Tople 5, Harder Unit Toples.
Level 3,
Problem HAR3_01,

If a> @, show that a* +%z g+
a?

a
] B
é?

a
i 1y _ I 1 ! 1
@ !=?z(a+z):(a§=a)+(?=z)Ea(a=1)=?3(a=1)§(a=l)(a=§ =
-1 Pt
(0:1)(715(4121)(4:1)(a e )E( :1)%(51 J;:H)z()@ a%%éﬁ% with

equality iff a=1.

Problem HAR3_(2.
Ifa=0,b20andez0, showthat ab+be+eaz a6 + bfea + e/ab,

. Henee

Soluton: (s+y) =(x =) + 4y Ay = 1f 52 0and p2 0 we get iy s 222
avbe =abea @_TL&E :
Simllarly bv/ae = fﬁ ab # @b K

and evab = Vaeeb < flff-ég
By additlon avbe + ba/: +oab €ab+be+ea (equality ff a=b=¢).

Problem HAR3_03, ' .
e 20,a20b20andb, 20, show that a, + b, Na, +5,) 2 /aa, +4/b,5,.

Solurion: By squaring the sides of the Inequality to be proved we get:
(a,+ b )as +b; )z a0, +b bd + 2fa,a,0,5,

Use the Inequality \/5 <27 yith 5= ab, and y = a,b;:
Vaaghiby =+fab; asb g%_%ﬁ_a_ﬁ
£

Problem HAR3_(4.

Show that I @, b and ¢ are the sldes of a trlangle, then (a+b=e)b +e=a)(e +a-b)gabe.

Fint: Show that IF x2 0, y= Oand 22 0, then (v + y)(y +5)z + x) 28,

Solution: (x4 y) =(x=y) +daypzduy,
Henee (x+ )2 2/,
similarly (s + )2 247,

and (¢ +7)2 2/,

By multiplleation (x+ 2)(y + 5)(3 + x) 2 8.

The substliution x=a+b=g,y=b+e-aa=¢+a=>5 gives

20202 8(a+b=c)p +e=afe+a=-0b)

Henes abez (a+b=e)b +e=afe+a=b)

Nete that slnee a, band e are gldes of a trlangle, x, y and 2 are non-negative.

Problem HAR3_05.
1f &, @, 0, are positive nurabers such that a,a; ...- 4, =1, show that
(+aXi+a) . (+a,)=2"

Solution: (1+x) =(1= )Jréh%eh% +x2 Wz forx 20,

Henee (1+a, ) l+a) (1+8,)2 2@ 2a; oo, =2"aa; e, =2

Problem HARLO&
Ifas0,bs0ande> 0, show that {a+b+ @{%#%# —Ql——) 29,

Solution: Deduce that (a+ b +¢)(ab + be + ca) 2 9abe and henee deduee that
a*b+ b +ela+ab® + be +ea’ = Gabe
Problem HAR3_07.
f a»0,b>0,e>0and d>0, show that
16 3 3 3 3 ] 1 1.1
£ e [ S S AN . WP iy =
axb+e+d bh+e+d +a+b+e+a+b+d+ a+@+d a b+e+d

Hint: Use the Inequality (x+ y+ z)[i % i] 29 with p@sulve ¥ yadz.

Solution: It 1s clear that 0 £ 1 =r=i +=, Henee
XtytE % Y B

9 1.1 1 9 1 1.1
e £ b b € 2 e o —
arbioa b g drerd a e d

9 1 1.1 9 1,1 1
— gk Lo s,
arbid a b d’ Jreed be'd
By addltlen

L3 3 3 /(L;i,.i Lj
b+@+d+a+b+c#a+b+d+a+@+d§ 4Lv“L@:':@i
(equality iff a=b=e=d )

Furthermore, if we employ the Insquality #+ % 23,1>0, We have

B R T 0 DT TRUO - ) (, ﬂ(ig)
(alb:cﬂi)( Fb d)_luﬂus{b a]4 @+a)+ d'l) +




(b*gjﬂr(d#d)#(d dj 4424242424242 =16.

e b ]
Henee (a+b+ a+d)( +Zl}4l-;)216(equalityiﬁ‘aabeeéd)
The substivtion @— a+b+e, b=3b+e+d, e=re+d+a, d=d+a+b inthls

1 1 1

X . i
alfty permlts to abtaln the desired f + +
Inequality permits to abtain the desired faster b\éﬂl b ie aibid arerd’

and we get
o 1,21,:1,1}
3(51+b»+@+d)(a*b+@1 arbid brevd ate+d =16,
‘(equality ffa=b=e=4d )
Then
16 e 3 N i 3 . 3
avbre+rd bte+d a+bte atb+d atetd
Finally, using the Inequallties glven above
BT R W
bte+d 3\b e d)’ a+b+e 3

3 1(1 1 1) 3 1(1 1 1)
e €| e = £ o — A .
a+b+d 3 a2 d)  arerd 3 ae )
we eome o the deslred result

16 < 3 3 3 N 3 i_i%iﬁt
a+th+e+d ZH:@-HI “d+bte a+b+d ate+d a b e
(equality ff a=b=e=4d ).

1
d

Problem HAR3_08.

3 2 3 o 3
Show that 2 *bg te E(MSMJ'

Solutton: a® +b* =(a="b)" +2ab = 2ab

Henee 2abga’ +b* (equality ff a=5),
Slmllarly 2be=e’® +5® and 2ae<a’ +e*,

By additlon 2ab -+ 2be + 2ae < 2(a* +? +c*)
But (a+b+e)' =a® +b* +¢* +2ab + 2o +ea
8o (a+b+e) £3(® +D2 +e?).

032 LRSS |
Heﬂ@e[f’*g”] Ne H}a +") ity 1 a=bee),

Problem HAR3_09.

o

26
If 3 #00and 320, show that x* + " g;i)—a—ﬂ;

P

Solution: Let a= x> and b= y?. Then we can rewrite the inequallty to be preved In the
3 3

equivalent form &® +5° g% +—%—3 a>0andb>0.

Multiplieation by ab >0 glves ab(aé +5? )é at bt

Cloarly a* +b? =(a=b)" +2ab = abg T2 ;7 )

Henee ab(ﬂ Lb) (ﬁ d@b) a“—qub*;ga?b@:

=240 g4’ 4+,

Y
The substitution &= a®, 5 = in (1) glves a°4* ggg

a%b‘*#ﬁaibgga*‘aeb‘**a‘sfb"

Hi P4b’) <
enee alj(a *b ) 3 5

3 3 o6
Se ab(a3+b§)§a"+b4aﬁda§+b§§g=+b=§ wayteiop

b oa yoox
Problem HAR3_10.
Ifaslb>1and 6>1 sush that 4 i,shawihntg—qgl—g—f—,

b a lgb lge

Solution: g—z—%a zhe=lga’ 2lg(bg)ﬂzlgazlgmIg@@[gazIgb;gg.

Clearly (x+y)" = (3= 3)" +dxp2 4y = (s )" 2 . Henea for x20and y 20
———wt Vs . The substitutlon ¥=1ghand y =Ige gives M zylghlge.

Henee lga2lghlge. Squarng (Iga) 2lghlge= %gb 2115‘@:

Problem HAR3_11.
If x>y and xp =1, show that % 22,

Salutien: The multiplieation of the Inequality to be proved by x=y > 0 glves
Heyianifr-y).
o A, 2) A2 PR YO0 |
Squaring, (\ +y ) 2 B(x )= Z\Eyﬁ B(x = 2),
Hence (" +y* ) =8(e? + 37 )+1620. Lt 1 =27 + y* then I suffices to show that
{2 =B+162 0. This la the case as the disoriminant of this quadratlc A=8*=4:16=0.

Problem HAR3_12.
Shew that the geometrle mean of n positive numbers oan not exeeed thelr arithmetlo mean, L.e.,

Xk E F
! | L
IF %, %,y , 70 pogltive mimbees, show that (%, )" € =il -

Hint: Show that x < e®' forall x,




Solution: Let f(x)=e* =x.Then f'(x)=e"" =1, Clearly /"(x)=0 when z=1,
#1(%)>0 when x>1 and f'(x)<0 when x<1. Hence f(x) has an absolute minimurm of 0

when xe*", Let AJ‘—E%-?J The substitution xi;j gives EA’%@’* l,kELm,ﬁ,
By multiplleatlon 212 ... 2 < gy {;:Mﬁ%mﬁ:i .
ymuEp Ad T T T
But j=1+—j=lmj’i=l§(x,*xgqh“,#x,,)jzﬂeok |
Henee %% »%glamg v, 24", 80 (5x5.5,)" £ 4

Problem HAR3_13,

1f 6,,8,,...,4, are pesitive numbers, shew that (a, +a, +..+a, ) [Ezt o _[l] st
Z él }
t 3 "

o 4 +ay kot |
Solution: We have (a,a,..4, )" € ==—2—22—L The substiutlon &, #wL,,,.,a,, -t
i a a,

jusen}
&
£
=
=y
£
(=)
2
=
+L
B
.*_
=
M
|
B
K
Sl —
N

Problem HAR3_14,

Ifas0,b>0,6>0anda+b+e=1, show that ~l~ 4 b%+;%zz7
Solutiom: Clear] i* +L (a+b+e)| 1 N 1 +b 1.
; Y AZ)T =g @ ——JrZ’T =fa +o=

Use the in@quallLy beLween the arfthmetle mean and the g@@metxl@ mean for @, b, ¢ and then for

;J_ . We have aﬂrb*é&@:ﬁ(ﬁliﬁﬂ) >9(3~/(1—b;)

By multiplicatlen, (a+5+ a)g(;%:r:.:k%JZQ( abg)ég ——=17,
i 0* a

Problem HAR3_15,
If 4,85, 4, 816 pesitlve numbers, show that

) al +a +..+a, 206,6;..0,

) Yaa.d, T‘i_ﬂ"—:1
= e —

Selurion: Use the Inequality between the arithmetic mean and the geometrle mean

B k¥ kot X
o, )11 ST T 5 50,0,%, 30,
n
(i) The substitution % =a},..,%, =4, gives

EXTE

G At
(a'al.ap)'" < an Ll al bt 2y,
(i1) The substitution x, =a;",.,%, =a;' plves
1.1 |
11 1 in 4;4 +‘”
S P L WINPT i S —
a4 a4, 4, it $FL++;
e by fy

Problens HAR3_16.
Show that x= %13 ctan Ty ex= %ﬁ —J%xg for x> 0.

gl=r+f,

1
1+£
Tirat, It Is easlly seen that (1=2)1+2)=1=¢ <1 for ¢> 0, and henee

1=# <ﬂ1~F for ¢ 0, Further, it s elear that (1 =¢* + D1+ 1) =1=¢ 0 for > 0,

Solution: Letus provethat for r>0 1=£ <

—— <=4 forts0.

Thus,

1
144
By {ntegrating the last mequn lity between 0 and x, we derive

tf(~ )dt<j’ at 4(1 By, » ety ex =2 el foras0,
§ NS ’ 3 3 5

Henee, we arrive to the desired result 1=1% < <l=2+¢ fort»0,

Problem HAR3_17.
Show that 3 €¢*~ + yln » forall real x and all positive y . When does equality hold?

Solution: Let f(x)= ¢+ yIny=xp be the Aunction with parameter ¥ > 0. Tt Is saally to gat
f=e =y, )= e =yarx=1+ly.
Furthermore, //(x)>» 0 for x> 1+Iny and f'(x)<0 for x <1+Iny, ag we oan see that, if

x=Ax+1+1ny, then //(x)= p(e® =1),and F/(x)> 0 ifAx>0,and f'(x) <0 If Ax <0,
Henee f(x) has an absolute minimum of 0 when x =1+ Iny. As a result, we get for all »

J(x)20,and & yin y 2 ay with equality iff 2 =1+1n y,




Problem HAR3_18,
) 1A ‘
Show that %j:@i‘(‘i =x) < I%t € J“e (1=x)" e and hence deduee that
1] i

427

2 1 .2 1

780 T 160

Selution:

. o 57 767 (a7 87 (o7
[¥'(1=x)'de= f(:c“—4,\%5v+6x5=4x7#xg)dv{x%] =4[ij + G[L} —4[11_1 {L
0 0 3D 6 0 7 o 8:0 6 o
L1 2,6 1.1 1

il 0 1+ ’Cg
By uslng the representation x - 4x7 + 6% ~ 4% 4 ¥* = (1 + 1) (20 =42+ 55* = da® +4) =4,
we get

l
fMd\nf(\é—4x + 55! =d? 4 )by =4 [— i

ollk
37 .67 1 ral

REAR X ¥ el o =1 1 2 4 22
s o4 2] sl 2| =dl 2= 4 d[x], =+ ¢ Emmmg]=a FEie=
[7]6 {6]0:%[5]0 4[3]0;4[1]0 {tan 3, Segtlog ==
It 18 ensily seen that for 0 < x <1
1. 1
2<1 a<1

11 1=%
beeause of === , 0

422 2 2f+xY)
Slnee x*(1=x) >0, weget %x"(lﬁ)uv@c“( \)4

2 + 3=

By Integrating thls Insquality with respest to ¥ between 0 and 1, we deduse that

i HI: Y- |
% (1= )" d < I%M Tl -x)'d,
b o ¥

1 4
Tn vew of fxi*(hx)"d\—ﬁ and —IL——zr):fh 72— 7, we obtain

[}
Low o 1 21w 1 71
N R L b T e R R Dy
T30 7 TG0 T @ 7T 7 &0 7 1260

Problem HAR3_19.
w2
Show that 1=6™"% ¢ [o™" g < %C@ =1, Hlat: if % > x50, showthat x> slnx> %x .
0 2 ’

Solution: Letug show that sinx <x for O <x <% . [t 19 ensily to deduee that for

FG)=x=olnx, weget f'(x)=1-cosx20. Hencefor x20 Sx) 18 6 non-deersaging
funetien with absslute minimum 0 when x=0.

Thus F(x)> 0 for x>0, and sinz <x for 0 <x<=§=,
Letug show that slnx > = 2 ¥ forO<x < -, Tt is not diffloult to estabiish for
‘,7
glx)=ginx =%x that g'(x)=cosx =% and g'(x)=0 when x = afc@og%

Furthermore, for 0 < x <%§ funetlon glx) has the only absslute maximum ef

sin(arcees2/ ®)=2/ marcoos3/ > 0 when x = arees2/ 7, slnee

g'(x)=co8x 2 > for x< ﬁf@@@sg;
: i i

g'(x)=eo8x 2 <f) for x> &f@@@ﬂg'-=
i 7
Punetion gx) reaches absolute minimum of 0 when ¥ = 0,%
[ 2 . .
Thus g(x)20 for0<x< % , that {8, ix <ginx, and, finally,
%’C <slnx <5, =%x S—ginEs=x g 5g 5™,

By Integrating the last Inequality with respect to ¥ between 0 and E, e eome to

/2 /2 7‘/_ /2 )
I 0¥l < J*@-alnrﬁv,c< fg—x@htdx! :[ ] j@ CIEF :2[ 42/&] ’
; 2 [
0 0 0 0
3
1=e < a7y <%<e:1),

0




YA

y= 1/
A ,
D i
0 X
Problem HAR3_20.

If b>a>0, show that =—— mb “Ina i(i + i) .
=d 2 b

Solutiors: Shaded area < area ABCD,

VA

B

Rl 1 lnb=Ina /l(}_,_l)
fid‘i[ ~b=a) = <3773 )
* Problem HAR3_21.

1> as>0,show that boa

Inb=lna

_ath
e

Sohution: Rewrlte the inequality to be proved In the equlvalent form

Ub=a)<(nb=Ina)a=0b)or ln( J(Zﬁfz) 2 =a)>0.

Letf(t)—ln( )Ha) Wt-a)= fla)=0, j'(t)=ln[ ):F—*l@f(a) 0,

i :l:i:i[ :’:js fort>
f(f)—l T ; s0fort=a.

_ Conalder S(k+Du, =u, +(k+1)* =

8o f'(a)=0and /() 1 an increasing funetion for t> a= f() > Qferallr>a.
But f(a)=0= f{)> 0forallt> g . Consequently,

f(b)>0&ﬁb>a:;sln( J(ZH@) 2b=d)=0.

Problem HAR3_22.
2 L 332
Show that for n2l, 1P +27 +3% 4, 45 E%
Solutiont Lot u, =1° +2° +.+ 1 D u,, =u, +(n+ 1%y, =1, n=13,.. Henos It sulfices to
3 \3
ghow that zz,,Ei’—(’—_;ﬁ__——lL,D@ﬁn@th@slatment S(n):u,,:l Zﬂ);n 1,2,

Consider §(1) iy, =1=

Ele+)® -
—

3 0102
=%§ §(1) 18 true. Let k be a positlve integer. IF S(k) 18 trug, then

Uy =

_%1—4 (k + 1), 1 SCE) o true

_ (DR 4kt 4) (ki D (k+2)? = S(k+1) Ta irue.

4 4
Henge for all k21, §(k) true Implles §(k +1) true. But §(1) is true, henes by Inductlen §(x) ls
2
rue forall nz2l, P+22+3 +..+n0' =y, %
Problem HAR3_23.
. 1 g R/ i
Shew that for nz1, +31# ~7(n+1)l 1 e
. Sefution: Define the statement §(n)! i g—*i e 1“—1". =12,.
’ |l (n+1)! tn+)l’ ’
~=—-=;L=:L=if
Congider S(1): n=1 2 =1 TRtk Henee S(l) is true.

2 3 k 1

Let k ben ive Integer, If §(&) la trus, then --—4 -—+ %(/Hl)l (k i
Conslder S(k+1). As S(k) ls true, we get

1,2,3 k. k+l kel
TR TR T M7 TR ST eI
El_knz (l@tI)El 1

(k+2)1 (h+2)!
Hence for all pesltive Integers k, S(k) true lmpllea §(%+1) true. But (1) Is true, therefore by

industion, §(n) Is true for all positive integers n:
1,2 % n__y__1 for nzl.

2 Thenl T )l




Problem HAR3 24,
Show that for n21, 1 +%+ x(xgj SaE x{ + 1),.1(]x tn-l) _(e+ Deet ?Dﬁ i n).
t I nl n

Sohution: Define the statement §(n):
H:iq; s#x+1) - #rEDulE+rn=1) - (e D+ 2)..,(2&#;1)a a=1
1l 2 nl 7l

Conslder §(1): n=1, ]+%El+\z%l Henee §(1) s trus.

Ly

3=3

Let k be a posltive Integer. If §(k) I8 true, then
e #(x+1) + 4D HE=1_ GE+DE+2).G4H
= o = .
il 2| k) Kl

Conslder S(k+1). A §(k) Is true; we get

Lx o stekD) | G Da(rrk=D) | a(e+D. (k)
T A P D
_ Al 2..(x+k) N e+l G+DE+D.(+ B)(E+1+2)

H (k+ D (k1)1

Henes for all posiilve integers k, S(k) true implles SCk=:1) true. But 5(1) ig true, therefore by
induetien, §(m) Is true for all pesitive Integers n:
i+x(}(+ﬂ . sE+e(mtn=0_G+DE+D).(s+n)

I = :

1+=
il 2 nl nl

Problem HAR3_25.
Show that for n 21, 2145 2410 A+ (1 + Dul=nln + 1.

Solution: Define the statement §(n): 21145 2610 3+ (0* + Dal= e (011, n=12,.0..
Conslder §(1): n=1, 2:11=1:2), Henee §(1) ia trve.

Lt k be a positive Integer. If S(k) 1o trus, then

B Ib5 210 Ik (B2 D=k (R + 1),

Conslder S(k+1). As S(k) istrue, we get

2155 210 Wt O + DI +1)° + 10k + D)1= Rtk + DE:((e +1)° + Dk D=

= (k+ )10+ e+ 1+ = (e DICE+ D+ 2) = (R +2)1(E+1)

Henee for all postiive Integers &, (k) true Implles S{k=+1) true. But 8(1) is true, therefors by
induetion, §€n) la true for all positive integers .

2001468210 3kkck (? = Dal=m: (4D for nzl.

Problem HAR3_26.
Show that a eonvex polygon with n2 4 sldes has E@;’j— dlagonals.

Solution: Let the funetlon f(n) define the quantity of diagenals for a sonvex pelygen with
nz 4 sldes, Tt s eanily seen that f(n+1)= f(n)+n=1 (sce figure 15), since ineluding an

additional pelnt ;. for a polygon with 1 sides leads to new =2 dlagenals with respect o
the polnts 4, ,d;suud,, beaides the slde 4.4, becomes & new diagonal.

il

3

nn
= n=4,5,... Anl

.

Define the statement S(m):/(n) =
4

Conglder S(4): F(4)= 71 =22 51 true,

Let & be a posltive lnfeg@;, kz4.1f §(k) latrue, then

fop = EE=2)

2 g/ Ap-l
Constder §(k+1). As S(k) la true, we gt
_ ik ;o
Flk+) = R+ k=12 ""(’@2‘@+/¢::1s k ; 2, (k“)z(k 2)

Al

=We see that for all k2 4,8(k) true lmplies S(k+1) true. But §(4) fs true. Henee by Induetion,
§(n) is true for all integers n24. '

Problem HAR3_27.
Shew that (14 x)" =nxz=1 1 divisible by #fornzld,

Solution: Deflng the statement §(n): (1+%)" =me=1 I3 diviaible by =23
Conslder §(2)1 (1+%)? =2x~1=x"=§(2) lstrve.

Lat k be & positive Integer more that 1. If §(k) s true, then (1+ %) = e =1=x*A, where A ls
a polynomial In x=> (1+x)* =1+/e+ ¥’ M.

Conalder Stk+1): A+ =(k+D™ =(k+Dx=1=(+2){1+ B =(k+1)x=1

= (1 )0+ b+ 2 M) = (B + Dx=1,1F S(&) la true

= M+ PM = Pm+ k)= 1+ =(k+Dx=1 s divislble by %,

Henes for all posltive Integers & =2, §() true Implies S(k+ 1) true. But §(2) I8 true, hence by
inductlon §¢x) 15 true for all positive integers n232: (1+ %) =me=1 is divlsible by %,

Problem HAR3_28,
Show that for n210,2" 3 #°,

Sohstion: Define the statement §(n)t 2" >#°,n=12,..

Conslder §(10): 2'" =1024>10% = §(10) 18 trve.

Let k be a posltive Integer, k210, If S(k) 18 true, then 25k,

Conslder §¢k+1): 241 =2:25 521,11 S(k) is true, But

2B (k4 ) = =3 =3k =15k =3 =3 =k =K (k=) > 0= 27 > (k+ 1),
Henee 24 > (k+1)? =2 §(k+1) latrue.

Henee for all posltive Integers & 210, §(k) true implles Sk +1) true, But §(10) lg true, hence
() lstrue forall n210,2" >’

Problem HAR3_29,




Show that for n22, 1" > (n+1)".

Sohation: Define the statement (1) n' » (n+ )", n=23,..
Consider §(2): 2° > (2+1)= §(2) Is true. Let & be a poaltive integer, k2 2. If §(k) ls true,
then &* » (k+ 1),

Considsr S(k+1): (k+1)# = *kl 5 ;” G+ 1) IF Sk 1s true
(T

ok

Let us show that & /’L H oW+ s (kk+2) @ F+) s kk+) e

B2k +1s kR 2k,
Sowe have (k+ )% 5 (k+2)F = §0k+1) s true. Henes for all k22, 5(k) true Implies
Sk +1) true. But §(2) Is true, henee by induction §(n) ts true forall n23,n" =+,
Problem HAR3_30,
1 l l
Show that for n2ll+=—=+==+.+==>2¥n +1-1
A A e

ﬁl——,lq—l,n 1,3,

Solution: Letu, =1+ T % * . ,Jrvl—%u,m =1, rm
Henes [t suffices to show that u, >2(a/17%_ 1.

Define the statement §(1): u, > 2Wn+1=1),n=12..
Consider §(1); 1> Z(ﬁ =) e 8§70 s true,

Let k be a positive integer, If §(k) 1 true, then u, > Z(Jﬁ =1),

Consider SCk+1)t 1 =1, | T_—ﬂ(a/k_»“ D*T-; I S(E) I8 true.
But 2(WE+1=1)+ ﬁ%(«‘ﬂw “Ne+D+1>2/E+DE+2) &

Qh+3)? 24k +D(k+ D) & 4k* +12k+9> 4k +12k + 8. So we have that
Hy 3 AT +2 =1)=> §Ck +1) ls true. Henee for all k21, §(k) brue implies Sk 1) true. But

S(1) 1a true, hence S() I true forall nz1,1 4:% +71—3:+ #715- > Z(Vn +1 =1)x
2 - 7

&

Problem HAR3_31.
Show that for n21, o lr+m+ ]

il ‘)‘3‘ an? (l)?

A

e |

Solution: Shew that for n21, nlz ™!,

Defins ths atatement S(x): nl22™, n=12,...

Conslder S(1)1 1122% =1, Henea §(1) iz true,

Let k be o positive Integer. I SCk) Is true, then &1z 2,

Conslder §(k+1). As §(k) is true, we get
(B )l= kIGE D 2207 ) =24 L 2 28, e %zl forkzl,

Henee (k+1)I22F, k=2l
We see that for all positive integers %, SCE) true implies S(k+1) true. But §(1) is true, Hence

by Industion, §(n) is true for all positive Integers n21: nlz 2,

Define the staterment S(n): ﬁéf@%?*ﬂrd?g%(l :%} n=li,...

Conslder §(1): (111)3 §i[l i] 1. Henee §(1) is true.
Let k bs a positive integer. If §Ck) ls true, then

1 1 1 _4 1
— k=g l==F ],
ey i(-5)
Conslder §(k=+1). As S(k) la true, we ge

get
I I 1 1 Moy,
ay ey ey @+n>§ikwj%m+nf

Sinee K= 2% for k=1 we get

ﬁ_ =. By using this inequallty, we come to

‘%J\

<w+n¥

1 1 1 4 1 14 1
—t . g l=—|t—=== l==55|.
@? (kl) (/m=1)|)z 3( ) 4 3[ 4'**')
Hen@e for all peaitive Integers k, S(k) true lmplle@ SCk+1) true, But §(1) Is true, Henee by
Induetion, §(n) la true for ull posltive integers n:

(S RS NI S
@FH@““*wfgi'w)

Problem HAR3_32.
Show that 35" +3:7" 425" + 6 la divisible by 12 forn20.

Solution: Let u, =35" +3.7" +2:5" +6, then

Hy =35:35" +21:7" +10.5" +6=(36=1)-35" + (24=3). 7" +(12-2)-5" +(12=6)
=36:35" +24:7" +12:5" +12=u, =13(3:35" +2: 7" +5" +1) =u,

Define the statement §(r) 1 u, 18 divisible by 12, n=1,2,..

Conslder §(0): u, =12 la divigible by 12 = §{0) s true.

Let k be an Integsr, k2 0, IF §(k) 18 tue, then u, =12: A for some Integer A .
SE+D): uy, =1203-38% 4274 +55 4 )=y, =

12(3-35% +2:7% + 5% + 1) = 124¢, I S (k) Is true.

Uy, 18 divisible by 12 = §(k+1) I8 trus. Hence for all integer k2 0, §(k) true Implies
§(k+1) trus, But §(0) s true, henee by industion §(1) Is true for all Integers n2 0:
35" +3.7" + 28" + 6 ig divislble by 12.

Consider

Problem HAR3_33.
Show that 7" +15" 1a divislble by 11 feredd n2z1.




Solurion: Letus lntroducs f(n)=7"+15". Tt {5 eaaily seen that

fln+2)=7"+ 15" = (7" $15")=49:15" +225:15" = 49,/ (n) +1 76:15"

Define the sintement §(n): f(n) s divisibla by 11, n=13,5,...,

Consider §(1): F()=7+15=22=11:2=§() 1o true, sinee  f(1) s divisible by 11.

Let % be & poaltive add Integer. If S(k) 1a true, then F(k)=11. M for some Integer M.
Conglder §(k+2) (k2 lathe next odd integer). As (k) is true , we gei

Jlk+2)= 49 £ +15" 176 =491 1M +15416:11=11(49: M +15*-16).

Slnee 4977 +16+15" la Integer, we see that f(%+2) Is divisibis by 11,

Henee for all edd pesitive Integers k, S(k) true impliag §k+2) lotrue. But §(1) latrue.
Therefore by Industien, S(n) le true for all odd pesitive Integers A1 7" +15" ig divisible by 11
for odd nzl.

Problem HAR3_34,
The aquatlon x* =x+1=0 has roots &and B, and 4,=a"+f" fornzl,

(1) Without solving the equation, show that 4, =1, 4y =land 4, = 4,., = 4,., fornz3,
(1) Henee show by Induetion that for nzl 4, = 2@@5%75 .
Sohition: () If i, are roots of 3% = x+1=0, then .+ =1 and af =1 by Vieta’s theerem.
Henee (6 +p) =1=> o' +p' =1=20f= o'+ B, d,=0"+p" =" a+p™p,
a+f=1= o=1=p and f=1-c. Henee 4, =a"(1=B)+p"(1-a)=

A, = o BIH _ 6@":1[3 - anl@ = 4, =4, = @LE((X’":Q & Bn:@) Jaf=1=
A=d=4,fornzd

(i) Define the statement §{n): 4, =2 c@s%ﬁ, =120

Conalder §(1): n=1, 4, EQ@@@%E1§ 8(1) la true.
Conslder §(2): n=2, 4 EZ@@@%EE =1=5 §(2) ls true.

Let k be a positlve integer, k22, 1f S(n) {g trué for all Integer n £ &, then
A, EQ@@@% , =133k,

Conaider §(k+1), Az §(n) 1 trve for n=1,23,...k, We et

Ay = Ay = Ay = Qeoslﬂ:zg@s@-ﬂz Qﬁeagﬁ%@s (k= tn :
3 3 3 3
But coger=eo8b = zsin(%é) sin[%ﬂ), abeR
USRI 7 5501 I O A W -t 1z
Henee Ay =45m( 5 E)gln[:?gj = A z=4mgsh{(k=§)§) =

Ay = =2§in((k + 1)% =%J = Ay =2000(k+ 1)% ,

Hense for k22, §(n) true for all posltive integers = implies S(k-+ 1) Is true. But S(1),
§(2) are true. Therefore by Induetion, §(n) 1a true for all pesitive intogers :

i
4, = 2@@5?— fornzl.

Problem HAR3_34.
fu =1, u, =landu, =u,, +u,.,fornz3, show that for

I ==\ 1 =\ 1l
Solution: Define the statement §() u, ] [[@] :[1;5——6] }, =120

Conslder §¢1): 1 = % {%‘/—i%} =1= 501) s true.
» 2 =y =
Conglder §(2): 1 s%{[%] =(1—i2£§] } = %{4—7@} =1=5§(2) lstrue.

Let k bea positlve |nt@g@1§ =2, TF §(n) is true for all Integers 1 €k, then

_l 14=J5:"_1=a/§"::#
u"_ﬁ{[-T) 4(——? for n=12,u,k.

Consider ‘S(k. +1)

T SO TR

08 80k =1), §(k) are true

A (st (5]

] (] 2

Hence for all Integers k21 §(n) true for all posltive integers 1= k For k=23,3,.., 8(n) I8
true for all positive integers n € k mplisa S(k+1) true. But §(1), §(2) are true. Hence by
Industion, §¢n) Is true for all pesitive Integers 1t

{85

Problem HAR3_36




2| +2
=1 ond =202 for 22, show that
3ty
(8 u,>3fornzd;
(B) u,, <y, fornzl.

Solution: (a) Deflne the statement S(n): u, 3, n=23,...

LR AL 29 >3 = §(2) Is true.

Consider §(2); w==— o
Let k be a positive Integer k2 2 If §Ck) 1s true then u, >3,

Censlder §(k+1). Show that #.,, >3, To this end, let the funetlon f(x) be given by

2 9
f(\)%§=¥l-=\:§—3 x23

It ls easlly ssen that

2 18
f’(x E—g‘:j )

We obtaln that /'(x) =0 when =3 and /'(x) > 0forx >3, Thus the fumetien f(x) hasan
absolute minlmum of f(3)=13 on the set x= 3. Henee
J)=2xbs3
3 %
Thug, a8 SC%) ia true (1, >3, k2 2), velng this inequality, we get

2 2
S(k+1): iy = ”3;};;7 2o,

3

Henee for all pesitive Integers k22, S(k) true Implles S(k+1) true. But §(2) is true, therefore
by industlon, §(r) Is true for all positive Integers 2 2 w33,

(b) Show that ., <u, for n22.

1 9 2 9
One ean deduce that 1, =y, = ?‘" = ”5 , 6inee U, = ?u,, +=,
ity

Let the funetion g(x) be given by g(x)w.— X= T ¥23.

It lg easy to see that g'(x)= % % >0 for x23. Henee g(x) ls a monotenically inereasing

function for x 23 and g(3)=0. Thus g(x)> 0 for x>3, and ==%>O ¥>3,

W w\l»—“

2, we get iu,, =—i—§> 0.
Uy

By using this Inequality and the fast proved in () that w, >3y n 3

Henee w4 <y 22,

Problemn HAR3_37,

Ifu=1andy —l U r—g— for nz 2, ahow that
| = i 3 =l o)
)i

() u,*>3fornz2;
(b) u,, <u, for nz2,

Solution: (2) Define the statement S(n) 1] E%(u,?:, +6+ u? ]>3 A=233..

n=l
Conslder 5(2): u%z%(wsafg)gba = 5(2) Is true,

Let k be a posltive Integer k22, If §(k) la true, then ' >3 le,

u} _%[uk . ’ J>3,
il

Conslder §(k+1). Shew that umg >3, that is,

T =%[uf +6’+%)>3:
i

Shew that S(k=+1) ia true. Let the function f(x) be glven by f(x) = %(a +6+ %); x23,

1t is easy to see that f'(x) = %(l = %)

= f(%)=0 when x=3 and f'(x)>0lorx>3.

Henee the funetlen /£(x) has an absolute minlmum of 3 when x =3, and thus
i 9

:(x:kézlzz) >3 for x53.
4 %

By uaing this Inequality, In view of 17 >3, we get uf,, = %(u;% +6+ %—) 51,
U

Hence For all pesitive Integers trus implies S(k+1) true. But S§(2) Is trus, therefore by
induction, §(n) 1a true for all pesitive integersnz 2 u,,2 >3,

(b) Show that u,, <1, for n22.

] 3
A8 Uy zr—-[u +=— |, we have that u,,=u,,*laiu,,=% and #, >0 for n22.
=50

20" u, 2
Let the function g(x) be given by g(x) E% =-2%; ¥20.
It is ensy to see that g'(x) E% 23 forallx>0.

Hence g(x) ls a monotonically inereaslng funetion and g(x)=0 when % =+/3, Thus glx)=0
for 1>a/§, and %x:%ﬂ for x34/3.
By using this inequalliy and the fact that u,'z, Fdoriu, > V3, preved In (), we get

3
%u,, =——§lT> 0 for n22, Henee ty <y, for n22,
1

Probiem HAR3_38,




ABC 1s o trlangle inseribed In the a elrele, P I8 a polnt on the minor arg 4B, The peints L, A,
and A are the feat of the perpendloulara from P to €4 produeed, 48, and BC regpectively. Shew
that L, M and N are eollinear. (The ling N, is called the Slmpson line,)

Selution:

In erder to prove that L, A and A ara collinear, it ls gnffieient to show that ZLMd = ZNME .
For this purpese we show, that ZNMD = £BPN = £8Pd = £LMA .

The fiist step: ZNAB = ZBPN , The trlangles PKA and BRN are restangular and

ZBEM = 2BEN = A PEM are similar A BEN = % - %  But

ZPKB = LMEN = A PKB are gimllar A MEN = £NMB = £BPN .

The sesond step: £BPN = £8P4 , The polnt P lies on the eirele = PACH lsa eyelle
quadrilateral = £PAC +£ZPBC =180, But £PAC + ZPAL=180°, Henes £PBC=£PAL.
From here, ag the trlangles PNB and PLd are restangular, we have A PN are aimilar A PLd =
ZBBN = ZAPL. .

The third step: Z5P4 = ZLMA ., Tt g obvloua that AALS 15 similar A PAJS, ng these rectangular
iangles have the common angle ZA8H . Heneo Z2.= % = AMLS To similar A PAS =

A
£8PA=LLMA.

Problem HAR3_30,

AABE 1s Ingeribed In a oirele, P 1a a point on & minor are 4B . The pointg M, L and N are the
feet of the perpendioulars frem P to 4B produeed, AC and BC respestively.
Shotw that APNE ||| APBA . Hint: uge the fhet that the points N, A, and L ave eollinaar.

Selution:




We use the known faet that the peints N, AL and L are eollinear (the line NL lg the Simpsen line,
gee problem 39), Tt suffiees to show that £PNL = £ZPBd and ZNPL = ZBP4.

The first step: £PNL = £PBd . The restangular trlangles KAP and KNDB are slmillar as
£PKM = ZBKN = —EK[Z\\; - % But £NKM = ZBKP => ANKM ABKP =5 £PNL = £PBA,
Tha second atep: ZNPL = £BP4, The sum of any quadrilateral ls 360°, But the quadiilateral
PNCA bas two right angles = ZNPL + £BC4 =180°, The quadrilateral PBCA Is a eyelle one
= LBPA + £BCA =180" (as opposite angles). Hence £NPL + £ZBCA = £BP4 + £ZBCA =

£NPL = £BP4.

Problem HAR3_40,
ABED lg a cyolle quadrilateral. P is a point on the clrele through A8C and D, PH, PX, PK and

P¥are the perpendloulars from P to 48 praduced, BC, DC prodused and D4, regpectively.
()  Show that AYPK || AHPY;

(i) Henee show that PX « PY = P+ PK and

Hint: Use the result of the preblem 39.

Solution:

() The triangle 48D and CBD are inseribed in a clrele, Henee aceording to the lesult efthe
problem 39 AHPY issimilar to ABRD and ABPD s sirallar to AXPK.

Therefore AYPK ||| AHPY .
BY PK PY AR

(i) AXPK ls similar to A HPY, hengs E_EQPX PY=PH PK.Also ﬁﬁ_ﬁf and
; 5 Y7 At
%z% multiplylng these equalitiss, jj}; gf %%_))?




