Topic 4. Conics.

Level 2.

- Problem CON2_1. For the ellipse x? + 2y2 =4, find (a) the eccentricity, (b) the coordinates of
the foci, (c; the equations of the directrices. Sketch the ellipse.

1

Answer: (a; -J—E; (b) (#2,0); (c) x =122

Explanation:

x:—Z\/E \/E x=2\/5

2,2 a=2,b=yJ2=>b<a
x2aoyteaa, Y o "T7 V2
4 2 b2 =a?(1-¢?)

eccentricity: e = ‘fl 2oL
4 W2

foci: (+ae,0) = (£+/2,0)

. . a
directrices: x=+2= x =422 .
e

Problem C'ON2_2. For the hyperbola x*-y% =4 find (a) the eccentricity, (b) the coordinates
of the foci, (c) the equations of the directrices, (d) the equations of the asymptotes. Sketch the
hyperbola.

Answer: (2> V2 ; (b) (#2+2,0); (c) x=+42; (d) y = +x.

Explanation:

- -




A
x= —«/2—
SYy=x
5'(~2+/2,0) S(2+/2,0)
T2 oT 2 X
Ny =X

2 2 a:2,b:2

"4 4 ,b2=a2(e2—1)’

eccentricity: e= 1+% =2

foci: (+ae,0) = (¥24/2,0)

. . a
directrices: x=+2=>x=+42
e

asymptotes: y= igx > y=rtx
a

Problem C'ON2_3. The ellipse has eccentricity ~§— and directrices x =-9 and x=9. Find the

equation of the ellipse.

" 2
Answer: i_— +2 =1
36 20

Explanation: We have the eccentricity e =—§— and the directrices x = +9 of the ellipse

2 2

. . . 2
x—2 + lz_ =1. But the directrices have equations x = +2  Therefore a =9- 3= 6. Then
a b e
2 2
2 2 2 4 . . . .X y
b =a*(1-e“)=36- (1 - 5) =20 . Hence the Cartesian equation of the ellipse 1s % + e =1.

Problem CON2_4. The hyperbola has eccentricity % and foci (-5,0) and (5,0). Find the
equation of the hyperbola.




o 2
Answer: f—_——y——=1 .
16 9

Explanation: We have the eccentricity e :% and the foci (£5,0) of the hyperbola

2 2
%— ~Y_—|. Butthe coordinates of the foci are (+ae,0). Therefore a=5- % =4 . Then
a b

2 2,2 25 . ' . . x2 y2
b* =ag“(e ~1) = 16-(E -1|=9. Hence the Cartesian equation of the hyperbola is e —9—:1 .

Problem CON2_5. A variable point P(x,y) moves so that its distance from (0,1) is one-half its
distance from y=4. Find the locus of P.

2

Answer: X + Y =1.
3 4

Explanation:

P(x,y)
S(0,)) 7

The locus of a variable point P(x,) is the ellipse with focus at S(0,1), directrix m:y =4 and
eccentricity e = % . Let M be the foot df the perpendicular from P to m. Then M has

coordinates (x,4).

PS=e-PM = x? +(y—1)2 :(% (y_4>2
2,.2 1
x4+ 1-=1{=4-1.
i’ ( 4)
. ) 2 yz
Therefore the Cartesian equation of the ellipse is 5 + T =1.




2.2
Problem C'ON2_6. A point P lies on the hyperbola %—— %2— =1 withfoci S and S’. Find PS’

if PS=8.

Answer: 14 or 2.

Explanation:
v
m' m
M’ M
15 Ap
1
/
S'(—ae,0) S(ae,0)
T—a 0 a ?
a : a
X=—-— X=—
e e

2 .2
Let m and m’ be the directrices of the hyperbola % - y_2 =1. Then for P on the curve, both
a b

PS =e-PM and PS'=e-PM’, where M and M’ are the feet of the perpendiculars from P

to m and m' respectively. Therefore | = eMM’. Thus |PS - PS'|=2a.
2 2

For the hyp erbola X - 27— =1 a=3. Hence

1/ = JZE +1 =3 Therefore the coordinates of the foci are (£9,0) . If PS =8, then

|PS'~8=6. Thus PS' =14 or2.

=6 . Since b2 =72,

Problem CON2_7. A hyperbola has center at the origin and foci on the x-axis. The distance
between the foci is 16 units and the distance between the directrices is 4 units. Find the equation
of the hyperbola.

2

Answer: LN 1.

16 48

Explanation: Since foci of a hyperbola are on the x -axes, then the equaﬁon of the hyperbola is
2 .2

% - %7 =|. Thus we need to find the parameters @ and b . Coordinates of the foci are (£ae,0) .

a

Therefore the distance between the foci is 2ae =16 . The equations of the directrices are x = +2.
(4




Hence the distance between the directrices is 2 .2 _ 4 Thus we have two equations ae =8 and
- e

2 _ 9 From the first equation we get ¢ = § Substituting the expression for the e to the second
e a

equation w2 obtain a® =16. Therefore a =4 and e = % =2.

Then 52 = a?(¢? -1) =16-(4 1) = 48. Hence the Cartesian equaﬁon of the hyperbola is

L A
16 48
2 )2
Problem CON2_8. Show that the equation o % + Tr 1, where k is a real number,

 represents (i) an ellipse if k¥ <4; (i) ahyperbola if 4 <k <29. Show that the foci of each ellipse

in (i) and each hyperbola in (ii) are independent of the value of &.

_ 2 2
Explanation: (i) If k <4, then 29~k >0 and 4-k > 0. Therefore 2; +L§:1 is an ellipse
Ly | — . 2 2 2 a? —b?
with a =v29—k and b =~/4 —k . Since b < a, then b* =a”(1-¢*). Hence e=———— and
a

the foci have coordinates (tae,0) = (J_r Va? - b? ,O) = (£5,0) . Thus the foci of the ellipse are

independert of the value of % .

: 2 2
(i) If 4<k <29, then 29—k >0 and 4 -k <0. Therefore T +4—y—k—=l is a hyperbola with
[2, .2
a=+29—-k and b=+k—4 . For the hyperbola b? = a®(e? -1). Hence e=——a—ﬂ— and the foci
a

have coordinates (tae,0) = (ir Va? +b? ,0) = (+5,0) . Thus the foci of the hyperbola are

independert of the value of k .

Problem CON2_9. Find the parametric equations of.
(a) The ellipse X2 +4y?=4;
(b) The hyperbola ¥ -y?=4.

Answer: (2 x =2cos0, y=sinb; (b) x =2sec6, y=2tan6.

2
2y

- Explanation: (a) Cartesian equation of the ellipse is x? +4y% =4 . Then %— + T 1. Hence

a=2 and o =1. Therefore the ellipse has parametric equations x =2cos® and y = sin O,
—n<O<Tm.

2 32
(b) Cartesian equation of the hyperbola is . y2 =4, Then T T =1.Hence a=2 and
b = 2 . Therefore the hyperbola has parametric equations x =2sec® and y =2tan0,

—ﬂ<9$m9¢ig.




Problem C'ON2_10. Find the Cartesian equations of :
(a) The ellipse x=5cos6, y =4sinb;
(b) The hyperbola x =2sec6, y=5tan®.

2 2 2
Y

Answer: (& L A 1; (b ——————=l.
. 25 16 4 25

Explanation:

() The ellipse has parametric equations x=>5cos6, y =4sin0. Therefore

W22 2 2
X +2 08?0 +sin? 0 =1. Hence the Cartesian equation of the ellipse is — + Y -
25 16 25 16
(b) The hyperbola has parametric equations x =2sec6, y=5tan6 . Therefore
2 .2
Y

2.2
X Y ec?0—tan? 0 =1. Hence the Cartesian equation of the hyperbola is —x—4-— ~ s

4 25
Problem CON2 _11. The points P(asec 6, tan 0) and Qfa sec (n—6), b tan (n—06)] lie on the

2 2
hyperbola x_2 - %2— =1. Show that PQ passes through (0,0).
a

2
Explanatzo,z The equation of the chord PQ of the hyperbola zc_ - i}? 1is

fcos(e_d)j—%sin(e—;i) (e ¢) where P, Q have parameters 6, ¢. Wehave ¢ =n—-6.

a
Hence the equation of the chord PQ transforms into —cos( 62— } - %sin(aj = cos( 2) Thus
. a o)

¥ sin6 —% = 0. Therefore (0,0) lies on the chord PQ.
a

Problem CON2_12. The points P(acos 6, b sin ) and Q(acos ¢, b sin ¢) lie on the ellipse

2 yz - o & b2
— +==L If PO subtends a right angle at (@, 0). Show that tan— 3 tanE =-—.
b a
Explanation;
y A
£+ZZ_ =1 P(acos,bsind)
2 2
a” b b
A(a,0)
~a 0 X
7 O(acosd,bsing)




PAQ is a night-angled triangle. Therefore A4p? +AQ2 =PQ2.
a (cos@ -2 +b2sin 0 +4> (cos$p-1) 2 +b? sin? b=a (cose cos¢) +b2 (sin©— sm¢)

Then —2a? cos0+a? —2a> cos¢+a =-2a cosecos¢—2bzsm9sm¢,
) . .
cosO+cosdx—l—cosecosd):%sine‘sinm
a

2
1-2sin? -E 1- 2sm2¢ 1—25in2§ 1- 251n2¢ b 2s1'n—e—cosg ZSin-(RCOS?-j,
Z. 2 2 a2 2 2 2 2

2
_ 4sin? gsin2 —e—:b——(Zsm 0 —coS e)(2sin 9cos i)
2 2 2 2 2 2

a2

0 b2
Hence ‘[an——‘[zmijE =
22 42

Problem C'ON2 13. The points P(a sec 9 b tan ©) and Q(a sec ¢, b tan ¢) lie on the hyperbola

x2 )2 . o ¢ b?
Z_—Z_=1.If PQ subtends aright angle at (a, 0). Show that tan—tan—=-—-.
a2 b2 2 2 a2
- Explanation:
YA
P(a sece,btane)\
' A(a,0)
0 X
x2 y2
, PraTa 1
O(asecd,btand) a

PAQ is aright-angled triangle. Therefore AP% + 40% =PQ? .
az(sece—li2 +b2 tan® 9+c12(sec(1>—1)2 +b2 tan® ) =a? (sec@—secq))2 +b2(tan6—tan ¢)2

Then —2a* secB +a® —2a° sec ¢+ a? =-2a” secOsec b— 2b% tan Otan¢,

2

cos 0 +cos ¢ —1—cos@cos¢=b—zsinesin¢,
a

[l—Zsinz?) (1 2sm2¢ (1—2511129 1—2sin? ¢J (25m9c056j£2sin90039],
Z 2 2) g2 2 2 2 2

2
—4sin2gsi1129:b——(25mgcosg} ZSiIlEhCOSg).
2 2 42 22 22

a




2
6 b

Hence tan ;;tan 9 =- -
.- a

Problem CON2_14. The points P(asec 6, b tan 8) and Qla sec (-0), b tan (-6)] are the
2 .2

extremeties of the latus rectum x = ae of the hyperbola —J-C—z——y—z— =1. Show that (a) sec6 =¢; (b)
: a“ b

2
PQ has length 27 .
a

Explanation: (a) Chord PQ has equation x=ae, P has coordinates (asec6,btan6). Hence
asecO =ae. Thus secO=e. '

(b) Length of the chord PQ is |p tan® —b‘tan(—e)[ = 2b|tan 0| = 2bsec? -1 = 2bve? -1 But for

2 .2
the hyperbola % - y_2 =1 we have b =a?(e? —1). Therefore the length of the chord PQ is
a“ b
.22
a a

2 2

Problem CON2_15. The point P(acos 6,5 sin 0) lies on the ellipse x—2 +2
- a

== 1 with foci
b

S(al,0) ani S'(-al, 0). Show that (a) PS=a(l—ecos0) and PS'=a(l+ecos0);
(b) PS+PS'=2a.

Explanation: (a) Length of PS is \/(71 cos 0 — ae)? + (bsinB)? = \/a2 (cosO—e)? +b2 sin? 0 . For
2 2

the ellipse x_2 + %— —1 we have 52 =a?(1-e¢?). Therefore the length of PS is
a b

\/a2(0059—~e)2 +a2(1—ez)sin2 0 =a\/cos26—2(ecos6+e2 +sin20-e?sin?6 =

a\/(cos2 0 +sin? 0) — 2ecos O +e2(1 —sin? 0) = a\/17— 2ecos O +e? cos? 6 =ay(1 —ecos 6)2
Hence the length of PS is a(l-ecos).

Length of £’ is \/(a cosO + ae)? + (bsin 9)2 = J?(cose +e)? + b2 sin? 0 . For the ellipse
2 .2

x_2 + %5— =1 we have b2 = a?(1-e?). Therefore the length of PS’ is
a

\/a2(0056+ e)2 +(12(1—€2)Sin2 0 =a\/;s2 0+2ecosO+e? +sin20—e?sin?0 =

a\[(cos2 0+ sin? 0) + 2ecos O + e? Q- sin? 0) = a\[l+ 2ecos®+e? cos? B = a\ﬁl+ €cos 9)2
Hence the Tength of PS” is a(1+ecos®).
(b)PS + PS'=a(l—ecosB) +a(l +ecosB) =2a.

Problem CON2_16. Find the equations of the tangent and the normal to the ellipse
3x2 +4y? = 48 at the point (2,-3).

Answer: x--2y=8, 2x+y=1,




2 .2 2 2
Explanation: 3x* + 4y =48= % + 31)—2 =1. The tangent to the ellipse 31% + % =1 at the point

. 2% -3y .2ty
(2,-3) has 2quation == + =2 =1=> x -2y =8. The normal to the ellipse —+=—=1 at the
16 12 16 12
point (2,-3) has equation lg—x—EX =16-12=>2x+y=1.

Problem  CON2_17. Find the equation of the tangent and the normal to the hyperbola
9x% —23% =18 at the point (2,-3).

Answer: ‘3x+y=3, x—-3y=11,

2 2 2 2

Explanation: 9x? - 232 =18=> x—2— - 2)9— =1. The tangent to the hyperbola 3‘2_ - %— =1 at the

) . 2x =3y x* y2
point (2,-3) has equation 55 T 1= 3x+y =3 . The normal to the hyperbola Y =1 at

the point (2,-3) has equation %{Jr 23’5 =2+9=>x-3y=11.

Problem CON2_18. Find the equations of the tangent and the normal to the ellipse

x =4cos0, v =2sin0 at the point where 6 = —Z—.
Answer: x--2y =42, 2x+y =342
Explanation: The tangent to the ellipse x =4cos 6,y = 2sin® at the point where 6 = —% has

X cos(— —j ¥y sin[m —4—)
equation — + 5 =1= x—2y = 442 . The normal to the ellipse

x=4cosH, v=2sin0 at the point where 6 = ~1;— has equation

=16-4>2x+y=32.

Problem CON2_19. Find the equation of the tangent and the normal to the hyperbola

x =2sech, v =4tan0 at the point where 6:—% :

Answer: 24/2x+y=4, x—242y = 1072 .

Explanation: The tangent to the hyperbola x = 2sec6, y = 4tan0 at the point where 6 = —% has

b sec(— ﬁ) ytan(~ Zj
equation — 5 - i =1= 242x + y =4 . The normal to the hyperbola




x =2secO, v=4tan0 at the point where 6 = —% has equation

x 4 =4+16=x—242y=1042 .

o) =l

Problem CON2 20. Find the equation of the chord of contact of tangents to the ellipse
3x2 +4y? =48 from the point (6,4).

Answer: 9x+8y =24.

2 2 : - -
Explanation; 3x* +4y? =48= )16—6 —}112— =1. The chord of contact of tangents from the point

2 .2 o
(6,4) to the ellipse % _+2_ =1 has equation @—C«Jrﬂ =1=9x+8y=24.
16 12 16 12

Problem CON2_21. Find the equation of the chord of contact of tangents to the hyperbola
9x2 —2y? :=18 from the point (1,2).

Answer: 9x—4y =18,

2 2

Explanation: 9x2 —2y% =18 x? - y? =1. The chord of contact of tangents from the point

2 .2 ~
(1,2) to the hyperbola %~ 29—=1 has equation %—%Ji =1>9x—4y =18.

2 .2
Problem CON2_22. The point P(asec 0, b tan 0) lies on the hyperbola % - % =1. The.
a“ b
tangent at P’ cuts the x-axis at X and the y-axis at Y. Show that —% =sin?9 and deduce that if P

2 .
is an extreriity of a latus rectum, then % =¢ 5 ! .

e

2 2

Explanation: The tangent to the hyperbola %— P4
a

—=1at the point P(asec,btan) has
b

. xsec® ytanB
equation ————
a b

(0,-b cot ©). Hence
Px? =(asec(9—acose)2 +b2 tan? 0= a? cos? Otan* 0+ b2 tan? 0,
PY? =a?sec? 0+ (b tan 6 + b cot 6)2 —a?sec?0+b2 sec? Bcosec? 0.

=1. Point X has coordinates (acos6,0) and point ¥ has coordinates

2 2 2 2 2 .
O(a*“ tan“ 0
Therefore bX = \/sm (a” tan” O+ b* sec” 0)
oY \/003302 0(a? tan? 0 + b2 sec? )

X
then asecB = tae. Thus cosezirl. But P—X—=1—cos29.Hence P——:I—L=
e Y PY 22

—sin? 0. If P is an extremity of a latus rectum,

e? 1

62




2 .2
Problem C'ON2_23. The point P(a sec 6, b tan 0) lies on the hyperbola E—Z— - Z—z =1. The
) a

tangent at I’ meets the asymptotes at the points M and N. Show that PA/ = PN .

22
Explanation: The tangent to the hyperbola % - 2}—2 =1 at the point P(asecH,btand) has
[7)
xsec® ytan®

equation ————
a

M(a cosﬁ_)b cos@
1-sin® 1-sin®
N 4 cos.O_,__b cos.G

1+sin? 1+sin6

=1. This tangent meets the asymptote y = 2x at the point
. a

J and meets the asymptote y = 20 atthe point
a

j . Hence

2 : 2
PMzz(asecG—a cos.e ) +(btan6—b c,os@ ) =a2ta1126+b256026, ’
A 1-sind 1—sinb _

cos 6 - 0080

1+sinB
Therefore .°AM = PN .

2
J —a?tan20+52%sec? 0.
1+sin0 ) -

2
Psz(ascce—a ) +(btan6+b

Problem CON2_24. Show that the tangents at the endpoints of a focal chord of the hyperbola
22

x—2 - 3—2 =1 meet on the corresponding directrix.

a“ b

2 2

Explanation. Let PQ be a focal chord of the hyperbola x—2 - % =1. If tangents at P and Q
a b

meet in T(::y. Vo), then PQ has equation W—Z()——y}%)— =1. Hence if S(ae,0) lies on PQ , then
a b :

- Xg = and T lies on the directrix x = g; if §'(-ae,0) lies on PQ, then x; = ~“ and T lies on
e e e

the directriz x = -2 .
e

2 2

Problem CON2_25. The point P(a cos 6,5 sin 0) lies on the ellipse x_2_ + —y7 =1. The tangent at
. a® b
P meets the tangents at the ends of the major axis at Q and R. Show that QR subtends a right

. o (242 2
angle at either focus. Deduce that if P is the point |1, =N

lies on the ellipse x? +y?% =1 with

foci § and S",then Q, S, R, S’ are concyclic, and find the equation of the circle through these
points.

2
Answer: x* +( —-—3—J =E.
242 8

Explanation:

—.Ii—.




x2

Clz

2
Explanatior. The tangent to the ellipse — + %— =1 at the point P(acos0,bsin0) has equation
b

xcosd 1%59 =1. Point X has coordinates (asec6,0) and point ¥ has coordinates

a
(0,6cosec 0). Hence

rx? :(ac()sé)—asec@)2 +5%sin?0=a?sin? 0tan? 6 + b2 sin? 0,
PY? =42 cos? (%)+(bs'1n@—bcosec€))2 =a? cos? 0 +b2% cos? Hcot2 6.

X tan“ 0O 0+b 0
Therefore X _ (a®sin®6+b” cos” 0) _
o \/°°t2 6(a® sin? 6 +52 cos? 6)

then acos6 =zae. Thus cos8 = +e . Hence Eﬁl_ ¢
PY o2

tan? 0. If P is an extremity of a latus rectum,

2

2 .2
Problem C'ON2_27. The point P(asec 0, b tan 0) lies on the hyperbola % - Zz— =1. The
a b

- 2
normal at F cuts the x-axis at X and the y-axis at ¥. Show that %— = % .
a

2 2
Explanation: The normal to the hyperbola % - 22— =1 at the point P(asec®,btan) has
a® b

2 2

equation _% LB 02052 Point X has coordinates [a

a

sec 0,0J and point ¥ has
sec®  tan©

a® +b?

coordinates [O, tan 9}. Hence -

2 a? +b* ’ 2 2 2. b o 2 2, b2 o 2, 2
PX*“={a- sec” 0+ b° tan 6=—Zsec 0+ b tan 6=—2(b sec” O+ a” tan 9),
a a a

a® + b2

2
2
a a
] tan2 0 =a%sec? 0+ ——2—‘[21n2 9=—7(b2 sec2 0 +a? tan 2 6).
b

Pr?—a?sxc?o +[b -
b

PY éw/bz sec20+a’tan? 0 b2
Therefore oy d =

2
%\/b2 sec20+a%tan?0 @

2 2

~ Problem CON2_28. The point P(a cos 0, b sin 0) lies on the ellipse x—2 +2
a

=1 The tangent at
b

P cuts the ) -axis at B and Y is the foot of the perpendicular from P to the y-axis. Show that
OY -OB=b2.

2 2
Explanation:. The tangent to the ellipse _x_z_ + y_2 =1 at the point P(acos6,bsin0) has equation
a b
xcos O +Z:;m6 1
a b

.-/’2-‘ -




’ Y A
R
C P(acos6,bsin6)
2
S(-ae0) 0 S(ae0) ] *
2 2 l
x=—-a a®* b x=a

Let the tangent at P meet x=a, x=—a in Q, R respectively. Let QR meet the y-axisin C.

xcos ysme

Tangent PR has equation —— =1.

b
Hence O has coordinates (a,w and R has coordinates (— a, 2(_1_+_cos_9)j
sin 6 sin 6
b(l—cos®) b(d+cosb) b2 ‘1~cosze .

Gradient ()S x gradientRS = =
05 xgr a(l-e)sin® —a(l+e)sin®  421-e?) sin?0

Then 52 = 2% (1-e?) = gradient OS x gradient RS = -1.. S L RS . Similarly, replacing e by —e,
OS’ 1 RS". Hence QR subtends angles of 90° ateach of S and S',and @, S, R, S’ are
concyclic, with QR the diameter of the circle through the points. The y -axis is the

perpendicular bisector of the chord SS’, hence the center of this circle is the point C where the
diameter OR meets the y-axis.

Wi <2 2y
If P|1L, 3 lies on the ellipse ?+ y2 =1, then QR has equation = 5 * +2¥2Y 1 and meets the

¥ -axis in (T(O,i]. Also b% =a?(1-e?) gives e? =§, and S has coordinates (2«/5,0). Hence

242
73

2
cs? B and the circle through @, S, R, S’ has equation X%+ _3 =
8 212 8

Problem C'ON2_26. The point P(a cos 0, b sin 0) lies on the elhpse — + y_2 =1. The tangent at
a’ b

P cuts the x-axis at X and the y-axis at Y. Show that % =tan® © and deduce that if P is an

extremity of a latus rectum, then % =

-3~




%
B
™ P(acos6,bsinb)
YT '
ins| x‘
-a\ & o] xS A
-b

The point B has coordinates (0,5cosec) and the point ¥ has coordinates (0,6sin©). Hence
OY -OB =bsin0-bcosec 0 =b2 .
, 2 2
Problem CON2_29. The point P(asec 6, b tan 6) lies on the hyperbola == Pl =1. The
) a
tangent at I’ cuts the y-axis at B and Y is the foot of the perpendicular from P to the y-axis. Show
that OY - 03 =b2.

2 .2
Explanatioin. The tangent to the hyperbola x—2 - y_2 =1 at the point P(asec6,btan6) has
a b

xsecO® ytanO

equation ——— — 1.
a b
y A
Y # P(asecO,btan0)
¥ S. -
0 A\ X X

/B

The point B has coordinates (0,~bcot®) and the point ¥ has coordinates (0,5 tan6) . Hence
OY -OB=btan6-bcotO=h> .

- 4=



Problem 2_30. For the rectangular hyperbola xy =16, find (a) the eccentricity; (b) the
coordinates of the foci; (c) the equations of the directrices; (d) the equations of the asymptotes.

Sketch the ayperbola.
Answer: (2 V2 ; (b) (442,44/2), (—42,-442); () x+y =442 ; () x=0, y=0.

Explanation:

¥ i

i

' x+y=4\/5

§'(~442 ~442)

x+y= —4\2
For the hyperbola xy =16 we have ¢2 =16 = ¢ = 4. Hence the hyperbola xy =16 has

eccentricity e=+2,

foci  Stcv2,c42) = S(42,442)

and  S"-cv2,-cy2) =S(-42,-42),
directrices x+y=tcV2 D> x+y= 442,
asymptotes x=0 and y =0 .

Problem 2_31. Find the parameiric equation of the rectangular hyperbola xy =25.
5
Answer: x:=5t,y =

Explanation. For the hyperbola xy =25 we have ¢2 =25= ¢ =5. Hence the hyperbola xy = 25

. . c 5
has parametric equations x =ct,y = 7 S x=5y= T

Problem CON2 32. Find the Cartesian equation of the rectangular hyperbola x =3ty = %
Answer: x3 =9,

Explanation: The hyperbola x=3t,y = % has Cartesian equation xy = 3¢ - % =>xy=9.

~1& -




Problem CON2_33. Find the equations of the tangent and the normal to the rectangular
hyperbola .y =12 at the point (-3,-4) .

Answer: 4x +3y=-24, 3x—4y =7,

Explanation: For the hyperbola xy =12 we have ¢? =12 . Hence the tangent to the hyperbola
xy =12 at the point P(x;,y;) = P(-3,~4) has equation xy; + yx; = 2¢* = 4x+3y = —24 and the

normal has equation xx; —yy; =xf —yZ =3x—-4y=7.

Problem CON2 34. Find the equations of the tangent and the normal to the rectangular
hyperbola « =3¢y = % at the point ¢ =~1.

Answer: x+y=-6, x—y=0.

Explanation: For the hyperbola x =3ty = % we have ¢ =3. Hence the tangent to the hyperbola

x=3ty= ; at the point where ¢ = -1 has equation x +2y = 2¢f = x + y = -6 and the normal has

: 1
equation m—%:c[ﬂ —7j:>x_y=0'
t -

Problem C'ON2_35. Find the equation of the chord of contact of tangents from the point (1,-2)
toxy=6.

Answer: 2x—y=-12.

Explanation: For the hyperbola xy = 6 we have ¢? =6 . Hence the chord of contact of tangents
from the point T(xg,yo) =T(,—2) to the hyperbola xy=6 has equation

Xy + % =202 2x-y=-12.

Problem CON2_36. Find the equation of the chord of contact of tangents from the point
(-1,-3) to the rectangular hyperbola xp = 4. Hence find the coordinates of their points of

contact and the equations of these tangents.
2
Answer: 3x+y=-8, (2-2), (—5,—6}

Explanation: The chord of contact of tangents from the point (-1,-3) to the hyperbola xy —4
has equation 3x+y =-8. Let T(xy,¥o) be a point of contact. Then

T lies on the chord =3xg + ¥y =-8,

T lies on the hyperbola = xyyy =4.

Hence x(-8—3xp) =4 = 3x2 +8xp +4=0> Bx+2)(x+2) =0



SoXp =—§,y0 =-8-3x5 =-6 OF xj ==2,y9 =—8-3xg =-2.

Equation o tangent at the point 7'(xg,Yo) 15 xyo + yxg = 2¢% . Therefore the tangents from the
point (-1,-3) to the hyperbola xy =4 are y =—x—4, with point of contact P(-2,-2) and

y =-9x 12, with point of contact P(n %,—6] )

Problem CON2_37. The points P(Cp, —c—] and Q[cq,i] lie on the rectangular hyperbola
P q '

xy=c?. Tte chord PQ subtends a right angle at the another point R(cr, E] on the hyperbola.
s

Show that the normal at R is parallel to PQ.

(1 1j [1 1]

C 4 ]
—R—r=—i,the gradient of QR is ~ 2
c(p-r) pr c(@g—1) qr

1 5 =—1=p? :——1—, The normal at the
pqr Pq

-3

c R —

—-l—)—q~=—i. Since 72 = ——1~, then
cr-9)  pq pq
gradient of the normal at R equals to gradient of PQ . Thus the normal at the point R is parallel
to the chord PQ .

Explanation: The gradient of PR is

Therefore .°R1QR = gradient PR x gradient QR =-1=

point R(cr, E) has gradient r?  the gradient of PQ is
r

Problem C'ON2_38. The point P(ct, ;) , where ¢ #1 lies on the rectangular hyperbola xy = 2.

" The tangent and the normal at P meet the line y =x at T and N respectively. Show that
OT -ON =+c?.

Explanatioi:

A
Y P N
T o
- 4 \ X




The tangent to the hyperbola xy =c? at the point P(ct, %) has equation x +12y =2ct. As y=x

2ct _295_] The normal to the hyperbola xy =>c2 at the point

the point 7 has coordinates ( —,
1+12 1+t

P[ct,%j hes equation tx — % = c(t2 - %} . Therefore the point N has coordinates

t
?+1 241
¢ ,C-— |,
t ot

2“2 J2ZON=¢ t+1ﬁ:>0Ton=4c2.
1+1¢

12

OT =

Problem C'ON2_39. On the rectangular hyperbbla xy=c? there are variable pointé Pand Q.

The tangents at P and Q meet at R. Find the equation of the locus of R if PQ passes through the
point (a,0)

2

2¢
Answer: y =—.
a

Explanation: Let R has coordinates (xq,¥,). PQ is the chord of contact of tangents from R to

the hyperbola xy=c?. Hence PQ has equation Xyg + ¥xg = 2¢2 . Then (a,0) lies on PQ..

. ‘ 2
Therefore vy =2¢?. Thus the locus of R has equation y =—2—C——.
a

Problem CON2_40. The point P(ct, ?j lies on the rectangular hyperbola xy =¢? . The tangent

at P cuts thz x-axis at X and the y-axis at ¥, Show that PX = PY -

Explanation:. The tangent to the hyperbolav xy=c? at the point P[ct, %J has equation

x+12y =2t . Hence the point X has coordinates (2¢£,0) and the point ¥ has coordinates

2¢ c 2 1 ¢ 2 2 1 |
(0,—) Pr2=(t-2e0% +| S| =c?| 2 +— | and PX 2 =(et)? + ————) =2 =
t t 12 rot 12

Therefore 2x =Py .

— 8 -



