Topic 4. Conics.

Level 3. yi A
Problem CON3_01. y=—x,/
2 2 “ e
For the ellipse X 2 21 find (a) the eccentricity; (b) the coordinates of the foci; (c) the
16 25 LS(0.5)
equations cf the directrices. Sketch the ellipse. \4 _,/,
3 25 ‘ AN 7 .16
Answer: (2 2 ®) 0.13);(¢) y=2—. y=3
Solution: R X
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/ y=——x%
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16 9 " at=p2e*-1
-4 U T ¥ eccentricity: | e=1+ 2.3
x g \f 16 4’
foci: 0,%be) = (0,%5),
SI(O’_3) ( el)) ( ) 6
directrices: y=i—:>y=4_r?,
[
- asymptotes: x=i£y3x=i§y:>y=iix‘
25 b 4 3
Y= 3 .
' Problem CON3_03. ,
2 2 . a=4b=5 Sbha . ' A varia'ble point P(x,y) moves so that its distance from (0,4) is two times its distance from
E+E=1 S 2apale?y y=1. Find the locus of P.
T 16 _3 . T2
eccepﬁlclt). e= I_E_E s - Answer: l——?—zzl.
foci: " (0,4be) = (0,£3),

directrices: - y= LA y= B ' ’ Solution:
e .
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Problem CON3_02.
2 2 :
For the hyperbola {—6 - % =1 find (a) the eccentricity; (b) the coordinates of the foci, (c) the
equations cf the directrices. Sketch the hyperbola. g

Answer: (a; %; (b) (0,15); () y=i15—6.'

Solution:
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The locus of a variable point P(x,y) is the hyperbola with focus at $(0,4), directrix m:y =1 and
eccentricity e=2. Let M be the foot of the perpendicular from P to m. Then M has
coordinates (x,1).

PS=e-PM = x? +(y—4) —22(y H?
x? +¥ (1 4) =4-16.

. Therefore the Cartesian equation of the hyperbola is

y_xr_
4 12
Problem CON3_04.
2 2
The asym stotes of the hyperbola x_2 - y_z_ =1 are inclined to each other at an angle o.. Show
) a“ b
that tano = 2ab .
‘a2 - b2|

" . b
Solution: Let ¢ denote the smallest angle from positive x-axis to the asymptote y = Pl Then

. b
o =2¢ when ¢ < % ,0r o=m—2¢p when ¢> % Therefore tano =|tan 2¢|. Since tangp = = then

231
|2 (i82) | 2t
a a* ‘az—bzl.

Proi)lem CON3_05.

21an
fano =210

1~1an2(p

22
A point P(asec6,b tan 6) lies on the hyperbola x_2_ —2% =1 with foci S(a!l,0) and S'(~al,0).
a

(a) Show that PS =dlesec -1 and PS"=alesecOd +1].
(b) Deduce that [PS - PS'|=2a.

Solution: (n) Length of PS is J(asece —ae)® + (btan0)? = Jaz (secO—e)? +52 1an? 0 . For the

2.2
hyperbola x—2~ - % =1 we have 52 =42 (¢? ~1). Therefore the length of PS is
] b

\/a2(se09— e)2 +a2(e2 ~1)tan2 0 =m/se02 0—2esecO+e® +e2tan’ 6 ~tan 0 =

a\/e2(1+tan2 6) —2r=‘sec@+(sec2 6 tan? 0) :m/e2 sec? 0 —2esecO+1 =a\/(esec9—l)2
Hence the length of PS is alesec6-1).

Length of PS’ is J(asece + ae)2 + (btan 9)2 = \/a2 (secO+ e)2 +b%tan”? 0 . For the hyperbola

2 2
x_2_ Z—z =1 we have b% =4° (e2 —1). Therefore the length of PS’ is
a

Jaz(sece+ e)2 +az(e2 —-l)tan2 ¢} =m/secZ 6+2esecO+e? +etan’ 0 —tan? 0 =

a\/ez(l +tan? 0) + 2esecOd + (sec2 0 —tan? 0) =m/e2 sec2 0+ 2esecO+1 =aJ(esec9 +l)2
Hence the length of PS" is alesec6 +1].

(b) If P lies on the right-hand branch of the hyperbola, then —g <0< g Since for hyperbola
e>1, PS =a(esecO-1) and PS’ = a(esecO+1). Therefore PS — PS' = -2a. If P lies on the left-
hand branc1 of the hyperbola, then —n <6 < —g or % <0 <n. Since for hyperbola e >1,

PS =-a(eszc6-1) and PS’ = —a(esec+1). Therefore PS — PS' = +2a. Hence [PS -~ PS'|=2a.

Problem C'ON3_06.

2 2
Points P(ivsec 6,5 tan 8) and O(a sec ¢, b tan ¢) lie on the hyperbola x_2 - y—2 =1. (a) Use the
b

result that the chord PQ has equation —cos(6 ¢) ) = sin| (9%4’) co (9;4)] to show that if PQ

is a local chord, then tan%tan% takes one of the values 1— or i+—e (b) The poth(Z«/f , 3J§)
+e

2 2 .
is one extremity of a focus chord on the hyperbola XT— y? =1. Find the coordinates of the
other extremity Q.
Answer: (2 ﬁ,—Bﬁ) or (-%—9—1\?)

Solution: (2) If PQ is a focal chord through S(ae,0), then ecos( ) cos(Tq)) Expanding
[0 ¢ l-e

both cosines gives (e —-1)cos %cos% =—(e+1)sin g«sm - . Hence tangtan S 1Ire . Similarly, if

PQ is afocal chord through S'(-ae,0). Then replacing e by —e, tangtan% = i+—e .

2
(b) %——%—:1:) a=+3 and b=3, - P(2w/§,3x[§)5 P(ﬁsec%,ﬁitang)




Also b2 =% (2 1) .ce= (l+%) =2. P has parameter g Let @ have parameter ¢. Hence

tzzmﬁtanikrzu or tan— tangzl—iz—, .'.tan$=———1——,tani=—3\/§,
6 2 1+2 6 2 1-2 2 32
140 2(—L)
secd = g 27 —ﬂ,andtand):——i—%—:—ﬁ or tan¢=2—3ﬁ :ﬂ.
) 1-27 13 1 1-27 13
3 3
Q has coordinates (+/3 sec$,3 tan¢) = Q(zﬁ,—3J§) or Q{—%,?f?—}

Problem CON3_07.
2 2
Points P(rcos 8, b sin 8) and Q(a cos ¢, b sin ) lie on the ellipse x—2+ y_2 =1. Find the equation
a b

of the chord PQ. Hence show that if PQ subtends a right angle at the point A4(a,0) then PQ
passes through a fixed point on the x-axis.

o ) {5 o1 5)

Solution.

Y& P(acos,bsind)

T(1,0) ) 4(a,0)
X

Q(acosd,bsind)

2 2 _
The chord PQ of the elllpse =+ y_ =1 has equation —cos( i ¢j b m(_@;_(b) = cos(g—z—(bj R
b2
where P, () have parameters 9, . The chord PQ cuts the x-axis at point 7'(t,0). So
. -1
t= acos(gij sec[m) = a(l + tan 9tan i)(l —tan 9ltam 2] . The gradient of 4P is
2 2 2 2 2 2

bsind b 0 . . bsin®
—— ——=——cot— and the gradient of 40 is ————
a(cos 6 -1) a 2 & 2 a(cos ¢ —

subtends a right angle at the point A4, then gradient AP x gradient AQ = 1. Therefore

= —Ecot ¢ . If the chord PQ
a

2 2 2 2 2,2
b—zcot%cm%=~13tan%tan%:—é—2—.Hencet:a[1~b—Il+LJ a2 b . But for the

a a a? a a® +52

2 2
ellipse b2 ==a2(l—ez). Thus ¢ = % 3 a¢ 5 ,0| on the
2+e 2+e

x -axis.

Problem CON3_08.
2 2
A point P(asec6,b tan 6) lies on the hyperbola % - f{ =1. The line through P perpendicular
a
to the x-axis meets an asymptote at Q and the normal at P meets the x-axis at N. Show that ON is
perpendicular to the asymptote.

2 .2
Solution: The normal to the hyperbola x—2 - y_2 =1 at the point P(asec®,b tan6) has equation
a b

2 2

il +ﬂ =a? +b2. So the point N has coordinates [a *+b

secO tanB

sec 6,0] . Since the asymptotes

have equations y = +0 ~x, then the point Q has coordinates (asec,tdsec). Thus the gradient
a

a® +b2

-1
of ON is 7 bsecH- {[ - a] sec 9j| ¢§ Therefore QN is perpendicular to the

asymptote.

Problem CON3_09.
A point P(asec 9, atan 0) lies on the rectangular hyperbola x2 —y2 =4? . Ais the point (a,0).
M is the midpoint of AP. Find the equation of the locus of M.

Answer: (2x~a)2 —(2y)2 =a®.

Solution: If M(x,y) is the midpoint of 4P, then x = %(sece +1) and y= %tan 0. Therefore
@x-a)? - 2)? =a®(sec® 0 —tan? 0) =a? . Hence the locus of M is hyperbola
(2x —a)2 - (2y)2 =a®.

Problem CON3_10.
2 .2
The point P(a sec 6, b tan 6) on the hyperbola x_ZHyT =1 is joined to the vertices A(a,0) and
a b
A'(-a,0). The lines AP and 4'P meet he asymptote y = éx at O and R respectively. (i) Find the
a

coordinetes of O and R. (ii) Hence find the length OR, showing that it is independent of 0, and
show that the area of triangle POR is %|ab(sec 8 -tan 6)] square units.

acos9 bcos% asing b m9

Answer: (i) R , 2 o (i) va? +52 .

€o§ — —sin— ¢os — —s§in— cosg—sin cos~—sm—
2 2 2 2 2 2 2 2




Solution:

yA o(x,»)
R(x,.3,)

P(asecB,btan0)

!

A'(—a,0) X

btan®
a(secH—1)

(i) The line AP has equation y= (x—a). Since the point Q lies on the line AP, then

. . . b b
btal@«(xl —a). Since the point Q lies on the asymptote y=—x, then y; =—x.
a(sect—1) a a

n=

acosg bcosg

tan 6 (i — @) = ¥, = atanf - 2 _ and y = 2
(secO-1) tan 6 —sec 6 +1 cosg—sm_ cosf—sing
2 2 2 2

Therefore .¢ =

acos § bcos 9
Thus the point @ has coordinates 5 2 _, 2 7l Similarly the line A’P has

cos — —sin— cos——sin—
2 2 2

equation y = —b—tai(x +4). Since the point R lies on the line 4P, then
T a(secO+1)
. . . b b
V2= bianb (x5 +a) . Since the point R lies on the asymptote y=—x, then y, =—x,. So
a(sect +1) a ]
. 0 .0
tan) —atan® asmy bsma
X9 = —(p+td) D xy = =3 5 and y; = 5 . Thus the
(sec@-+1) tan© —sec6 —1 cos 2 _gin 2 cos 2 —sin2
2 2
asin 9 bsin o
2 2

point R has coordinates R o
cos — —sin— ¢€o§— —sin—
2 2 2 2

2 2
a2(cosg—sm9] bz(cos%—sin%)
2 2 + =a? +b7. Thus the

8 oy 8 . 9]2
COS — —Ssin — COS — —Ssin —
2 2 2 2

length of ¢R is Va® +b% and hence is independent of 8. The area of the triangle POR is

() OR?=(x —x)% +( —¥2)° =

1 . . . . . .
5 OR-h where h is the height of the triangle. Since 4 is the distance from P(asec6,b tan6) to

‘B-asece—btane
a

balsec® —tan 6
= ; [ . Therefore the area of the triangle

J[%)Z B Ja? 162

PQR is %4)02 +b2 -leab]sew—tan%

\/a2 +52 2

the line y= Ex, then h=
a

Problem C'ON3_11.

2 .2
Find the equation of the tangent and normal to (a) the ellipse % + y7=1 at the point (2,1);

2 2
(b) the ellipse x =4cos6,y =2sin6 at the point where 0= g; (c) the hyperbola )16—2 - ;—7 =1 at

the point («,3); (d) the hyperbola x =3sec, y =6tan0 at the point where 0 = g.

Answer: (8) x+2y=4, 2x—y=3; (b) x+2/3y=8, 6x—3y=9;(c) 3x—y=9, x+3y=13; (d)
dx—y=63, x+4y=103.

2 2
Solution: (a) The tangent to the ellipse % + y_2_ =1 at the point (2,1) has equation

2 . 2 2 . .
?X+% =12 x+2y=4. The normal o the ellipse %+y7:1 at the point (2,1) has equation
g—ﬂ=8~232x—y=3‘

2 1

(b) The tangent to the ellipse x =4cos8, y =2sin6 at the point where 6 = g has equation

xcos ~ ysinE
—+—2—3=1:>x+2\/3_y=8. The normal to the ellipse x =4cos6, y = 2sin0 af the point

4
where 6 = -;— has equation B W 16 4= 6x—By=9.

cos™ sint

3 3
2 )P

(c) The tanizent to the hyperbola 77 =1 at the point (4,3) has equation
A 3y =1=23x-y=9. The normal to the hyperbola x2 y2 =1 at the point (4,3) has
12 27 r=2 P 12 27 P -

i
equation 1—"‘£+27Ty=12+27:’>x+3y=13.




(d) The tangent to the hyperbola x =3sech, y = 6tan® at the point where 0 = % has equation

xseczE ¥ tarxE
—_ 6 <1 4% ¥ = 6413 . The normal to the hyperbola x =3sec8,y = 6tan 0 at the

3
point where 6 = g has equation 3x +6_y =9+36=>x+4y=103.
sec— tanE
6 6

Problem CON3_12.

2 .2
The point P(a cos 6, 5 sin 0) lies on the ellipse x_2 + y_2 =1. The points 7 and 7’ are the feet of
a b

the perpendliculars from the foci S and §” respectively to this tangent. Show that ST -$'T" =52,

2 2
Solution: The tangent to the ellipse x—2 + —)'7 =1 at the point P(acos0,5sin0) has equation
a b

xcos O + ysin®

a b

P(acos6,bsind)
T

. . ecosO - . .
Since S has coordinates (ae,0), then ST = I b l (ST is the distance from S to the line
cos? 0 . sin? 6

a? 52
. 2] sin6 . . —e 0-1
xcidrlbﬂ—:l). Since ' has coordinates (—ae,0), then ST’ = I i l . Therefore
a cos2 0 L sin”0
a2 b2
2 2 2
1- .
ST-S'T' =.2e;0526. But for the ellipse b2 =a2(1 _ez) =é? =1—b—. Hence
308 0 + sin” @ a?
o2 ¥
2,02
I —cos 9+—7cos 0
ST-ST' = _p2,
cos“ 0 N sin“ 0
o2 b2

Problem CON3_13,
2 2
The point P(a sec 6, b tan ) lies on the hyperbola x_2__y7 =1. The points T and 7' are the feet
a“ b

. of the perpendiculars from the foci S and § respectively to this tangent. Show that

ST-ST =02,

2 2
Solution: The tangent to the hyperbola %— ;:—2 =1 at the point P(asec6,btan0) has equation
a
xsec® y1an® _ 1
a b '

¥y
'P(asecB,btanB)
S’ \-a
0 X
TI

ecO—1 . .
Since § has coordinates (ae,0), then ST = i#'—(ST is the distance from S to the

sec® 0 . tan® 0
2 b2

a
. —esecO — |
lmcﬂ»-mn—e—zl). Since S’ has coordinates (-ae,0), then ST = l | . Hence
a b sec2 0 + tan® 0
a? b2
2.2 2
- b
ST-8'T' =>_e_2Lc9_21_v But for the hyperbola 52 =a%(? - 1) = ¢2 =—5 +1. Thus
sec” B . tan” 0 a
02. 52
2

~Lse029+secze—l

ST ST = Fm o =p?,
sec G+tan 3]

2 b2

a

Problem CON3_14,

10




y2

2 .
The point P(acos 6, b sin 0) lies on the ellipse x_2 = 1. The normal at the P cuts the x-axis
a b

at G, and N is the foot of the perpendicular from P to the x-axis. Show that SG =eSP, and
S'G=eSP.

Solution:

NS

P(acosb,bsind)

-b

2 .2
The normal to the ellipse x—z + y_2 =1 at the point P(acos0,bsin6) has equation
a b

a? —b?

i ~~§1‘—)-=a2 ~b2 . The point G has coordinates [

0 w0 cos 9,0} Since the focus S has
Ccos s

2

coordinates (ze,0), then SG=lae~% "% cos0|=ae(l—ecosd) and

SP= \/(ae - m:()se)2 +b%sin?0= a\/(e —cose)2 +(1- ez)sin2 0
=a/1-2ecosB+e? cos? 0 = a(l —ecosB).
Hence SG:=eSP. Since the focus 7 has coordinates (—ae,0),

a? -b?

then S'G=-ae- cos 6

=ae(l+ ecos )

and S'P =y (e - acos0)? +b” sin 0 = ay)(e + cos6)? + (1 - e2)sin2 0

=1+ 2ecosO+e? cos? 0 =a(l+ecosb).

Hence S'G =eS'P.

Problem CON3_15.

2 7.2
The point P(a sec 6, b tan 6) lies on the hyperbola x_2 - y_2 =1. The normal at P cuts the x-axis
a b

at G, and N is the foot of the perpendicular from P to the x-axis. Show that SG =eSP , and
S'G=eSP. :

Solution:

y A

P(asecB,btan6)

2 2
The normal to the hyperbola x—2~ y_2 =1 at the point P(asec6,btan6) has equation
a b
ax by 2,2 . . a? +b?
+——-=q* +b*. The point G has coordinates sec 6,0 |.
secO tant)

Since the focus S has coordinates (ae,0),

2
then SG = e - 2 b sec )

= aefl — esecH)

and SP=\/:ae—asecS)2 +b% tan0 =a\/(e-sece)2 +(e2 —1)tan2 0

=ay1-2esech + e?sec? 0= a|1 - escce| .
Hence SG:=eSP . Since the focus $' has coordinates (-ae,0),

a? +b2

then $'G= —ae - sec6)| = ae|l + esec 6|

and SP= V'(—ae —asecB)? +52 tan? © =a\/(e +secB)? + (e ~l)tan2 0

=1+ 2esec0 + e sec? 0 =dafl+esech|.

Hence S'G =eS'P.

Problem CON3_16.
Show that the chord of contact of the tangents from the point Py(xg,¥g) to the ellipse

X2

2

y L XQX Yo
e =1 has equation 207 20X g,
a® b? a2 b2
Solution:

12




E BRI 4
a® b
Q(xlayl)
Fy(x, 90
>
R(x,,¥,)
x* .V
PR
xx2+y);2 =1
a b

Since Py(xy,¥p) lies on the tangent PyQ , then xojl yoy 2021 1. Since Py(xg, o) lies on the
a
tangent FyRt, then Y0¥2 2 M—1 Hence both Q(x;, ¥) and R(xy,5) satlsfy J; °2y 1.
a b2

But this is the equation of a straight line and is thus the equation of the chord of contact of
tangents from Py (xg, ¥o) -

Problem CON3_17.
Write down the equation of the chord of contact of the tangents from the point (4,-1) to the

ellipse x? --2y? = 6. Hence find the coordinates of the points of contact and the equations of
these tangents.

Answer: 2x~y =3, [—i— —%) x=5y=9; 1), x+y=3.

22
Solution: x° +2y* =6=> -x6— + yT =1. The chord of contact of tangents from the point (4,-1) to

2 .2
the ellipse EG— + yT =1 has equation %x - % =1=>2x-y=3. Let 7(x',»") be the extremity of

the chord, then 2x'—y' =3 = ' =2x'—3. Since the point 7(x",y") lies on the ellipse, then
2 +2y2 6. Hence x2 +2(2x'-3)2 =62 9x'2 —24x' +12= 0= (B3x' - 2)(x' ~2) =0
Therefore the tangents to the ellipse x? +2y? =6 from the point (4,~1) are

g—x—%y =6 = x—5y =9, with point of contact T[%—g) and 2x+2y=6>x+y=3, with

3
point of contact I'(2.1).
Problem CON3_18.

2 2
Show that if y =mx+% is a tangent to the hyperbola %— _y_2 =1, then m2a® ~b% = k2. Hence
a® b

2 2
find the equation of the tangents from the point (1,3) to the hyperbola xT - ;;—5 =1 and the

coordinates of their points of contact.

13

Answer: vy =2x+1, (-8,-15); y=—4x+7, [g—%)

Solution: The hyperbola has parametric equations x = asec® and y =btan6. Hence

dy bsect .

Ify=
o y =mx+k is atangent to the hyperbola at P(asec¢,btand), then
m=% at . = matan$ ~bsecy =0 )
P lieson y=mx+k = masecd-btand=-k 2)
(2)2 —(l)2 = m2a2(5602 - tan? ¢) +l72(tan2 [ —sec? $) =k o>m?a® -p? =42,

2

2)xsecd— () xtanp = ma(sec2 ¢ —tan? ) =—ksecd = asecd =— m](: ,

2
(2)xtan¢ — (1) xsec 3b(sec2¢—tan2¢) =—ktan¢ = btan¢ =~b7-.

2 ;2
Therefore the point of contact of the tangent y =mx+k is P[—%,— b?] Now tangents from

2 2
the point (1.3) to the hyperbola xT «% =1 have equations of the form y -3 =m(x -1, that is,

y=mx+3-m).

Hence m?c? -b% =1® = dm® ~15=3-m)? = 3m® +6m-24=0> (m-D(m+4)=0.
2 42
em=2k=3-m=1and P| -T2 |- prg-15),
k k
2 42
orm=-4k=3-m=7 and P —ﬁq—,—b— =P E—E .
k k 77
. x2 y2
Hence the fangents from the point (1,3) to the hyperbola T—T;=1 are y =2x+1, with point
o 16 15
of contact .°(-8,-15) and y=-4x+7, with point of contact P| — 7 )

Problem CON3_19,
Find the equations and the coordinates of the points of contact of the tangents to x2 +2y? =19
which are parallel to x+6y=35.

Answer: x+6y=19, (1,3); x+6y =-19, (-1,-3).

Solution: The tangent to the ellipse x + 2y =19 at the point P(xo, ¥o) has equation

xxg + 2yyy =19 . If this tangent is parallel to x+6y =5, then =6= yg =3x,. Since the point
*o

P(xg,¥0) lies on the ellipse, then xo + 2y0 =19. Therefore xj +2~9x8 =19= xg =1. Hence the

tangents to the ellipse x2 +232 =19 are x + 6y =19, with point of contact P(1,3) and
x+6y=-19, with point of contact P(—1,-3).

Problem CON3_20.

14




Find the equations and the coordinates of the points of contact of the tangents to 2% —3y% =5
which are parallel to 8x=9y.

Answer: 8x-9y=5,(43); 8x-9y=-5,(-4,-3).

Solution: The tangent to the hyperbola 2x? —3y? =5 at the point P(xg,y,) has equation

. . 2 . .
2xxg —3yv, =5. If this tangent is parallel to 8x =9y, then %:%3 Yo = %xo. Since the point
Yo

P(xy,vo) lies on the hyperbola, then 2x§ —3y3 =5 . Therefore 2x3 —3-126x§ =5 x¢ =16.
Hence the {angents to the hyperbola 2x? —3y? =5 are 8x—9y = 5, with point of contact P(4,3)
and 8x-93 = -5, with point of contact P(—4,-3).

Problem CON3_21.
Find the equations and the coordinates of the points of contact of the tangents to x?-y?=7
which are parallel to 3y =4x.

Answer: 4x -3y =7,(43); 4x-3y=-7,(-4,-3).

Solution: The tangent to the hyperbola x? — y? =7 at the point P(x, o) has equation

xxg — ¥vg = 7. If this tangent is parallel to 3y = 4x, then ;—2=§:> Yo =%x0 . Since the point

P(xg,¥9) lies on the hyperbola, then x§ — y¢ =7. Therefore xg - %xé =7= x§ =16. Hence

the tangents to the hyperbola x? — y2 =7 are 4x—3y =7, with point of contact P(4.3)
and 4x -3y = -7, with point of contact P(—4,-3).

Problem CON3_22.
Find the equations and the coordinates of the points of contact of the tangents to

8x2 +3y2 =:35 from the point (%5]

Answer: 16x+3y =35, 2,]); -8x+9y =35, (-13).

Solution: The tangent to the ellipse 8x +3y% =35 at the point P(x9,¥0) has equation

. 5 . . 7 2
8xxg +3yvc =35. The point [%5) lies on this tangent. So 10xy +15y5 =35=> ¥y =3-3%-
Since the point P(xp,yo) lies on the ellipse, then 8x§ + 3y§ =35,

2

Therefore Rxg +3- (% —%xo ) =35> 28x§ —28xp —56=0= (xg —2)(xp +1)=0. Hence the
tangents to the ellipse 8x2 +3y2 =35 from the point [—35) are 16x +3y =35, with point of
contact P(2,1) and -8x+9y =35, with point of contact P(-13).

Problem CON3_23.
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Find the equations and the coordinates of the points of contact of the tangents to x% —9y% =9
from the point (3,2).

Answer: x:=3, (3,0); —=5x+12y=9, (~5,—§].

Solution: The tangent to the hyperbola x2 —9y? =9 at the point P(xg,,) has equation

xxy =91 =9. The point (3,2) lies on this tangent. So 3xy —18yg =9=> x5 =3+ 6y, . Since the
point P(xg, yo) lies on the hyperbola, then x3 —93% =9.

Therefore (3+6yg)> —9y% =923y +4yp =0 o (3o +4)=0. Hence the tangents to the
hyperbola x? —9y? =9 from the point (3,2) are x =3, with point of contact P(3,0) and

—5x+12y =9, with point of contact P(— 5,—%). :

Problem C'ON3_24,.
The point P(a cos 0,5 sin 0) lies on an extremity of a latus rectum through one focus S of the
2
Y

2
ellipse % #oo=1, The tangent at P cuts the y-axis at Q. Show that the normal at P is parallel to
a b

08, where S’ is the other focus.

Solution:
yh
o
P(acosB,bsinb)
-al & o
/ol x
-b
2

2
The tangent to the ellipse x—2 + 1 at the point P(acos®,bsin6) has equation
a

b_2:

xcos® + yiind 1. Hence the point Q has coordinates (0, cosec 8) . Thus the gradient of 0S" is

a
2 2
boosecd g gradient of the normal to the ellipse x—2 + —}—}5 =1 at the point P(acos®,bsin6) is
ae : a b
—Z Smg . Since P lies at an extremity of a latus rectum through the focus S(ae,0), then cos®=¢
cos

b Z =1 and the gradient of the
[

and sin0=v1-e? = 2 Therefore the gradient of Q8" is —-—
a ae

normal at P’ is big=l Hence the normal at P is parallel to 0S'.
e a e
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Problem CON3_25,
2 2
The point P(a cos 8, b sin 6) lies on the ellipse x—2 + % =1. The tangent at P cuts the tangent at
a b

A(a,0) at R. Show that OR is parallel to 4'P, where 4’ is the point (-4,0).

Solution:

YA

P(acosb,bsind)
A'(=a,0) S’ S Aa,0)
0 x
-b
. xZ y2 . -
The tangent to the ellipse = 1 at the point P(acos®,bsin6) has equation
a b

xcosb + L;n—e= 1. Hence the point R has coordinates (a, M‘:ﬁj Thus the gradient of OR
a sin

s 200059 e gradient of 4P is

asin®
bsin6 _ bsin6(1 —cos 6) _ bsinO(1—cos 6) _ b(1 —.cos 0) _Therefore OR is parallel to
acos®+1)  a(cosO+D1—cosO)  g(1-cos?0) asin®

A'P.

Problem C'ON3_26.

2 2
The point P(a cos 8, b sin 8) lies on the ellipse x—2 + 3}7=1 with foci S and §”. The normal at P
a b

meets SS’ 1t G. Show that PG? =(1-e2)PS-PS'.

Solution:

2 .2
The normal fo the ellipse % + i'? =1 at the point P(acos6,bsin®) has equation
a

ax by . . 2 _p2
~22—g? _p? The point G has coordinates a’=b c0s 6,0 |. Therefore
cos6 sin0 a
2
2 ;2 2
a* —b
PG? :{a -4 p ] cos? 6+ b2 sin? e:b—2(b2 cos? 0+a?sin? 9).
a

But for the ellipse b2 =a?(1-¢?). Hence PG? =a®(1-e2)(l — €% cos? 6).
From the cther side
PS? = [/2(2 ~cose)2 +b2sin%0 =a2(1 —2ec080 + ¢2 cos? 0)= az(l—ecose)2 ,
Ps? = a2(xz +cos6)2 +b%sin?0=0a? (1+2ecosO+ % cos? 0) =a? a +ecos9)2.
Thus PG2 =(1-¢%)-a(l—ecos®)-a(l +ecos0) = (1—e2)PS - PS" .
Problem CON3_27.
2 .2
The point P(asec 6, b tan 0) lies on the hyperbola x_2 - y—2 =1. The tangent and the normal at P
a® b
cut the y-axis at T and G respectively. Show that the circle on GT as diameter passes through the
foci Sand 5.

Solution:

y A

P(asecH,btanb)

v
p2

2
The tangent to the hyperbola %— - 1 at the point P(asec0,btan®) has equation
a

6 ytan - .
xszc - J—Z—n— =1. The point T has coordinates (0,~bcot6) . The normal to the hyperbola

2 2
x° y . .
—-y=lat the point P(asec6,btan8) has equation . by a® +b2. The point G has
a b secO tan6




2,,2 2,42 _
coordinates {0, az+b tan OJ. So gradient SG x gradient ST = a’+b tan®- M. Since for
2 2,2 - . 02 +b2
the hyperbola 5 = a”(e“ ~1), then gradient SG x gradient ST = - 55 =-1. Thus SGLST and
ae

consequently GT subtends a right angle at focus .
a® +b? —bcotd a®+b?
tan® - =—

ae ae a2e?
and consequently GT subtends a right angle at focus S’. Therefore S,G,S,T are concyclic with
GT the diameter of the circle through the points.

Similarly gradient $'G x gradient ST = =-1. Thus S'GLS'T

Problem CON3_28.

2 2
Show that the gradient of the tangent to the hyperbola x—2 - y_2 =1 at the extremity in the first
a b

quadrant of'its latus rectum is equal to the eccentricity of the hyperbola.

y2

2
Solution: The tangent to the hyperbola % ——=lat the point P(asec,btan6) has gradient
a b

bsecO
atand

secB = e => tan 6 = ysec® B —1 = ye? —1 . Since for the hyperbola 52 =42 (e 1), then
ve? -1= b . Hence the gradient of the tangent is
a

If P is an extremity in the first quadrant of a latus rectum, then asec6 = ae. Thus

Problem C'ON3_29.
2 .2
The point P(a cos 6, b sin 6) lies on the ellipse %+y—2 =1, a>b>0. The tangent and the
a“ b

normal at F cut the y-axis at 4 and B respectively, and S is a focus of the ellipse. (i) Show that

ASB =900 (ii) Hence show that 4, P, S and B are concyclic and state the location of the center
of the circle through 4, P, S and B.

Solution:

s =
L~

P(acosB,bsind)

—a| S'(-ae,0)

y2

2
The tangent to the ellipse % +—=lat the point P(acos6,bsin0) has equation
a b

xcos®  ysin®
—_—t
a

=1. Therefore the point 4 has coordinates (0,5 cosec8) . The normal to the

2 .2
L v_2 =1 at the point P(acos6,bsin0) has equation LI a® -b?

- . Hence the
o cosO gind

ellipse

b2 a2
point B has coordinates | 0, 5 sin6 |.

beosecH (b2 —a2)sin6 _ (b2 —a2)
—ae b(—ae) a2e?
b2 =a?(1-€?), then gradient S x gradient BS =-1. Hence 4B subtends a right angle at S.

(ii) Since 4B subtends aright angle at P, then 4, P, §, B are concyclic with 4B the diameter
of the circle through the points. The center of the circle is the midpoint of 4B,

(i) Gradien: A4S x gradient BS = . Since for the ellipse

Problem CON3_30.
Show that the ellipse 4x2 +9y2 =36 and the hyperbola 4x% —y? =4 meet at the right angles.
Find the equation of the circle through the points of intersection of these two curves.

Answer: % + )% =5.

Solution: Let P(xg,yy) be the point of intersection. Then

P lies on the ellipse: 4x§ +9y§ =36, 1)
P lies on tae hyperbola: 4x3 — yZ =4. (2)
W-@ = 00§ =328 =32, 3)
D) +9%(2) = 40xF =72 xf =18. : (4)
Since x3 + 3 =35, then the points of intersection of the ellipse and the hyperbola lie on the

. . . 4
circle x2 + y? = 5. The tangent to the ellipse at P has gradient 8e = —gﬂ and the tangent to the
Yo

hyperbola at P has gradient g, =4ﬂ. Therefore, using (3),(4) we obtain
Yo
2
166 __16-18_ —1. Hence the ellipse 4x2 +9y2 =36 and the hyperbola

ge-g/,=—9yg 9.32

4x? ~ 2 = 4 meet at right angles.

Problem CON3_31.

2 2
The point P(a sec 6, b tan ) lies on the hyperbola x_2 - y_2 =1, where a >5>0. The tangent at
a

2.2
P passes through a focus of the ellipse x—2 + y_2 =1. Show that it is parallel to one of the lines
a b
y=x and v=-x and that its point of contact with the hyperbola lies on a directrix of the
ellipse.
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2 .2
Solution: The tangent to the hyperbola x_2 - y—2 =1 at the point P(asec,btan8) has equation
a“ b

2 .2
xseed L(Zn—e =1. Let e be the eccentricity of the ellipse %4— %:1 and the tangent to the
a a b
hyperbola passes through the focus S(xae,0) of the ellipse. Then *+esec8=1 and consequently
- 2
|tam 6] = ses?@-1= |— —1 = ¢ % Hencethe tangent to the hyperbola has equation
e
x ¥ X y . . .
+——=—=1or +—+-—=1. So the tangent is parallel to the line y =x orto the line y = —x.
ae ae ae ae
. . a b? a b2 .
Then the point P(asecO,btan8) has coordinates | +—,— | or | +—,—— |. Therefore the point
e ae e ae

P lies on tae directrix x =< or x=—< of the ellipse.
e e

Problem CON3_32.

For the rectangular hyperbola xy =18, find (a) the eccentricity; (b) the coordinates of the foci;

(c) the equations of the directrices, (d) the equations of the asymptotes. Sketch the rectangular
hyperbola.

Answer: (@ 2, (0) (6,6),(-6,-6); (¢) x+y=16; (d) x=0,y=0.

Solution:
y A
y=—x m y=x
, 5(6,6)
m
x=
0
S'(~6,-6) X+y=6
x+y=-6

For the hyperbola xy =18 we have ¢? =18 = ¢ =342 . Hence the hyperbola xy =18 has
eccentricity e =2,

foci S(cy2 e2)=5(6,6) and S'(~cv2 ~c42) =S8(~6,6)

directrices x+y=+c2 = x+y =16,

asymptotes x =0 and y=0.

Problem C'ON3_33.
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Show that if y =mx+#k is a tangent to the rectungular hyperbola xy =¢?, then k? + 4mc? =0.
Hence find the equation of the tangents from the point (-1,-3) to the rectangular hyperbola
xy =4 and find the coordinates of their points of contact.

Answer: y =—x-4,(-2,-2); y=-9x-12, (— %,—6).

Solution: The hyperbola xy =c? has parametric equations x=ct and y= —j— Hence

dy dydt 1 . ¢

=t = I y=mx+kisat t to the hyperbola at P| cp,— |, th

& A 2 y=mx S a tangen e hyperbola a cp,p , then

m=% at? = mp?+l=0 (1)

P lieson v=mx+k :>mcp——;:—k @)
2

(1):>p2 =—— Thus squaring (2) we get m2c? p? —2mc? + & ok same? 4 k2 =0

2
P

(1)><£+(2):>2mcp=—k:cp:—2i
p

L@ Lk tk
b4 b4 2

Therefore the point of contact of the tangent y =mx + & is P[— Ek— E) Now tangents from the
m

point (—1,-3) to the hyperbola xy =4 have equatlons of the form y+3=m(x+1), i.e.
y=mx+(m-3).

Hence dme +l{2=0:>16m+(m—3)2 =0=>m? +10m+9=0=>m+D(m+9)=0.

m=-Lk=m- 3——4andP(—~k— —] P(2,-2),
2m 2

orm=-9,k=m-3=-12 and P(—L,ﬁjsP(—z,%).
2m 2 3

Hence the tangents from the point (-1,-3) to the hyperbola xy =4 are y = -x—4, with point of

contact P(-2,-2) and y =-9x—12, with point of contact P(~ %,—6).

Problem CON3_34.
The points P[cp, %) and Q[cq, 2) lie on the rectangular hyperbola xy =c? The tangents at P
and Q meet at R, and OR cuts PQ at M. Show that M is the midpoint of PQ.

Solution:
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=
-

% >

Since R(xg,¥p) lies on the tangent at the point P cp,i} then x, + p*y, =2¢p. Since
p
R(xp,v0) lies on the tangent at the point Q(cq, —C—J, then xo +q2y =2cq.
q

2
+ =2 .
TP Yo=Ep X0 ~2epg and yg =L.Then OR has equation y=y—0x=i.The
+ ptq rq

X +q2y0 = 2eq pP+q X0

point M(xy, ;) lies on OR. Therefore y; =L Since PQ is the chord of contact of tangents
pq

from the point R(xy,yo), then PQ has equation X}ty +3% =2€2 or substituting the values of

xg =2pq and vg —C have i+y=cp+q . M(x;,y;) lies on PQ . Hence
q

p+q p+q pq

gy =P Thys y = l[i + EJ and x = l(cp +¢q). Therefore M is the midpoint of
rq pq 2\r ¢ 2

PQ.

Problem CON3_35.
The point P(ct, %) lies on the rectangular hyperbola xy = ¢? . The normal at P meets the

rectangular hyperbola x* — y? =a? at Q and R. Show that P is the midpoint of QOR.

Solution: The normal to the hyperbola xy=c? at the point P(ct, ;) has equation

tx—%:c(tl —Lz] Let the point O, R have coordinates (x),y;) and (x,,y,) respectively.
t
Si . 2_.2_.2 : 2 .22 2 2 _ 2
ince O, F lie on the hyperbola x* — y* =a*, then subtracting x; ~y; =a“ from x{ ~y =a
we geft:
af =)= 0f -y =02 (1 —x)0 +22) =01~ ¥2)01 +2) - ®

The points ¢, R lie on the normal to the hyperbola. Therefore subtracting x, —% = c[t2 ~L2]
t

2 1
from txy —1% = c[tz ——7] we have:
t

t(’fl-’fz)—yl;y2 =0, )

x4 19) _&;ﬁﬂ{ﬂ ,Lz] 3)

Substituting (2) into (1), we obtain
x+xy =2 +y2). )]

1 2 1
Then @), () =170 +y2)—— (1 +y2) == == |.
t { t

Hence v; + ¥, =2t—c. (5)
Using (5) we get from (4)

xp +xy =2¢t, (6)
Thus, according to (5) and (6) , the midpoint of QR the point (WT’CZWT”] has

coordinates (ct, %] Hence the point P[cr, %) is the midpoint of QR .

Problem C'ON3_36.
The point P(ct, %) lies on the rectangular hyperbola xy =c¢? . The normal at P meets the

hyperbola again at Q. The circle on PQ as diameter meets the hyperbola again at R. Find the
coordinates of Q and R.

Answer: —i,—ct3 N —cz‘,—£ .
I t

Solution: The normal to the hyperbola xy=c? at the point P[ct,;] has equation

tx—}”—=c(t2 ~L2J The point Q[cqﬁ] lies on the normal. Hence
t q :
e a1 ( 2 1 . 1
teg-—=c t*~—|=lg -1 J1+——|=0. Since Q = P, then g =t . Therefore g=--3 and Q
gt q t

has coordir ates [—%,—cﬁ ) The point R(cr, 5) lies on the circle on PQ as diameter, Hence
t r

gradient RP x gradient RQ = —1. But gradient of RP is c(l —l) D and gradient of
rot) e(r-6 rt
RQ is c[l—l]- ! =~L, Thus LS N :——1—. Since q=—-1—,then r? =2,
Fogq)er-q) rq r2ig 1q A3

Therefore - =, because R = P . So the point R has coordinates [—ct,—?) .

Problem C'ON3_37.
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The point P(cr, %] lies on the rectangular hyperbola xy = ¢?. The normal at P meets the

hyperbola again at Q. M is the midpoint of PQ. Find the equation of the locus of M.
Answer: 4x3y3 + 02(x2 —y2)2 =0.
Solution: The normal to the hyperbola xy=c? at the point P[ct, %J has equation

b - T —c[rz - »—j The point Q[c‘q, ) lies on the normal.
2 q
1 1
Hence th—t——ct -—— q — 2 1+— =0, Since Q= P, then g =t. Therefore qg=-=
q 2 q A3
and Q has coordinates [— %,—ct3J. If M(x,y) is the midpoint of PQ, then
t
_¢ 12t
X*a(““])— (t [2] (¢))]
cfl 1) {1
and e e ) i e i 2
) (f q ] 2 (,2 J : @
We obtain Tom (1), (2) that 2% = —z—f =2 =~ Substituting this formula for ¢2 into (1), we
[+ Ci x

_ 2 2 2
getx—————(~~+ J:>x2=ﬂ-wz>4x +c2(x? —y) ={.Therefore the
2\/’ v 4y x2y2

locus of M has equation 4x3y3 +c2(x2 —y2)2 =0.
q!

Problem CON3_38.
The point P(ct, ;J , where 1,1 -1, lies on the rectangular hyperbola xy =c? . The tangent at

P meets the x-axis and the y-axis at Q and R respectively. The normal at P meets the lines y =x
and y=-x at Sand T respectively. Show that QSRT is a thombus.

Solution: The tangent to the hyperbola xy =¢? at the point P[ct j has equation x+12y = et
Hence the tangent meets the x -axis at Q(2¢1,0) and the y-axis at R(O, TC) The normal to the

hyperbola .cv =c? at the point P[ct j has equation #x - % = c(z‘2 -~ Lz] . Thus the normal meets
t

the line y=x at S[c(t + %), c(t + %j] and the line y =—x at T[c(t —%J,—c(t —%)J Therefore
2 2
QS2 =02[1+1—2t) +c2[t+1) =2c2(t2+ij,
t t 12
2 2
SR? =02(t+l) +c2[£—t—1) :2c2[r2 +LJ,
t t t 2
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2 2
RT? =c‘2(l—l) +02(—t+£—g] =2¢? t2+L ,
t t ot 2
2 2
TQZ:c'2[2.z‘—t+l +c2(t—lj =2c2 t2+L .
t t 12

So QS =SK =RT =TQ and, consequently, OSRT is a rhombus.

Problem CON3_39.
The point P(ct, %) lies on the rectangular hyperbola xy =¢2. Show that the normal at P cuts

the hyperbola again at the point Q with coordinates (——3, ct3j Hence find the coordinates of
t

the point R where the normal at Q cuts the hyperbola again.

Answer: [ctg,i}
t9

Solution: The normal to the hyperbola xy=¢? at the point P(ct ) has equation

tx— % = c(f - —] The point Q(cq, ) lies on the normal. Hence feq »—ti = c[z‘2 _Lz] .
2 q t

Therefore |tq —t2{1 +3i] =0, Since Q= P, then g=#¢. Thus g= —% and Q has coordinates
’ t°q t
.. . . 1
[——3,—ct J Similarly the normal at @ cuts the hyperbola again at R[cr,ﬁj with r = ~—= I
t r q

So R has coordinates (ct9,%j.
t

Problem C'ON3_40.
The point P(ct j lies on the rectangular hyperbola xy = ¢? . The normal at P meets the x-axis

at 4 and the tangent at P meets the y-axis at B. M is the midpoint of 4B. Find the equation of the
locus of M as P moves on the hyperbola.

Answer: 2c2xy =ct —y4 .

Solution: The normal to the hyperbola xy =c? at the point P(ct, —?) has equation

[ i’ —c{tz ——2] The normal at P meets the x -axis at A[ [ —»12—],0]. The tangent to the
i t

hyperbola = c? atthe point P(ct ] has equation x+12y = 2¢ct . Hence the tangent meets the

1

y-axis at 1(0 —j If M(x,y) is the midpoint of 4B, then x = E(r _T) and y:%. Thus
t
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2 2

t=— and, consequently, x= %[% —y—ZJ Therefore the locus of M has equation
¥y ¢

202xy:c4 —y4 .
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