers 7., n=1,2,3... issuchthat 7, =2, T, =—4 and 5

T =2T _ —4T _, for n=3,4,5,6... . Use Mathematical induction to show that

: 7= (13 i) (1= V3 1] forn21,
* Inthe diagram, particle P of mass m kg is man in a horizontal circle of radius !
r metres with constant angular velocity @ radians/second on the inside of a smooth
~ hemispherical bowl with centre O and radius R metres. The particle is fastened to .
one end of a light, inextensible string of length [ metres, the other end of which is
suspended from a point  at a distance R metres vertically above O. The string ) A 1 ¥
makes an angle 6 with the downward vertical through Q. The tension in the string (©) Consider the function f(x)= 2 \/—c; x——==| where a,a,,..,a_arepositive
is T Newtons while the normal reaction between P and the surface of the bowl is k=l \/;,:

; N Newtons. The acceleration due to gravity is g ms™2. ) ' , real numbers.

A R \ = . . \
@) ; Show that N cos20+Tcosf=mg and Nsin26+Tsin = mre’. 2 (i)’ By expressing f(x) as a quadratic function of x, show that 3

w

) (iﬁi‘) Hence show-that N = mlw’ cos§—mg and find a similar expression for 7. (”1 ra+..ta, ){_1_+ _1_+ +i ]2 =y
al a2 an

“(iMy Hence show that if the particle remains in contact with the bowl then : 1

g : o
w2 . v 1~ 1 2 .
Icos® (i) I—\)encc show that 1+~ 424 .. +12 2" 2
] 2 3 n n+li

(t) A particle of mass m kg is dropped from rest in a medium where the resistance is
mkv? Newtons when the speed of the particle is v ms™ and the terminal velocity .

is V'ms™ . After  seconds the particle has fallen x metres. The acceleration due
to gravity is g ms™.

(i) Explain Why '_55=V£;(V2_vz). ) i

-

- 2
(ii) By finding x and # as functions of v, show that V¢ —x= Z—log‘ (1 +%) .
. & .

(i) Express v as a function of #.° : . )

“(iV\ Find the limiting difference as ¢ — oo between the distance travelled at constant 1
speed ¥ ms™ for ¢ seconds and the distance fallen by the particle in this medium
over f seconds.

9. . . 10
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Marks
Question 16 (15 marks) Use a SEPARATE writing booklet.
(a)  Theequation z'—1=0 hasroots |, @, o2, &, &' where = coszﬂ + isin 25 3
Find the monic quadratic equation with integer coefficients whose roots are
(+o*) and (o +0).
+bY

(b)) If aand b are positive real numbers, show that @* — ab+b* > (—a—z—) . 2

(11) )[n A4BC, if ZBCA260° show that ¢* > a® — ab+b* and hence deduce that 3

28 24+ B with equahty 1f and only if A4BC is equilateral.
. 2 Ly
() Let I, =J (1——] de for n=1,2,3,.. .
. x
1
1 1. 1
(i) Show that —I  =—I ————— for n=1,2,3,.... 2
+1 ™ n " nn+1)2"
(ii) Hence show that 1 —1 =1I- i——l— 2
+1T Sy
(iii) Show that 2—15—27 ==,‘(1 —log, 2) L II" +; and hence find the limiting sum 3
1 1

of the series o+ 7t s
IX2x2 2x3x2* 3x4x2

11




Independent Trial HSC 2013 ~ Mathematics Extension 2 Marking Guidelines ‘ Question 11

Section I . a. Outcomes assessed : E6
Marking Guidelines
Questions 1-10 (1 mark each) Criteria . Marks
) dy dx :
Question | Answer Solution Outcomes ¢ finds & and ar 1
» finds the quotient 1
log,b 1 :
1. A (loga b)(logb c)(logc d) _log,b log,c log, d _ 1 H3
log,a log,b log,c log,a Answer
< d)
=1 Yo
) 5 -'-Silly=€x dy Smy y—3t t = o i -1 ‘i_)_/___fé/‘_'_i\f__tz
y=sinte" b _ . T oy ny HE4 1 dx 11?1 Ve di de
cosy ——=¢ dx cosy x=tt= = —=l-—=—
X t dt t r
3. c _® xw(F=D+x M N x 0
ymxz—ln x* -1 = -1’ where xz—lﬁ a8 X e E6 b. Outcomes assessed : I8
woy=x, x=1 and x=-1I are the asymptotes on the graph. Marking Guidelines
Criteria Marks
) ’ - o rearranges integrand into appropriate form 1
4, C The distance from P to the ﬁx.ed point (0 , 2) (the focus) is equal to the | B3 » writes primitive function 1
vertical distance to the horizontal line y =~2 (the directrix).
' Answer
1 1
5 B k-1=k(l-¢) sl->=1-¢ Le=—= B4 cOSX 1 1 1 2,1
) =1— =1- =1—=sgec’ (%
k i 1+ cosx I+cosx 2005”($x) 2% (2%)
6 B f3 _ 1.4 lf3 1.4 1.4 .| E8 _J.Gosx _ 1
x'log xdx=5x"log x—5 | x* dx=2x*log x— =% + S| ——dx=x~tan(5x)+c
. 4t OB xTY TEgY 0BT ¢ 1+cosx (%)
s S A=ds? = 45" +57) =1 2y) . c. Outcomes assessed : I8
7 A A=y =1-x? E7 Marking Guidelines
’ 2y . : Criteria Marks
n V= f (1-x")dx ' « performs substitution and finds primitive as a function of u 1
o i » finds primitive as a function of x i
P(x) =3x"— 5)_64 +5x~3 = P()=0 . Answer
8. C | P)=15x"-20+5 = P(I)=0 : B4 . . T
X — 2 3
P"(x) = 60x° — 60x> = P(1)=0 - j dx=f edx=j— du=%u'-2u’+c¢
(x) = 60x : x 6))] pe & i1 Jo il N o 3
P"(x)=180x*—120x = P"(1)#0 e o ”
\ i u=eax ————dx=% e"+l(e’—12)+c
d d i 1( 1 el
? D V—K=—k(v+vz) R L= — E5
dx dv k(+v) fJ1+v
10. C P(product ever)= P(at least one even) =1~ P(all odd) HE3
n 2" —
| = P(product even) =1— (%) = o !
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Q11(cont)
d. Outcomes assessed : E
Marking Guidelines :
Criteria Marks
e converts into a definite integral in terms of ¢ 1
» rearranges integrand into partial fractions 1
» finds the primitive function i
» evaluates in simplest exact form
Answer
b
{=tang f j
4+55111x 21 +5t+2
dt = %sec2 L dx
2
dx = 2dt Ju +1)(t+2)
1+t
B %J (— - _j dt
—0=+¢=0 2t+1 t+2
=L=t=1
x 2 = % 108, _2t_+1
+2 ]
. 414 %) + 101 =1log 1-log L
4+55mx=(—)—2—— 3( og, 1 1Ogﬂ)
+1 %log 2
e. Outcomes assessed : E6
1 Marking Guidelines
Criteria Marks
i e reflects sections of graph below x axis in x axis, giving equations of oblique asymptotes 1
ii e sketches curve for |x| >1 giving equations of vertical asymptotes 1
» sketches curve for lx' <1 with origin excluded 1
iif » sketches curve for x <0 through (-11) 1
s sketches curve for x > 0 through (1, 1) with origin excluded 1

Answer
i y= If(x)i i y= IS iii. y=e&®
y y 74

1
-
—
=
—

®

\»

v

Question 12

a. Outcomes assessed : E3

Marking Guidelines )
Criteria Marks
i ¢ subtracts and simplifies 1
ii » expands product and simplifies 1
Answer
i.2z-w=2+4)-B-)=-1+5i i gw=(1+20)@+)=3+Ti+2 =1+7i
b. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
» writes one value in modulus/argument form 1
» writes second value in modulus/argument form 1
Answer
The two square roots of z = 4(cos—— +-isin% ) have modulus 2 and euguments and —765 -7
The two values of z* are 2(005—6- + isiu—ﬁ—) and 2(005—%’5 + zsm—-56—75)
c. Outcomes assessed : E3
Marking Guidelines
Criteria Marks
» uses the geometrical properties of a square to compare vectors along the diagonals 1
i

» translates this into an appropriate statement about p, g, 7, s and rearranges

Answer
»t The diagonals of a square are equal and meet at right angles.
[i Hence the vector SQ, representing (g — s) is the rotation
%
0 ;c anticlockwise by % of the vector RP, representing (p—r).
S .
ng—s=ilp-r).
stip=q+ir.
R
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Q12 (cont)
d. Outcomes assessed : B4

Marking Guidelines

Criteria Marks
i e finds x coordinates for stationary points and determines their nature 1
e sketches curve showing coordinates of turning points ) 1
ii » deduces y coordinates of turning points have same sign for exactly one real root 1
» uses product of y coordinates of turning points is positive to deduce 274> > 4p° 1

Answer

i

f@=x"-px+q

F(@)=3"~p = f(x)=0 for x=i\/g

fx)=6x . f'(x)>0forx>0
f(x)<0forx<0

(\/—é , q—ZTP\/g ) is a min. turning point
(_\/Z , g+ ZTP\/%‘ ) is a max. furning point

(0 , q) is a point of inflexion.

ii. The equation has exactly one real root if and

({2 q—ﬂl\/’a’:)
X

only if the curve cuts through the x axis exactly once,

and this occurs when the y coordinates of the turning poinis are either both positive or both negative
and therefore have a product which is positive. -

Hence the equation has exactly one real root if and only if

(1-222)a+25)>0
2

qz—(sz %) >0

4 3

7 >3

27(_{2>4p3

Q12 (cont)
e. Outcomes assessed : £7, E8
Marking Guidelines

Answer

R=1-x
r=1l-x-8x

h=tan™ x

1
V= ZEJ (1—x)tan™ x dx
0

i
_ IR, PR T i L] e ]
_271:{[ +(1-x)* tan x:|0+2J.0(1 x) i dx}

= 71:[x ~log,(1+ xz)]:J
=x(l-log 2)

Criteria Marks
-1 o finds the volume of a typical cylindrical shell in terms of x 1
o takes the limiting sum of cylindrical shells to deduce the required expression for V 1
ii » applies integration by parts to simplify the definite integral 1
» finds the primitive function 1
e evaluates in simplest exact form 1

&V = (R — )
=7(R+r)(R—-r)h
= 7;{2(1 —x)- 5x} Ox.tan”™ x-

Ignoring terms in (5x)*,

x=]
=1 - -
V= g;in)o %2%(1 x)tan™ x 8x

1
= an (1~x)tan™ x dx
0




Question 13
a. Outcomes assessed : E4
Marking Guidelines
[ Criteria Marks
o writes a pair of simultaneous equations in &” and 5 }
« finds the value of one pronumeral 1
e finds the value of the second pronumeral
Answer
2
2 L2 IXWM=(2) = 221 b=243
at b b
16 36 8
—_———=1 (2 IXMH-2) = —~=2 a=12
S5l @ 0-@ = —
b. Outcomes assessed : PE3
Marking Guidelines
Criteria Marks
i  deduces ZDCA = LCBA = ZCAD using alternate segment theorem 1
o finds either ZCEA or ZCEB in terms of ZCBA 1
e applies an appropriate test for a cyclic quadrilateral to complete the proof 1
ii ® deduces ZCED = £LCAD 1
1

» applies appropriate test for parallel lines to complete proof

Answer

i. ZDCA = ZCBA=ZCAD (£ between a tangent and a chord is equal to
£ subtended by the chord in the alternate segment)
LCDA +24£CBA=180° (£ sum of ACDA is 180°)
But LECB = ZLCBE (Z's opp. equal sides in AEBC are equal)
. LCEA=2/CBA (ext. £ is sum of int. opp. £'s in AEBC)
. ZCDA+ £LCEA =180°
. quadrilateral DAEC is cyclic (one.pair of opp. Z£'s supplementary)

ii. LZCED = ZCAD (£'s in the same segment subtended by the
same arc CD in circle DAEC are equal)
But £CAD = £ZCBA = LECB (proven ini.)
. LCED = /ECB
~DE||CB (equal alt. £'s on transversal EC)

Q13 (cont)
¢. Outcomes assessed :

HS8, E3

Marking Guidelines

Criteria ) Marks

e deduces result for
e deduces result for

2¢* < ab
2t =ab

iii o finds the coordinates of P, Q
» finds the area of PSOS’ and compares with area of ellipse

i e expresses the area as a definite integral
s evaluates the integral

ii » shows 2¢? = absin20 if curves intersect at (acosG ) bsin@)

— o b ke b e

Answer

iy= iév a*~x* . Hence the area of the ellipse is ZEJ vat-x* dx = Z—b-(%nal) =nab
a al_, a

(Using the fact that the area of a semi-circle of radius a is given by the definite integral)

ii. (a0039 s bsinG) lies on the ellipse. If it also lies on the hyperbola, then (acos 9) (bsin@) =

Hence 2¢° = ab(Zsichos 6) = absin 20

¢ y=sin26
VA y=2
ab
_/ P } D% !.‘.\ fr—
SRV ALVAL
214+

If 2¢* <ab the line cuts the sine curve in two points where 0 < 8 < %, giving two points of intersection

(acosﬁ' ) bsinG) of the ellipse and hyperbola in the first quadrant, and the line cuts the sine curve in two

further points where -7 <9 < —% , giving a further two points of intersection (acos@ , bsin@) of the ellipse

and hyperbola in the third quadrant.
If-2¢® = ab the line touches the sine curve at 6 = —- and 0= ————- , giving two points where the ellipse

b
touches the hyperbola, [—— , —j in the first quadrant and (-—- = ——] in the third quadrant.
V272 ). V2© 2

il

(

.

>%ﬁ%

=)

By symmetry,

Area PSOS’ =2 Area APSS’
—9oxl b
=2X5X2aex 7
=ev2 ab

. Area PSQS’: Area ellipse = N




Question 14 i Q14 (cont)
a. Outcomes assessed : HS, ES ' b. Outcomes assessed : H3, ES

Marking Guidelines Marking Guidelines
Criteria Marks : Criteria ) : Marks

i ghows forces on particle and uses Newton’s 2™ law to find equation of motion

s investigates the terminal velocity to substitute for k&, obtaining required form of ¥

i e uses appropriate expression for ¥ to find primitive function for x in terms of v

s uses appropriate expression for % to find primitive function for ¢ in terms of v

e gvaluates constants of integration-in both cases using initial conditions

» uses log laws to establish required relation

iii ® removes logarithm from expression for ¢ in terms of v by applying exponential function
Answer ’ o rearranges to find v as a function of 7

1iv e takes an appropriate limit as £ — oo

i o shows forces on P in a diagram and justifies angle made by N with the vertical through P
» applies Newton’s second law, resolving forces vertically and horizontally

ii e eliminates T to find an expression for N '
e uges trigonometry to simplify expression for N
e applies similar process to find an expression for T

iii » deduces N 20 to find inequality for @

—_ o e
—
=

— e e ek e e ek ek

Forces on P .
AOPQ is isosceles with equal angles 6 ;.AIISWBI
at P and 0, s0 that the .radius PO makes' . Forces on particle Applying Newton’s second law,
angle 20 with the vertical (by the exterior x=0]¢t=0, v=0 . £ 0 as fv? -
angle theorem). The normal to the surface mi’ =me ) i g
at P is directed along the radius PO. : X=g—kv ~kVi=g
Lue_ 8 (22
mg “x_.VI(V v)
XY
The resultant force on the particle is directed horizontally toward the centre of the circle of motion with s
magnitude mro® . Hence by Newton’s second law, resolving forces on P vertically and horizontally, it 14 __&(W ~ VZ) @ _.éi.(V2 _ ‘,2)
2 g V2 d v?
Ncos260+Tcos8=mg (1) (vertical component of resultant force is 0) 2g dx -1 - godr_ 1
Nsin20+ T'sinf = mre’ (2) v:det) V-7 Cprdv V=9
. . ) 28 o (7 ) a1 1
ii. (2)xcosf—(1)xsing = N(51n290056—005295in6)= mre” cos@— mgsind 72 x=log, vita Vdv Vv V+v
o N eind — . 2 _ : ' -0 - V+v
. Nsin® = m(lsin@)»” cosd — mgsinf ox 0} = 0=log, V" +¢, 7, = logs_l_/_:_v +e,
N=mlo’cosd-mg - v= . -0
| 2 Pyt - }—_->.O=log,1+c2
(1) xsin28 - (2) x cos 26 = T(sin200056—c05295in9)= mgsin?.@-—mra)zcosZB -—-);,;X= log, 7 v=0}
. . - N _ . ) : 2g V+v
.~ T'sin@ = mgsin26 m(lslee)w cos26 _ . P2 . 7 =) +v) 7, = log, o
=2 - 0 =oo g
, T =2mgcosf—mlo” cos2 2¢ 72 . - . -
iii. If particle remains in contact with the bowl, N >0 and hence Io’cosf2g. .=, / ; £ i g V-v
cos )
2 2 2
~Vi—x= V—log Vv = -V—Iog Viv = —V—log 1+~ (using log laws for products and powers)
28 'LV eV g ¢ 14
2 1 "gyg’
— g 2 g —
iii. 4 Ve ! .'.v(l+e V’)=V(l—e V’) R4 _‘iﬁ“
V+v 1+e¥!

2 2
iv. lim(rr—x)= Y—limlogg(l+%)= Y tog 2
g

1—3es g =30

9 10




Question 15
a. Outcomes assessed : E4
Marking Guidelines

Criteria

Marks

i applies a technique to find a new equation whose roots are squares of the original roots
» applies a teclmique to find a new equation whose roots are reciprocals of pxev1ous roots
s combines the two techmques and rearranges to find required equation

ii ® expresses the sum of the 4" powers in terms of the sums of lower powers

» uses relations between roots and coefficients to evaluate required sum

Answer
2 g2 2 ean iy 1
~at, B, v satisfy (x’) +k(x*]+1=0

3 1\2
5+ et = (=)
P42+ EPx=1
~a?, B, y* areroots of x*+ 2k +k2x~1=0

io, B,y rootsof x*+hkx+1=0.

3 2
Now —L ~1—,—1— satisfy 1 +2k 1 + I 1 -1=0
2
o’ By x x x
1 1 1 3 2.2
— E;,—y—z are roots of x —k*x*—2kx-1=0
o

ii. a, B, v satisfy x(x"+/(x+1)=
ot ko ro=0

B+Epr+B=0

yrrkyr+y=0

not gyt =27

b. Outcomes assessed : HE2
Marking Guidelines

ot Byt k(o + B y?)+ (ot Bry)=
o + Byt + k(-2k)+0=0

o m e

Criteria

Marks

» defines an appropriate sequence of statements and verifies that the first is true

e verifies that the second statement is also true

o considers the (k+1)™ statement, using the recurrence relation, conditional on S(x) true, n <k
o regroups and removes common factors, recognizing the perfect square expansions from 5(2)

» completes the rearrangement of 7,,, and completes the induction process.

[ Sy

Answer

Let S(n), n=1,2,3, ... be the sequence of statements defined by S(n): T, = (1 + \E i)” + (l - \/5 z')".

1 ¥ 1
Consider S(1) : (1+ 31‘) +(1—J§i) —2=1,

s@: (13 i) +(1-43 1) = (-242431) ¢ (-2 245) = 4=

11

= 8(Q) is true

- S(2) is true

Q15 b (cont)

If S(n) istrue for n<k where k22, then T, = (1+\/§ i)" +(1—-\/5 i)" , n=1,2,3,..,k **
Consider S(k-+1), where £=2:
T,y =20, = 4T,

" = 2(1 + \/Ei)k + 2(1 - \/Ez)f - 4(1 + «/riz‘)k'-l - 4(1— «/5:')“ if S(n) true for n<k
=(1+ \/gi)k—l (-2+ 231) 1 \/Ei)k_vI (-2-2+5i)
~(1+ x/§i>k_l 1+ \/5i)2 +f1- \/Ei)k—' 1- x/Ei)2
= (1 + \/gi)m + (1 - x/gi)k“

Hence for k22, if S(n) is trus for n< & then S(k+1) is true. But S(1) and S(2) are true, hence S(3)
is true, and then S(4) is true and so on.

Hence by Mathematical induction, T, = (l + \/37 i)" + (1 - \/5 i)" , n21

¢. Qutcomes assessed : HE3
B Marking Guidelines

Criteria Marks

i e reatranges f(x) as a quadratic function of x by expansion 1
e recognises that f(x) is never negative and hence has discriminant A <0
o uses this fact to obtain required inequality

ii e applies result when a, =k, k=1,2,3,..,n

—— e

o uses the sum of an AT to complete the proof

Answer

"

cror-$[ e S e[S £

k=l &

Clearly f(x)=0 forall realx. Hence A<0. ..4n*—4 (EaAJ[Z—) 0
k=1 Gk
1,1, 1
o +ay+ova, )| —+—+.+—
a, a a
i Let a =k, k=1,23,..,n. Then (1+2+3+..+n)(l+1+l+ +1)2n?
%n(n+1)(1+7+%+ '—11 =’

)
(14441 %)2%

12




Question 16
a. Outcomes assessed : E4

Marking Guidelines

Criteria Marks
« finds the sum of the roots of the required quadratic equation 1
o finds the product of the roots of the required quadratic equation 1
° uses these values to determine the coefficients and hence write down the quadratic equation 1
Answer
22—1=0 hasroots 1, o, o, o, o where o= cosZT”+ zsm%’—’«. Then 14+ a+o*+o’+o'=0

and o&’=1.
s(eta) (@ +e)=-1 and (a+o) (@ +o) =’ +at +of ol =0 +at +a+ ot =-1

Hence required quadratic equationis x* +x—1=0,

b. Outcoines assessed : HE3

Marking Guidelines
Criteria Marks
i » writes a* —ab+ b in terms of the squares of (a+b) and (a—b) » 1

» uses the fact that the square of a real number is non-negative to deduce the result 1
ii ® uses the cosine rule to show ¢* = a’ — ab+ b* if ZBCA 2 60° I
1

1

e combines this inequality with that from i. to produce required inequality for ¢’
s justifies the condition for equality

Answer

i, @—ab+b = ;,'1-(a+ b + %(a— b)* , where %(a— b)* =0 since a and b are real.

2
at b} , with equality if and only if a = b

nat—ab+ b 2(

c®=a’+ b —2abcos LBCA
~czd + b —2ab><%
—ab+ b,

ii. In AABC, using the cosine rule,
If ZBCA 2 60°, then cos ZBCA< .
nctza
Then, usingi., c=+a*—ab+b" 2 —L-I—_—;—b , with equality if and only if both ZBCA4=60° and a=5.

(i.e. if and only if A4BC is equilateral)
3 3
2 ath (az—ab+bz)=a—+.b—
2 2

22+ D with equality if and only if A4BC is equilateral.

Hence if ZBCA260°, ¢*

with equality if and only if ZBCA4 =60°.

Q16 (cont)
¢. Outcomes assessed : HS, E8

Marking Guidelines
Criteria Marks
i e applies integration by parts 1
s rearranges to obtain required recurrence relation 1
ii e takes the sum of both sides over integer values from 1 ton 1
s simplifies to obtain required result 1
iii » evaluates J| 1
o shows that n+11 ~30 as n-deo 1
» states limiting sum of series 1
Answer
i. For n=1,2,3,..
2 1+l
1
In+l = 1-= dx 1
! * n+l 2 -t (}’l + 1)( il In)
l n+l 2 2 1 n l 1
=x[1-— =+ xjl-=|| = | —nl  =—=m+1)I,
x . X x 2
‘ 2 » \ ! 1 1
1 e T n
{Loolvmen| i-L)-tHf1-2] @ 1T n(n+1)2
. 2" . x x
1 1 1 1 z 1
i = LAt —"Fl =I+— I+ A=l =) ———
z:’r+1 o gr " ,z_z‘r(r+1)2’ 277 (n+1) Lo a2
1 < 1
p ntl = Il - : r
+1 o F(r+1)2
Mool o]
iii. [, l——|dx=|{x—log x| =1-log, 2 oy ——=(1-log 2)———1I
b j( x) [~ 1og.x] & ,.z%r(r+l)2’ (1~log, )= "7 Lo
1 n+l
) y=1 Considering areas, 0<I <1
T 0<——1 < L
(r+1) "™ n+l
-l—I ,—>0 as n—oo
4 (n+1) ™
x
H L + ! + L +... hasa limiting sum (1-log 2)
ence e —- .
Ix2%2" 2x3x2% 3x4x2} & ¢
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