Topic 3. Complex numbers.
Level 3.
Problem COM3_01.

If 2= 2-3 and 7, =144/, evaluale (a) 2, +25; (b) 21— 253 () 71253 (d) 22 (&) - (f)
V4

. 2_ 2. 3_,3
zp+21;,(8) zf - 23, (h) 7] ~z;.

Answer: (8 3+i;(b) 1-7i;(c) 14 +5i; (d) —5-12i; (&) %wl— ® —19+——1 ;(g) 10 -20i ;

(h) 1+437.

Solution: (a) z) +zy =3+i

) 2z -2y =1-7

(c) 229 =2 -12% —3i + 8 =14+ 5

(d) 22 =4—-l2i+9i2:—5—12f

()__ 14 1—41 1__4_,,
5 1441 T a-4) 1416 17 17
zp _144i (1+41)(2+31):(2—12)+(8+3)1':_Q+£i
7z 2-3 (2-3)2+3) 4+9 1313

®) 2 23 =0y~ 2, e +22)= (1= 7)B+1) =B+ 7) + (- 21+ 1) =10 — 20/

:(z1~22)(212+2122 +23 )=

=(1A7i)((—5—12i)+(14+51‘)+(1+8i+16i2))=

=(1-7i)-6+i)= (- 6+7)+ (42+1) =1+ 43

Problem COM3_02,

zeC such that —=- - is real. Show that z is imaginary.

z—i

2oy Lol el

z-i z—i I(Z—I) iz+1

—iz+1 . = s s s . .

+—————— is real. Hence /7 is real = i(iz) is imaginary. Thus Z is
(iz+ )~z +1)

imaginary = z is imaginary.

: z .
Solution: --“— isreal =
Bt

1 .
Py isreal =

Problem COM3_03.

b
Complex numbers z; = li and z, 1o where o and b are real, are such that z) +z, =1.
+i +2i

Find ¢ and 5.

Answer, a=4, b=-5

Solution: == _all-) ~4-ia_a_a;
Ti (@+0)(1-1) 1+1 2 2
b b-2)  b-2ib b 2,

TTe2i @+20)i-2) 1+4 5 5

b 2b .
Hence zj +z, :(%+§]—i(—;{+?} But 2z +2; =1 and a, b are real, Equating real and

Imaginary parts:
a b 2b

—+~¥1and— ~——=0. Therefore a =4, b =-5. .
25 5

Problem COM3_04.
The complex number z and its conjugate Z satisfy the equation zZ + 2iz = 12 + 6/ . Find the
possible values of z.

Answer: 3, 3+3i.

Solution: et z=x+iy, where x,y arereal Then x2 +y2 + 2ix~2y =12+6i. Equating real and
imaginary parts, x? + 2 - 2y =12 and 2ix =6/ . Hence x=3 and y? —2y-3=0. Therefore the
possible values of z are 3—/ and 3+3;.

Problem COM3_05,
Solve x2 +2x+-2=0.

Answer: —1%i.

-2+ 2
Solution;: A=-4=4i> = x= 2+

=—1&7.

Problem COM3_06.
Solve x2 - 4x + (1l-4)=0.

Answer; x:=—i or x=4+1.

Solution; Find A1 A=42 —4(1—4i)=12+16.
Find square rools of A: Let (a+ib)? =12+16/,a,beR . Then ([l2 ~b2)+ (2ab)i =12 +16i .
Equating real and imaginary parts, a® 5% =12 and 2ab =16.

a? —%=]2:>a4—12a2—64:0, (02 -16 a2+4)=0, a real.
a

ca=4b=2 of a=-4b=-2. Hence A has square roots 4 +2i, —4 - 2i. Use the quadratic
4 (4+2i)

formula: »* —4x + (1-4/)=0 has the solutions x = 5

SxX==1Or x =441,

Preblem COM3_07.
Solve x% +(2-i)x-2i=0.

Answer: i- 2.




Solution; Find A: A=(2—1)? +8i =3+4i. Find square roots of A: Let

(a+ib)? =5+4i, a,beR. Then a? —52 =3 and 2ab = 4.

cat —a?b? =347 and a®? =4. Thus o ~3a% -4=0= ((12 ~da? +1)=o, a real, ra=2p=1

or a=-2b=-1. Hence A has the square roots 2+i,-2-7.

Use the quadratic formula; x2 +(2-i)y—2i =0

-2-i)+(2+i)
2

has solutions x = sx=ior x=-2.

Problem COM3_08,
1+i is aroot of the equation x? + (¢-+2/)x+(5+ib)=0, where @ and b are real. Find the values
of a and b.

Answer: a=-3, b=-1.

Solution: Substituting x=1+i, (1-+i)? +(@+ 201 +1)+(E+ib)=0,
=D+ 2ir(a-2)+i(a+2)+5+ib=0,

a+3)+ila+b+4)=0, a,peR.

Equating real and imaginary parts: a+3=0 and a+b+4=0.
Therefore a=-3, b=-1.

Problem COM3_09,
1-2i is 0ae root of the equation x? + (t+)x+% = 0. Find the other root and the value of &.

Answer, x=-2+i, k=5 .

Solution: Let z be the other root of the equation

x2 4 (i) +k=0. Then z+(1-27)=—(+i) and z-(1-2) =k . Therefore
z=—(1+1)-(1-2)=-2+i and k=(-2+i)1-2i)=(~2+2)+i(4+1)=5i. Hence k = 5/ and
equation x* + (t+i)+k=0 has roots x=1-2i and x=-2+i.

Problem COM3_10.
a and b are real numbers such that the sum of the squares of the roots of the equation

x% +{a+iblx+3i =0 is 8. Find all possible pairs of values «, &.
Answer: a:=3,b=1 or a=-3,b=-1.

Solution: Let z, z, are the roots of the equation x -+ (a+ib)x-+3i = 0. Then

2 +(a+ib1zy +3i =0 and 23 + (a+ib)z3 +3i = 0. But zf + 23 = 8. Hence

8+(a+ib)iy +25)+6/=0. But z; +2, = —{a+ib). Therefore 8—(a+ibf +6i =0,

a+iby? =816/, a,beR. Thus (a2 —b2)+ (2ab)i =8+ 6i . Equating real and imaginary parts,

a*-b? =8 and 2ab =6, c12~—92~:8na4~8a2 -9=0. (a2—9 a2 +1)=0, a real ~a=3,b=1
a

or a=-3h=-1.

Problem COM3_11.
Express (5-+3/)(7+2i) in the form a + ib, where a and b are real, and write down

(6 - 31)(7 - 2i) in a similar form. Hence find the prime factors of 322 + 472
Answer: 32+ 471, 3247, 32% 1 472 =61-53.

Solution: i =(6+35)(7+2i) = (42 -10) +i(12+35) =32+ 47i . Since (6~ 5))(7-2)=Z , then
(6—5i)(7~ 2) =32—47i It is clear |z|2 =l6+ 51‘|2|7+2i|2A Therefore we obtain
322 447 =62 + 52 J12 4+22)= 61.53.

Problem COM3_12.
Find the modulus and principle argument of (a) —2i; (b) —1++/3; (c) ii+1).

Answer: (a) 2, —g; (b) 2, ZBl; (©) V2, 377[

Solution: 1n each case P(a,b) represents the complex number z = a+ib and € is the principal
argument of z .

(a) Im z=-2i
=2
0 T
0 b Re arg Z:_E
2@ P(0,-2)
(b) z=—1+3i
Im
P(-1,43) 5 |7 =+1+3=2
T 27
O=n-—=argz="-
3 3
4
-1 0 Re
() z=i(i+])=~1+i
Im
P(-1,1) |e|=VI+1=+2
L 1
3n
A O=n-%=argz=""
-1 0 Re




Problem COM3_13.

If z; = 2((05E +isin E) and z, = ﬁ(cos(— 1‘—) +isin{— E)j, find |ZL
3 3 4 4 z

and arg(—zl-].
Z3
-7
Answer \fit; %

Solution: |z)|=2 and argz =2
3

2;|=+2 and argz, =—§4
|

ﬁzlll|:»i: 2, arg(—z—l—Jzargzl—argzz:E*(—EJ:LE'
7| |z 2 7, 3 4) 12

Problem COM3_14.
Use the properties of modulus and argument of a complex number to deduce that (a)

(1 ()
212y =z -7 ; (b) 7 ‘(?);(C) ;2“ :z<

Solution: Let 1 =|2|, r, =|z5] and 8) =arg z;, 8, =argz,. Then

z=x (cos()l +isi1101), Zp=n (cos(— 61)+isin(~91)),

zy =ry{cos 3, +isin®,), 7 =ry (cos(—02)+isi11(—02))

(8) z1zy = rlrz(cos(el +92)+isin(91 18 )) 32122 —)112(0 s(- (6, +€)2))+isin(— GH +0,)))

But z_1~E;::1‘]1':,_(cos((—61)+( 92))+Ism ) ) Therefore 2,2z, =z -2, .
z=r{cos(~0) +/sin{~6)) and

(b) TLet r:=)z| and argz =0, Then z—l(cos6+lsu16)

l=l(cos(~»6)+zsm( 0)). Thus ( j l(cos(*)+isine) and (—%z}—(cosé)ﬂsine). Hence
zZ r r z r

(© =1 os(oy - 0,)-+isino ~02)):>(—ZLJ=:i(cos(-(61 —0,))+ isin(- 6, -6,)). But
2 Z 2

‘

—
3

@)_n (cas(—el +0,)+isin(~0,+6,)). Therefore, A
!
@) z2 Z2

Problem COM3_15,
If z=1+i, find ‘zwl and arg(zlo).

.m
Answer: 32, 7

Solution: ;:=]+i:«/5'( Lo

)= J2cis
f ﬁ)—ﬁcls“,

10 5
J|=+2 and argzz% Then ’210’=|z|10 =(ﬁ) =32, arg(zl°)=10argz=10--}=3§. Bul
57“> . Ths principal argument of z'° is _5573 -2n =-723.

Problem COM3_16.
z=1++/3 . Find the smallest positive integer » for Wthh z” isreal and evaluate z” for this
value of n. Show that there is no integral value of n for which z” is imaginary.

Answer: 3, 23 =-8.

Solution: = 2[% + @1] = 2(005 3 +isin ~) |z| 2,argz = 5 If z” is real, then arg(z”): km,

k is integral. But arg(z"): narg z. Therefore n~§-= kr, k=04142,...,

=30k = 04142, .

Hence the smallest positive integer » such that z” is real is 3.

‘23!=23 =¢& and arg(z3)=1c, 23 =-8.

If 2" is imaginary, then arg(z”)= 24- kn, k is integral. But ﬂrg(z"): narg z. Therefore

n-%:ng,m, k=04142,..., .'.n=%+3k,k=0,i1,i2,,..

Hence there is no integral value of n for which z" is imaginary.

Problem COM3_17.

Find the modulus of

L _41_ . Evaluate lan{lan -1 (gj ~tan~! (%J} . Hence find the principal
— 4]

R
argument of 3 14 interms of m.

Answer: 21,

ENE

Solution: Let zy =71, z, =3-4i , and z:%. Then |z)]=+/49+1 =542 and
—4i

arg z; :~lau'l(%), |22]=v9+16 =5 and argz, =—tan™ (3) |= II [| V2 and

argz=argz, —argz, =tan "\ (%J —tan™! (;) Use a well-known formula:

=1. Hence tanargz =1. But

tan| tan ! 4 —tan| tan™ l) 4.1

—if - L 3 7 3 7

tan tan T tan 7 = 7 N ==
' T+tanf tan™ 2 |- tan| tan 1 2| 14--=

3 7 37

PR




4, % . Therefore argz=tan™ (g) —tan! (%) = (0, %) Thus principal value of argument z is % .

i

_if 4 41 oo T-i .
== - |¢=1, principal argument of is —.
is \/— tan{tau [3 ] tan [7 ]} L T pal arg a7 7

", Modulus of

Problem COM3_18.

If |z| =+ and argz=0, show that

3 is real and give its value.

z° +r
1
Answer: — .
2rcos®
. . 2 _ z z 1 1 . .
Solution: MNoting r* =27, R =——=——_ Hence is real. Since
z°+r* z°+z7z Z+Z 2Rez z°+r

z
Rez=rcosH, = .
22 472 2rcos®

Problem COM3_19.
Find the modulus and argument of each of the complex numbers z, =2/ and z, =1++/3i. Mark

on an Argaid diagram the points P, Q, R and S representing z,, z5, 2, + 25 and z; -z,
respectively. Deduce the exact values of arg(z, +z,) and arg(z; —z,).

Answer: ar;g(zl -z ) = % , ﬂrg(ll +2y ) =7

127
Solution:
Im R
z|+ z,

2 /P
e Q

7

S o
z) %
0 1 Re

i ™ T
zy=2i=2cos—+isin—|, .. |z1=2 and argz; =—.
! [ 2 “2] &l 82175

z =1+3i = [—+1%]:2(cos—;£+isin§j, |22[:2 and argz, :g—.

OP=|z|, 20 = ]zz|. But |le = ]zz|. Hence OP = 0Q and OPRQ is a thombus. Therefors

£POR = £ QOR. Thus arg(z +2,) =L (arg z; +argz,) = i—g . Since diagonals OR and QP of the

rhombus OPRQ meet at right angle, arg(z, —z5) =arg(z) +2, )+~ :11—1213.
- Sn lln
carglzy +z- )=—, arglz; —z5 )= .
gl +22) D g(z1 ~25) )

Problem COM3_20.

(a) Solve “he equations x2 +x+1=0 and x? - \3x +1=0.. Plot on an Argand diagram the
points A and B representing the solutions of the first equation, and C and D representing the
solutions of"the second, choosing A and C to lie above the real axis.

(b) Find the angles Z40B, £COD, #COA and ZACB .

S SIS

Answer: (a) ——+
2 2

Solution: (a) Using the quadratic formula;

—1+4/3i
X2+X+1=0:>A=-‘3:>X:*l_.ﬁz—liif,
2 272
. i
—\ﬁix+1=0:>A=~13x:\/§*l :\_/iil,"
2 2 2
ICTR e Im
V3 1
cB b
0
-
Re
31
D5 ,—35)
B(-4,-4)
. . 3 1
(b) Let x =~%+§i, Xy = —l—gi are the solutions of the first equation, and x5 = - t3h
B , .
x4 =———~-i are the solutions of the second equation.

=]X4|=1A

=|xa| =1, argxs =2 argxy =2,
6 6

Then argx; :23l,argx2 :_23_11’

€




Hence £A0B =2n—(argx; — argx2)=2—;—, ZCOD =arg x3 —arg x, =§ R
ZCOA =arg x| —argx3 =§' LACB = ZACO + ZBCO .
But £4C0 = %(n - Z40C), since 40 =0C =1, and
ZBCO = %(n — £BOC), since BO =0C =1.

Therefore .ZACB =n —%(4,400 +£BOC)=n—-—~(2n~ ZAOB) = %4/103 = 733

wla -

LAOB = ‘33 £C0D :%, £C04 :g, ZACB =
Problem COM3_21.
Let H and K be the points representing the roots of x? +2px +q =0, where p and g are real and

1)2 <¢ . Find the algebraic relation satisfied by p and ¢ when ZHOK is a right angle.

Answer: g-- 2p2 =0.

Solution:
A(-1, ﬁ ) Im
0
Re
B(-1,-+2)

Using the quadratic formula:

o 2
=2p+i2\Jgq - .
x? +2px+q:():>A=4p2 -4qﬁx:—p‘2—q—p=—pi\/q-1)2i,smce p2 <q.

Let x3 =—p+iyg—p? and xq=-p—iq-p?. Since ZHOK =2argxy,if p<0,or

. 3
ZHOK =21 - 2argx3,if p>0, ZHOK =%:> argx3 :% when p <0 or argx =—I— when

p>0. Ineach case

q—2p2 =0.

2

Ve -p
P

must be equal to 1. Hence £HOK is a right angle when

Problem COM3_22.

On an Argand diagram the points A, B, C and D represent z;, z,, z3 and z, respectively.
Show that if z; -z, +2z3 -z, =0, then ABCD is a parallelogram, and if also
2z) +izp'—zy —izy =0, then ABCD is a square.

Solution:

Im

0

-
Re

— I
If 2) 2y + 23 -24 =0, then z; —z; =z, —z3. But BA represents z; —z,, CD represents

- - -
zy —z3. Tterefore B4 and CD are parallel. On the other hand, z) —z4 =z, —z3. But D4

-

— -
represents z; —z,, CB represents z, —z3. Hence DA and CB are parallel. So we proved that
ABCD is a parallelogram.

.




Im

0

Re
If z; +izy - 23 —iz4 =0, then z; —z3 =i(z4 - z, ). Hence the diagonals C4 and BD ofthe
parallelogram ABCD meet at right angle and CA = BD . Therefore 4BCD is a square.

Problem COM3_23.
Use the vector representation of z, and z, on an Argand diagram to show that, if

O<argzy <argz; <g, and arg(z; -z, )-arg(z +22)=§, then lzl|:|22|.

Im

Solution:
- = -5 o
Let 04, O3B represent z|, z,. Construct the parallelogram OACB. Then OC, BA represent

- —
7] + 125, 7 - 25 respectively. Since arg(z; - z5 )=arg(z) + 2, )+ E, BA is obtained from OC by a

rotation anficlockwise about O through —, followed by an enlargement in O . Therefore

dlagonals 0C and 4B of the palallelogmm OACB meet at right angle and OACB is a rhombus.
Hence 04 = 0B and |z)| =|z,].

Problem COM3_24,

- il

If 2 =24 +7i and |z,|=6, find the greatest and least values of |z +z,| .
Answer: 19

Solution: |z + 23| <|7)|+]z5|=25+6 =31 and this greatest value of 31 is altained when z, = kz,
for some positive real k. Bul |z5|=6 and 2, =kzy = 6=25k .

— 144 425
25 725

|21 + z2[2||;:1!+ |z2” =25-6=19 and this least value of 19 is altained when z, =—kz, for some
positive real k. But |z5|=6 and zj =—kz; = 6=25k,

<Jzy + 25| attained the greatest value of 31 when Zp = -(24 +7i)=

<Jz1 + z,| altained the least value of 19 when 2y = —765(24 + 7i) —% + %1
Problem COM3_25.
On an Argand diagram the points A and B represent the numbers z; and z, respectively. I is the

point (1: 0). D is the point such that trl'mgle OID is similar to triangle OBA. Show that D

Z)
represents —.

L]

Solution:

Im A

z) B
D
7y, Z3

0 1(1,0) Re
AOID = AOBA,
OO_Z) = % I—ZI—| = F—I £DOI = ZA0B = arg z3 = arg z; —arg z,. Hence |z3)= ||2|| and

argzy =argz) —argzy.
21

N
end OD represents the quotient of z and z,.
22

SN2y =

Problem COM3_26.
Express - 1++/3i in modulus/argument form. Use de Moivre s theorem to show that

(— 1+ ﬁi)" + (—l - \/ii)" =2 cos[ 23 j n is a positive integer. Evaluvate this expression in each

of the cases. n=3m, n=3m+1, where m is a positive integer.

iz




Answer: 2((os2—"+lsm ) o _on

Solution: Let z=-1++/3i. Then z= 2[ 3 +?1] = 2(cos 2?+151n %—j and

. . 2nm
—1-4Bi=i= 2(cos —23£—isin Z?R) . Using de Moivre's theorem z" = 2" (cos 23-—+1 sin Tj Now

(3 ="+ (;;)= 2Re(z" )= n cos(ggﬁ] . Thus (— 1+ \/51')” + (‘ 1- ﬁi)n =2 cos(%ﬁ] .
If n=3m, ‘:— 1+ \/51‘)“ + (— 1- \/3—/')" =2 005(6—';@) =
Ifn=3m+l, (~ 1+ «/ii)” + (— 1- ﬁi)" =9 cos(Zmn + 23—“) =21,

Problem COM3_27.
Express z =4+2(1+i) in modulus/argument form. Hence find the two square rools of z and
mark their representations on an Argand diagram.

Answer: z == 8cis % .t Zﬁcis[%).

Solution:

Im

22 cis(%)

&
-2 cis(%)

[I f] s

|z| =8 and argz :%. By de Moivre's theorem, one square root of z has modulus 242 and

. (T
argument ‘: Hence the two square roofs of z are izﬁms(gj,

Problem COM3_28.
Use de Moivre’s theorem to find in modulus/argument form the cube roots of —2 - 2.

o 5 1) ).

—D -

. 1 1 3 3n
Solution: 1 =-2-2i=22| —— i |=8§ __) f si (__j .
i ( 5 _21J [cos[ L |+isi 7

|z[ 8 and argz=-"" By de Moivre’s theorem cube roots of z have modulus V2 and

2k
arguments _Z+ %, k=-1,0,1. Hence the three roots of z are

. A | lim 5n
\/i (~E , v 2cisf ——— |, /2¢is] = |.
C18 4/ \/—01 0 «/_015 D)

Problem COM3_29,

Use de Moivre's theorem 1o solve the equation z° =1. Show that the points representing the
five roots of this equation on an Argand diagram form the vertices of a regular pentagon of area

5 2n
—sin— and perimeter IOSmT.
2 5 5

Answer: 1, cis(iz—:—), ciS(iﬁj-
3

Solution:

Im

Ry

&Y

Ty~

P=1 |zl =1. Hence 5th roots of unity have modulus 1 and their representations
Py (k= 0,,23,4) lie on the unit circle with the center in the origin. By de Moivre’s theorem one
root {zq ) has argument zero, the others being equally spaced around the unit circle in the




. 2 .
Argand diazram by an angle Tn . Hence the complex 5th roots of unity are 1, cis(i E})

cis(i 4—“)
3

Since £P, 0P, 4 224 and OP, =OFp =1, P, Py, =23in§ for any
5
k=01234(P5 = Py). Therefore the points P (k = 01,2,3,4) form the vertices of a regular

5.2 . .
pentagon of area S sin %(: 5-(area of APyOP,)) and perimeter »lOsm—;E(: 5.PR).

Problem COM3_30,

Show that the roots of z8 + 2% +1=0are among the roots of z° —1=0. Hence find the roots of

e 41=0in modulus/argument form,

Answer: cis iﬁ , cig i4—n , cis Sn
9 9 9

Solution: z° —1= (23 ~IXZ6 47 +1). Therefore, if z6 + 23 +1=0, then z° ~1=0. Hence the
roots of 2% + 23 +1=0 are among the roots of z° —1=0. Let z=c0s6 +7sin8 satisfy 27 =1.
Using de Moivre’s theorem, cos(9(~)) +fsin (99)=1 +0i
~c05(98)=1 and sin(96) =
96 =2nk, [ integral
-8 :%’ik, k integral.
. 2n . e . ' 2n
Taking 0 = ?k, k=0l...8 gives 9 distinct numbers z with argument ?k.
If 25+ 23 +1=0, then z° =1 but z% #1. Hence the roots of z° +2° +1=0 are
cos| 2—nk 4-i sin 271k , k=1243578.
9 9
-z%+2° +1=0 has the roots cis igﬁ , cis ir4—n , ol irEgE .
9 9 9
Problem COM3_31.
If z =cos®+7sind, show that z" —z™ =2isinn0 . Hence show that

sin® o= % (sin 50— 5sin 30 +10sin 0).

Solution: By de Moivre’s theorem and z" =cosn0 +isinnd and

27" =cos(~ nB) +isin{~n0)=cos B —isinnd, Then z” +z™" =2cosn® and 2" — 27" =2isinnd

5 5 _
2isin®=z--z"" Then 32/° sin® 6:(2—2_1) . But (z—z"l) =25 —573 +10z 107"
w5278 =70 2 (z5 —27)=5e3 — 23} 10l - 271 )= 21in 56— 1015030 + 205in6

Hence sin’ 0 = T (sm 50-55in30+10sin6).

Problem COM3_32.

P 2 e

1, @ and 2 are the cube roots of unity. State the values of o> and 1+ + o2, Hence show
12
that (l+0)2) =1 and {1 ~m)(l—mQX1~m4X1~m5X1—m7XI~co8): 27.

Answer: o =1, 0®to+1=0.

Solution: The cube roots of unity satisfy x> ~1=0. But x> -1=(x —l)(x2 + x+1). Hence

o#l=0?+o+1=0 Clearly, o> =1. Therefore (l+m2)12 =(~0)?= (0)3)4 =1
Then o =03 0=0,
0’ =03.02 =02,
m7 0% 0=0,
@b

Hence (l (1 w2X;mo)4X1 m5X1 m7X1 m)
(( —0) (l ® ))3 =(1—m—a)2+m3)3 :(2—0)—032)3 =

(3—(1+m+m7’))3 =3% =27,

Problem COM3_33.
1, ® and 22 are the ihree cube roots of unity. Show that if the equations 22 ~1=0 and
p2° +gz+i-=0 have a comnion root,

then (p +4 + r)(pm5 +q0 +)'Xpa)lo +qo? + r): 0.

Solution: The cube roots of unity satisfy z3 —1=0. Therefore, if z is a common root of the
equations z3 —~1=0 and Pz tqzr =0, then z is one of the cube roots. Thus

ifz=1,then p+qg+z=0;if z=w, then pa’ +qo+r=0if z=w?, then po'® +q02 +r=0.
Hence (p+ g+ r)(pa)5 +qo + rX[)O)lO + qco2 + r): 0.

Problem COM3_34.

Express z| = +:I in the form a+ib, where g and b are real. On an Argand diagram sketch the
!

locus of the point representing the complex number z such that lz2—2|= «/5 . Find the greatest
value of 2] subject to this condition.

Answer: z; =1+2i, 245 .

THdi _ (T+4)G3+2) _(21-8)+(4+12)i
3-2 G-20G+2) 944

Solution: iy = =1+2i.

Py




Im ¥}
- 0(2,4)
P Let A represent z; =1+27. Then _ Im A
2 P
A(1,2) AP represents -z and
|z-2|=v5=4P=+5. Hence P sio
lies on the circle center A(1,2) and T % z—2
: L radivs /5. So the locus of P has & arg(z —2)
i
Re equation (x—12 +(y-2)2 =5. Let arg(z +2) -
Q be the irtersection of the line 04 and the circle. Then the greatest value of || is 00 =245 . B(=2.0) 0 42,0) Re
Problem COM3 _35.
The point P represents the complex number z on an Argand diagram. Describe the locus of P Since alternate angles between parallel lines are equal, £BPA =—72£ as P traces its locus. Flence P
12
when arg(z ~2)= arg(z+2)+§. lies on the upper arc 4B of a circle through 4 and B.

Answer: y=4—x?

Im
5 5 x2+)/2:4, y>0
Solution: et A(2,0), B(~2,0) represent 2, —2 respectively. Then AP and BP represent z —2
o n
and z+2 respectively. arg(z-2)= arg(z+ 2)+g requires AP to be parallel to the vector obtained 2
0

[

N
. " . ) L3 S
by rotation of BP anticlockwise through an angle of Y B(-2,0) \ A2,0) Re
Im
B(=2,0) - 0 42,0y Re
arg(z +2) -
% arg(z —2) .
2 n The center of this circle is the center of diameter 4B . Hence the locus of P has equation
2 z-2 2, 2 [i_2
z+2 x“+y°=4,3>0,0r y=vyd-x*
P . . ) n
Let z=x4iy satisfies both |z=|z —2| and arg(z-2)=arg(z +2)+ 7 Then x =1 and
If P lies below the x-axis, 4P must be parallel to a clockwise rotation of BP . This diagram y=+4-1=3 Hence z=1+i3 .

shows arg(z—2)=arg(z+ 2)—34 Hence P must:lie above the x-axis.
2 Problem COMS3_36.

Indicate on an Argand diagram the region which contains the point P representing z when

|2] <]z 2| and —%sargzs%.

Solution:

Py




Im
y =X
é ()]
A(2,0)
0 Re

% 1,-1

y=-x
x=1

. . . . m™ .
|l=]z - 2] is the perpendicular bisector of 04 . arg z :Z— istheray y=x, x>0. argz = s

theray y=-x, x>0.

Problem COM3_37.
|z~1|<|z-i| and |z -2~ 2| <1. Sketch the region in the Argand diagram which contains the
point P representing z. If P describes the boundary of this region, find the value of z when

arg(z - 1) = ; .

Answer: 21, 342i.

Solution:

Im \

o (o

Let 4,. B and Q represent 1, i, z respectively. If |z=1=|]z-1, then AQ=BQ and the locus of
©Q s the perpendicular bisector of AB. Since 4B has midpoint (%,%j and gradient -1, the

locus of Q passes through (%%) with gradient 1 and has Cartesian equation y = x.

Let C represent 2+2;. If !z— 2~ 2i| <1, then CQ =1 and Q lies on or inside the circle
with center (2,2) and radius 1.
Let now [z-1|<|z~1| and |z—2-2i<1. Then 4Q <BQ and CQ <1.Hence Q lies on the

right-hand side of the perpendicular bisector of 4B inside the circle centre C and radius i,or Q

lies on the boundary of this region. If P describes the boundary of this region and arg{z—1)= %,

-
then CP =1 and 4P makes the angle 1:— with the positive x-axis. Thus we must solve

simulianeously two Cartesian equations (x—2)% +(y-2)? 51 and y =x~1. Substituting the
second equation into the first gives (v ~2)? + (x~3)2 =1= 222 ~10x +12 =0 x=2,3 = y=1
(when x=2), y=2 (when x =3). Thereforesuch P represents z=2+7 and z=3+2i.

Problem COM3_38.
|z -1 =1. Sketch the locus of the point P representing z on an Argand diagram. Hence deduce

that arg(z —1)= arg(zz).

Solution:
Im
Z
z-1
0 26 B(2,0)
0 A(1,0) Re

-
Let 4 reprasent 1. Then AP represenis z—1 and AP =1. Hence P lies on the circle center
A(L,0) and radius 1, '

Let 0=argz and B represent 2. Then £POB =6 and £PAB =arg(z~1). But £PAB =2/P0B

and arg(zz) =2argz. Therefore arg(z —1) =20 = 2arg z = arg(z2) as AOAP is isosceles with

A0 =A4P.

Problem COM3_39,

- DA



L 1 , . .
The complex number z is given by z =1+ 7 where ¢ =r(cos© +7sin8). Find the equation of the

. . . T .
locus of the: point P which represents z on an Argand diagram when 0 = " and r varies.
Answer: x? —-pe=2.

Solution: 1.et 1’(x, ) represent z = x+ iy. Then x+iy= r(cos B +isin 6)+l (cos 6—isin O) =
’

[I' +~]—) cost) +i(r —lj sin@,
r r

.'.x:[rJrl cos 0 and y=(r—l]sin@.
r r

1) 1 1)1 2 2
x={r+—|—= and )'=(z‘—~)*.Hence X —-ye=2.
( r)\/i r)2

N
s

/O&Re

xz—y2:2

Problem COM3_40,
Indicate on an Argand diagram the region defined by the pair of inequalities |z}<6 and

|z=35|<5. Write down the range of values of argz for such z Find the values of z for which both
|2|=6 and |z-3]=5.

: 18 24
Answer: ~-:~<argz<g, Z="—%i—

Solution:

ImA

|2| =6 is the circle, center (0,0) and radius 6. |z—35]=5 is the circle, center (5,0) and the radius 5.
Sine y-axis is a tangent line to the circle |z~ 35|=5 at point (0,0), if lgf<6 and |z -35|<3, then

s T
—§<argz -:5,
Let z = x+iy. Then |z]= 6= x> + y? =36, and |z—5=5= (x—5)? + y? =25. Hence, if z such
that both

z

=6 and |z-3|=5, then both x2 + 32 =36 and »2 +y2 ~10x +25=25 . Therefore

10x =36.
18

=
5

2
Ly= i‘ 36 - (Bj = Zi .
3 5
24

Hence the vatues of z for which both |2 =6 and |z—3]=35 are gii»_—‘
5705

o A2




