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Total marks — 120
* Attempt Questions 1-8
* All questions are of equal value

STANDARD INTEGRALS

Jx"dx o= 1 M onw-1l, x20,ifn<0
n+1
1 B
—dx =lnx, x>0
x
ax 1 ax
Je dx ==e%*, a#0
a
1. .
cosaxdx = sinax, az0
. 1
sin ax dx :—Ecosax, a#0
. ) 1 )
sec“ax dx =Etanax, a#0

1
Jsecax tanaxdx = Lsecax, a #90

- 1 1, .
f~2—2dx =—tan l*x—, az(
a”+x a a

1 X
12 450, —a<x<a

J-+1—dx = sin R
/az_xz a

J‘*ﬁl—dx ’ =ln(x+w/x2—a2), x>a>0
Vx? - a?

1 _ (2. 2
jﬁdx —111(x+ /x" +a )

NOTE : Inx=log,x, x>0
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Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each questio.ni in a SEPARATE eriting booklet. Exira writing booklets are available.

Marks
Question 1 (15 marks) Use a SEPARATE writing booklet.
(a) Find j—f—dx. 2
V9-4x? : -

dc . .- R 2

(b) By completing the square, find f —-
x“—6x+13

(c) (i) Given that ~sz_ﬁ- can be written as 3
(x=3)" (x+2)
16x-43 gq b c

+

= + ,
(x—3)2(x+2) (x~3)2 x-3 x+2

where a, b and c are real numbers, find g, b and c.

16x—43 . D)

(i) Hence find Jm

2 N
(d) Evaluate J. te™tdr. 3
0
(e) Use the substitution 7= tan—g— to show that 3
27
3
j d_@ =1 log3
z sin@ 2

Question 2 (15 marks) Use a SEPARATE writing booklet.

(@8 Let z=3+i and w=2-5i. Find, in the form x+ iy,

®
(i)
(i)

® O

(ii)

(i)

ZZ

&
=

N T

Express B—ii modulus-argument form.,

7 .
"Express {3 —i) in modulus-argument form.
E NE) in modul form.

7
Hence express \/5 —~i} in the form x+iy.
p

(¢)  Find, in modulus-argument form, all solutions of z3=—1.

(d) The equation ’z~1~3i, + ‘2—9—31‘ = 10 corresponds to an ellipse in the

Argand diagram.
(1) Write down the complex number corresponding to the centre of the
ellipse.
(i) Sketch the ellipse, and state the lengths of the rmajor and minor axes.
(lif) Write down the range of values of arg(z) for coinplexnumbers z

corresponding to points on the ellipse.

Marks




: Marks
Question 3 (15 marks) Use a SEPARATE writing booklet.
() The diagram shows the graph of y= f(x). The graph has a horizontal asymptote
aty=2, ' :
Draw separate one-third page sketches of the graphé of the following:
. 2
@ y=(f(x)) 2
1
(i) y=—— 2
f(x)

2

(i) y=xf(x).

Question 3 continues on page 5

Marks

Question 3 (continued)

(b) The diagram shows the graph of the hyperbola

NESNS i
144 25
y
(i) Find the coordinates of the points where the hyperbola intersects the 1
X-axis.
(i) Find the coordinates of the foci of the hyperbola. : 2
(iti) Find the equations of the directrices and the asyrhptotes of the hyperbola. 2

(¢} Two of the zeros of P(x)=x*—12x>+59x%— 138x + 130 are a+ib and a+ 2ib,
where a and b are real and b > 0.

(i) Find the values of g and b.

(i) Hence, or otherwise, express P(x) as the product of quadratic factors 1
with real coefficients.

. End of Question 3




Marks
Question 4 (15 marks) Use a SEPARATE writing booklet.
(@) The polynomial p(x)=ax>+bx+c hasa multiple zero at 1 and has remamder 4 3
when divided by x+1. Find @, b and c.
(b)  The base of a solid is the parabolic region x2< y<1 shaded in the diagram. . 3
¥
x
Vertical cross-sections of the solid perpendicular to the y-axis are squares.
Find the volume of the solid.
(¢) Let P(p, %J, 9] (q ;J and R (r l) be three distinct points on the hyperbola
xy=1.
(i) Show that the equation of the line, /, through R, perpendicular to PQ, 2
is y=pqx—pqr+%‘
(i) Write down the equation of the line, m, through P, perpendicular to OR. 1
(i) The lines '/ and m intersect at T. v 2

Show that T lies on the hyperbola.

" Question 4 continues on page 7

—6—

Question 4 (continued)

(d)

B P L ' ¢

In the acute-angled triangle ABC, K is the midpoint of AB, L is the midpoint
of BC and M is the midpoint of CA. The circle through K, L and M also cuts BC
at P as shown in the diagram.

Copy or trace the diagram into your writing booklet.

() Prove that KMLB is a parallelogram.

(ii) Prove that ZKPB=/KML.

(iii) Prove that AP L BC.

End of Question 4

Marks




Question 5 (15 marks) Use a SEPARATE writing booklet.

(8) - A solid is formed by rotating the region bounded by the curve y=x(x-1)? and
the line y=0 about the y-axis. Use the method of cylindrical shells.to find the
volume of this.solid.

(b) (i) Show that cos(c+f) + cos(a—f) = 2cosa cosf.

(ii)) Hence, or otherwise, solve the equation

cosf + cos26 + cos36 + cosdf = 0

for 0<60<27.

(c) A particle, P, of mass m is attached by two strings, each of length £, to two fixed
points, A and B, which lie on a vertical line as shown in the diagram.

NOT TO
SCALE

A

(
)
1
|
1
t
i
1
|
1
'
'
|
1
'

O

The system revolves with constant angular velocity @ about AB. The string AP
makes an angle & with the vertical. The tension in the string AP is T; and the
tension in the string BP is T, where 7,20 and 7,20. The particle is also
subject to a downward force, mg, due to gravity. :

(i) Resolve the forces on P in the horizontal and vertical directions.

(i) If T,=0, find the value of @ in terms of /, g and .

Question 5 continues on page 9

_8-

Marks

Question 5 (continued)

(d)

In a chess match between the Home team and the Away team, a game is played
on each of board 1, board 2, board 3 and board 4.

On each board, the probability that the Home team wins is 0.2, the probability
of a draw is 0.6 and the probability that the Home team loses is 0.2.

The results are recorded by listing the outcomes of the games for the Home team
in board order. For example, if the Home team wins on board 1, draws on

board 2, loses on board 3 and draws on board 4, the result is recorded as WDLD.,

(i) How many different recordings are possible?

(i) Calculate the probability of the result which is recorded as WDLD.

(iliy Teams score 1 point for each game won, 1 a point for each game drawn
p 8 5 ap g

and 0 points for each game lost.

‘What is the probability that the Home team scores more points than the
Away team?

End of Question 5

Marks




" Question 6 (15 marks) Use a SEPARATE writing booklet.

(@ InAABC, ZCAB=a, ZABC=f and ZBCA=1y. The point O is chosen inside
AABC so that ZOAB=£Z0BC=£Z0CA = 6, as shown in the diagram.

A

B

in(f—0
® Show that 24 = (A=)
OB sin @

(i) Hence show that sin® 6 = sin(a—8) sin (8- 6) sin(y~6) .

sin(y—x)

(iii) Prove the identity cotx — coty = — —
sinx siny

(iv) Hence show that

(cot8 ~ cotar) (cotd — cot ) (cot® ~ coty) = cosecor cosec f cosecy s

(v) Hence find the value of 8 when AABC is an isosceles right triangle.

Question 6 continues on page 11 -

—10-

Marks

Question 6 (continued)

(b) In an alien universe, the gravitational attraction between two bodies is

* proportional to x>, where x is the distance between their centres.

A particle is projected upward from the surfaée of a planet with velocity u

at time ¢=0. Its distance x from the centre of the planet satisfies the equation

F=-—

(@

(i

(iit)

(iv)

-](,‘3

- Show that k= gRs, where g is the magnitude of the acceleration due to

gravity at the surface of the planet and R is the radius of the planet.

Show that v, the velocity of the particle, is given by

v? =g7]§3*—(gR—u2).

It can be shown that x = \/RZ + 2uRt — (gR—uz)tz .

(Do NOT prove this.)

Show that if u 2 \/gR the particle will not return to the planet.

If u<\/gR the particle reaches a point whose distance from the centre
of the planet is D, and then falls back.

(1) Use the formula in part (ii) to find D in terms of », R and g.

(2) Use the formula in part (iii) to find the time taken for the particle to
retorn to the surface of the planet in terms of u, R and g.

End of Question 6

~11—
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Question 7 (15 marks) Use a SEPARATE writing booklet.

_ (&) The curves y=cosx and y=tanx intersect at a point P whose x-coordinate
is o

(i) Show that the curves intersect at right angles at P.

1+/5

(i) Show that sec’ ¢t = .

X N
() (i) Let I = J sec” t dt, where 0 < x < g Show that
. :

n—2
sec” “xtanx n-—2
—_— 1

I = =2,
n—1 n-1 "2

n

(ii) Hence find the exact value of

= .
3
sectr dt.

0

Question 7 continues on page 13

~12 -~

Marks

Question 7 (continued)

(c) The sequence {x,}is given by

4+ x
x;=1 and X = L for n>1.
. ‘1+xn

() Prove by induction that for n>1

1+a"
x, =2 d )
1-a" -

(i) Hence find the limiting value of X, 88 n-—>oo,

where o = —l.
3

End of Questibn 7

—13—




Question 8 (15 marks) Use a SEPARATE Writing'booklet.

(a) Suppose 0 1< —
\/_

2
() Show that 0 < 12t <42,

(i1) = Hence show that 0 < 1 + L ~ 2 <442,
1+1 1-¢

(iii) By infegrating the expressions in the inequality in part (if) with respect

to ¢ from t=0to t=x (where 0 < x < %), show that

3

3
0 < log, G”J 2 < 2

(iv) Hence show that for 0 < x < —
\/—

\:3
1< 1— e e,
-

ES

Question 8 continues on page 15

— 14—
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Question 8 (continued)

(b) For x>0, let f(x)=x"¢", where n is an integer and n 2> 2.

(i) The two points of inflexion of f(x) occur at x=a and x=b, where
0<a<b. Find a and b in terms of n.

(i) Show that

n

1
I+
f (b) Jn 2
fla) - L '
n

(iii)  Using the result of part (a) (iv), show that

1<=1L<e¢

) b
(iv) 'What can be said about the ratio j:E ; as n—>oo?
. a

End of paper

- 15—
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‘ SOLUTIONS

MATHEMATICS EXTENSION 2

=

J @

QUESTION 1

f# oo L[
V9 -4 8) o —dx?

- (55
® 16x2—43
(x~3) (x+2)
a a ¢

St ——
'(x—S) x—-3 "x+2

i

- a(x+2_)+6(x—3)(x+2)+c(x—3)2
(x —'3)2 (x+2)

Equating numerators:
16x-43 .
= a(x+2)+b(x—3)(x+2)+c(x—8)2
Let x = ~2; 25¢ = -75

¢ = -3
Let x = 3: Sa =5

. . a=1.

Coefficientofx2;: b+e =0

b=3.

a=1,b=8 ¢=-3

(i) f( 16x—43 e

(@

x-3) (x+2)

Il

-1
——+3lnfx~3[-3Inlz +2[+e.
. x—-3

L=l -8
= +3ln +e 7
x—3 x+2 ¢
u=t g
: d#
éﬂ=e—t U= —gt
dt T e

2608

[ a2 w2
(x_3) =3 . jx+2

R +1
=1-3¢2
(@ - sinf=-2_ andaga- 24
1+¢% 1+¢
When 8= % = o
bE t tan4 1.
When 9=23£, t:tmgzﬁ_

= log, x/g/—-log; 1

1
=log,32<0 .
1
= ElogEB.
QUESTION 2
@) @ z=38+i, w=2-5i
22=(3+i)2
=9+6i~1
= 8+ 6i.
i) == (3-i)(2-5i)
=6-15i-2i-§
=1-17.

w _ 2-5i
T 8+1
{2-5i)(3-1i) -
(3+:)(3~i)
_1-17
To10

1017,

— 1. .
10 10

(iif)

-Nf

$  Panead

2006 Hierer ScHooL CERTICATE

(B @ \/g—z = rcisf

]Im(z)» N

«'/551‘ - 2cis(~—67EJ. '

@ (-3 = [aa 2]

= 27ci_s(—7'—ﬂJ,

6
using De Moivre’s
= 128cis(5—»”']. i
6
(i) - (x/l_i_—i)’l = EB(CQS%+iSiu5%)
<1 1)
2 72')
= ~64+/3 + 64i.
(c) z,é =-1. o
= lds(z+2kw) k=0, +1

theorem

z = 1cis(§+2k?ﬂj, using De Moivre’s

Whenk = 0, Cz= as(gj

Whenk =1, =z= cis(£+~2£j
3 3

.. The three solutions ars cis(%), -1
and cis(—ﬁj.
3

(@ ]z—l—Si[+]2—9—3i,'ﬁ110‘
@ |z-(1+81)[+]z - o+ gz‘)]_ =10,

theorem.

(dit). F&jomthe diagram we note that

QUESTION 3

This corresponds o PS’ + PS = 2a, where
P represents z, the fociS” and S are

- representedby 1+ 87 and 9+ 3i andthe
major axis has a length of 2a = 10.
The centre of the ellipse is the midpoint of
S’ and S which is repregented by 5 + 3i.

(ii) The major axis haslength 2a = 10.
The minor axis haslength 2b which can be
+ determined using Pythagoras’ theorem
from this diagram. P

So b = 8 and the minor axis has length

2b = 6. . :
The minor azis can also be determined (

algebraically using
b? = a?(1-e?)
- o~ (ae)?

= 58-4%

arg(5+0i) = 0 )
and arg(0+31) = % §
Hence 0 < arg(z) < %




(i) Y

demmnn

S

:
;
:
:
;
H
|
)
;
]
;
H
]
;
;
;
;
;
|
;
1
;
H
;
.
;
;
;
i
|
'
1
;
;
;
;
;
.

iekS
: P
’
\
[SRENRRNPNN

- (iii)
| T e 2
i
2 L8
W E 2

() 144 25
] @ y=0 o
; V= 144
! x = +12.

. The hyperbola intersects the x-axis
at (12, 0) and (=12, 0).

(11) The foci have coordma‘res (+ ae, 0)

a =12
b? = a2(22—1)
25 = 144(e? 1)
1= 28
144
o2 = 189
144
e = E, ase > 0.
12

.. The foci have coordinates (13, 0)
and (~13, 0). ~

MaTHEMATICS ExTavsiony 2

(i) Directrices: x = £
. e
x—% dxzmlé
13 13
As&mptotes: y = i—éx
a
y=_—zandy=--—g

(¢) () Since P(x) hasreal coeﬁiciehfs; the zeros
occur in complex conjugate pairs: Hence
the Zerosarve a +ib and a +sz

Sum of the zeros:
(a +zb) (a—ib)+ (a+2ib) +(a—2ib)

=12

da =12

a = 3.
Product of zeros:

(a+ib)(a—ib)(a+2ib)(a- 2ib) = 180
(a2+82)(a%+48?) = 130
130

(9+62)(a 46%) =
usinga = 3
4b* 1455249 = 0
(62—1)(4b #49) =0

b2 = 1 since b isreal
. b=1 gince b > 0¥
“ e=8andb=1. ¢

(id) P(x)=(x—3+i)(x.3
x(x 3+21*)(x 8- 21)

S (PR A

= (a2 6x + :Lo)(x2 65 +13).

QUESTION 4

(a) p(x) = ax®+bx+c and p'(x) = Bax®+b.
p(x) has amultiple rootat x = 1, so p(1) = 0

and p’(1) = Q.
a+b+c=0
3a+5=0

p(x) has a remainder 4 whei'l,:
(x + 1), s0 p(—l) =4,

~a—b+c=4 —®
®+@: 2¢ =4
c=2
_Subshhltec = 2 into ®: )
a+b+2=0 —®
@-@: —2a+2 =20
. : a=1
b =-8.

~a=1,b=-8 and ¢ = 2

2008 HiarHer ScrHooL CERTIFCATE

Length of square = 2x
Area = 443
=4y,
Thickness of square = Ay
AV 4yAy

V AIJ.m Z4yAy ‘

(i) Gradient of PR

Gradient of the perpendicujar = pg.
The equation of thé linte £ through & is
¢ 10
Yy-—=—= PQ(x -r )
r 1
y'_‘PQ.x‘qu‘*';'- —@

i) Similarly the equation of the line 7
throughP perpendicular to QR, is found
by exchanging p and7 in @.
1
yoaEepres. @

(iii) Solve @ and @ simultaneously.

D-@:

(pqﬁqr)x+(%_ﬂ .

alp—r)x = [-’:-2
])r

P

.. T has coordinates x = — L

and y

= pgr. pgr

Substitute these coordinates into
the equation of the hyperhola: xy =1

LHS = ~ - x_pgr =1 = RHS.
par .

~ T lies on the hyperbola xy = 1. i
This is llustrated in the following diagram - :
(notrequired for the exam).

(d) @

P T
In triangles ABC and AKM,
AB _ 24K AK
AC T 2AM T Am

and the included angle ~ 4 is common.




. AABC ,”AA_KM (corresponding sidesin
proportion and inclnded £ equal).

LARM = £ABC (corresponding /s

in similarAs)
KM ”BL (corresponding /s are equal).

The scale ratio AE 1 (K isthe
o ) ‘AB 2 idpoint of AB).
KM = =BC.
.2 .
But BIL= %BC {Lis the midpointof BC).
_ KM = BL. i

. KMLB is a parallelogram  (one pair of

opposite sides are equal and parallel).

(i) KMLP is a cyclic quadrilateral.
ZKPB = /KMIL  (exterior £ ofa cyclic
quadrilateral is equal to

the opposite interior £).

Gi) <KPB = /KMI, from i)
ZEKML = £KBP, from(i) (opposits Zs

in a parallelogram are equal).

Hence Z/KPB = Z#KBP. .
A KBP is isosceles with KB = KP.
KB =KA
Therefore KB = KA = KP, so that K isthe
centre of a circle with diameter AB and

passing through P.
. LAPB =90° (£ in a semi-circle
. ) is a righit angle).
AP | BC. ;
QUESTION 5
(a) g

F\ j y=alx— 1)
y
X N
—//ﬂ» T x
; ) Ax 1

x(x— 1)%

27x Ax
AV = 27x X x(x—l)zxAx
= 2ms? (x - 1)2_Ax. )

1
V= lim > o7z (x—l)zAx
Az=0,_¢

1
= 275[ (x4~2x3+x2) dx
[}

(K is the midpoint of AB). ‘

MATHEMATICS. EXTENSION 2

®) @ cos(a+B)+cos(c- p)
= cos ¢t cos B~ sinarsin
+cogcos ff +sinwsin 3

= 2cosreos f.

(i) cos8 + cos20 + c0830 + cos48 = 0
08(20 — 6)+ cos(36 - 6) + cos(20 + 8) + cos(36+6) = 0
2cos6cos20 +2cosBcos36 = 0

2cos€(c0529—rcos39) =0

2cos@[cos[—5zﬁ - gj + cos(%e + g)] = 0

4cus€cos%9(£osg =0
cosf = 0 ) ’
T 3r
6=—= —
[4 2 2
cos= =0
2
e_r
2 2
f=mx
cosﬁ=0
2
580 _x Bw tm In gm
2- 2’2" 2’2" 2
T 37w T 9%
= 2, 2, s 2
7 A
" Hence the solutions are. :
_mom sm o Tm 8 on
"'5:2)5:)5>2;5
1
c
(e) 4!
t
|
:/OC{ ¥
. .
: Tl",
|
1
i
]
f |
1 1 ..
] [P S
N T, sin
|
1
]
1
t
I
t
l
i fa
]
I
B

e

R o=y

T T o

T —
ST

SR,

PURSTRS

- 2006 HiaHen SCHoo-\_ C

() Sum of horizontal components = mupr.
T sina+Tysing = muwr. -—@
Sum of vertical components = (.
Tlcos(x—Tzcosa'—ng:O. —®

() T, = 0, then
Tysina = mw?fsine, from @ using

7= lsing
T, = muw*d o
’li cos& = mg, from ®.
n=T8
cos
mw?f = T8
cosa
2 £
w* =
Leosar
z .
w= w >0
Leosor’ .

(d) @) There are 3 possible outcomes on sach
board. Therefore, by the multiplication
principle, there are 3* = 81, possible
recordings. -

(i) P(WDLD) = 0.2x0-6%0-2x0.6
= 0-0144.
@iii) The probabilities are symmetric, so we
determine the probability that one side wins
- by first finding the probability of equal
points. There are three possible cases.
P(4 draws) = 0-64 = 0.1296.

P(2 wins, 2 losses} .= AL 0-2¢
valgll
. =0-0096
P(1 win, 11oss, 2 draws)
= £><0-22><o.62
21
= 0-1728. ]
P(equal points)
= 0-1296 + 0-0096 + 0-1728
=0-812.

P(unequal points) = 0-688.

P(home team scores more points) = 0-344.

Note thatto caleulate this result directly

requires considering 6 possible cases:
1win, 3 draws; 2 wins, 2 draws; )
2wins, 1 draw, 1 loss; 3 wins, 1 draw;
Swins, 1 loss; 4 wins.

QUESTION 6

(a) A

() In AOAB,  £ABO = f-9 .
o OA. OB
_—~Sin(ﬂ—9) = E (sine rule)
OA _ sin(B-0)
OB~ &n@®
(@) Similarty, OC . sin(a—6)
04 sin
0B _ sin(y-96)
oc  sing.
%xggx% =1
0B 04~ oC
1. sn(B-6) sin(a—6) sin(y-6)
. sin 6 " sinf © siné
1 - sin(f-8)sin{a~6)sin(y-0)
S}'n39 ’

- osintg = sin((xv—ﬂ)sin(ﬁ— B)sin(y - 8).
s _ cosy
. sinx siny
cosxsin y — cosysin x
sin xsin y ’

sin(y - =)

sin xsin y

sinly—x)

sinxsiny
Note that this is an identity. It applies
generally and is not specific to this
problem. )

(i) cotx—coty =

oo cobx—coty =

(i) {cot 6 - cota)(cot@—cotﬁ)(cote—coty)

- sin(@-0) - sin(f-6) sin(y-0)

sinsin®  sinfBsin® ~ sinysing’
o __sate o D
sin ¢ sin B sinysin® g using @D
1

sin ¢ sin B siny

= cosec ¥ cosec 3 cosecy,




(v) Assume, say,that o = = g and y= ZZE
Substituting these in (iv) gives

2
(cot@—-cotfj (cotQ— cotﬁ)
i 2

o T i
= cosec” — X cosec —,
4 2

(cot9—1)200t9 = \/52x1 .

cot@(cot29—2cot9+1) =2
cot?0 - 2cot?G +cotH-2 = 0
cotza(cot972)+(cot9«2) =0
(cotzefl)(cote—z) = 0.

cotd = 2, since cot?6+1 = 0

tanf = &

6= fan“li.
2

Heré is an illustration
of this case (notrequired
for the exam).

7
s

|

|

|
. . o
M) @ F=-— v

%8 ’ -

The acceleration due to gravity is towards
the centre of the planet, in the opposite
direction to x. Therefore, substitute
i=-gwhenx=R. -

g=
g = =
k = gR®,
 op3-
@ =
C B
3
lv2 i dx, using x = j—(lvzl
2 3 dx\ 2
LA
) 2%
3 .
Lot = %—Fc’, where ¢’ = 2¢.
x
Whent =0, x=R and v =k,
3
u? = ——~ng +¢
R
¢ =u’-gR
3
v = ———glz +u?-gR
- !
RB
=& (gr-u?)
<2

NIATHEMATICS ExTENSION 2

(i) If uw > ygR, then gh—-1u? < 0.
METHOD 1 )
¥ = «/R2+2uRt—(gR—u2)t2

> JR% 1 2/gRRi - (gR~ gR) &2

>«R* ift>0

=R
Thusif ¢ > 0, then x > B and the particle
will never return to the planet.

METHOD 2

3
v? = _gi - (gR - uz), from (i1)
%2
3
> EE7
22 _
v isnever zero and the particle
continues to move away from the
planetforever and hence never

returns to it.

@v) (1) The maximum displacement & = D
“occurswhen v = 0.

Substituting in (ii) gives
3
BB oy
D

The square root extists sihce gR—u? > !
‘whenu < «/gk. '
" (2) To find the time to4
substitute x = Bi
t>0.

Y-t]‘iesui'fzicsv .

R =

20086 HicHER StHooL CERNFICATE

QUESTION 7
(a) The diagram shows two possible values of &.
i ;
y = tan x
y=cosx :
/ N

Note thatat P, coser = tan .
(i) For y = tanx
dy 2
— = sec¢” x.
dx
At x = g, my = sec? .
For y = cosx
dy
dx
Atx =@, my=—sinda.
mm, = ~sec? asin .
. tan
cosor
= —1 since tan @ = cos Q.

Hence the curvesintersect at right angles

= —ginx.

at P.
(i) METHOD 1
" cosq =tang
cos® o = tan? @
cos? @ = secax 1
1= sect or —sec? ¢
secta—secta—-1=0
9 1+~1+4
sec” o = ———
2
_ 1++5
_——2 s
since sec? o > 0.
METHQD 2 .
tango = cos

sina = cos? &
sing = 1—sin
-9 . .
sin“ @ +sinag-1=0 "
- -1£+5
o = ———
.2
135
2 ! N
sinee cos? ¢ = sin ¢ and cos? & > 0.
2
socta = — 2y 14¥E
' -1#v5 1+/5
_2+95
4.

2.

cos?a =

1+
2

&

€ ki3
®r® 1, =f0 st 0<z<Z.

=J sec” 2 tsec’t dt N
0 -

« x d
:j sec{”:}t(wtant) dt
0 dt

T o= [sec""zt t‘ant]x
z 0 .
—f tant(n—z)sec”“atsecttant di
0 A
= sec® 2 xtan ,
x N
- (n - 2)j sec® 2 ttan®¢ d¢
. 0 .
= sec" 2 xtanx )
x
—(n- Z)J sec™ 2 t(se02 t- 1) dt
0
=sgec" ?xtanx _——(n - 2)In+(n - Z)In_z
(n —l)I =sec” ?xtanx — (n~ Z)J'W_2

n
sec” 2xtanx n—2
e I, 4.

I =
n n-1 n—-1

I
S~

z
() jesec‘ﬂf dt =
0

=23,
(¢) @ Checkthe formulawhenn = 1.

' =1 asreéquired.
Assume the formula is true for n = £,
1+ ot
1-o*

thatis, assume x, = 2

Prove the formula is true forn = k+1,
‘ 14 oh+t

thatis, prove %, 4 = 2 ————|.
TV Rl +
1 ak +1




prva—

d+x,
fromthe deﬁmhon

Now =z, 5 = s
. +

1+ak‘
4+2
_ [1—0{4
1+t
1+2 -
1-o*
1-at+2(1+a*)

by assumption

Thisis the requived formula. Hence by the
prj.ngiple of mathematical induction, the
" resulfistrue foralln > 1.

(
(=g

1Y
lim [-1] =
2 n—)’w(' 3)

lim «

n
n—yeo n-yoe

QUESTION 8
(a) SupposeO<t_<_—12—
. 1
() 0 £ <=
2
02 2 »-1
2
1>1-¢£2 3%
X 2
1s <2
1-£2
2
92 < 2 <4
2
2
0< 2 < 422, since 2¢2 2 0.
1-¢2

DONR - b

1 .
(11)—~+ -2
1+ 1-# .
_(a-1)+ (1+2)-2(1-#2)
(L+2)(1-1)
29+ 2¢°
1-#
_ %
1-22
Hence from (i),
1 1 Py 1
05—+-————-——2<4t for0 < =
. 1+i 1.7 or t s Ji
Y -
(111) For0<x<——— "we have
A N _
N 1 o
Odt’s [ R 42
Jo - j(l+t+l—t Jdt S-j 4t. dt
0< [log 1+t) log 2t]
0
1+x 4
0< 1 - ==
[oge(l x] Zx:’ 0 < 3
) 14x R 4
0= 1°g2(1 J 2" , 5%

(iv) Raise all the expressions m (i) to the power.
of e: Note thate® ismonotonié inéreasing
for all x. Thatis,if ¢ < b, thene® < eb,

So (iii) becomes

. 3
. ]n(;er]—'Zz 4x7
g o A7 <e?d

x
(1+xJ 413
15 ¢ \(Im5)y g2 < 3
' 4z
1< [1+x]e_2x S-eT,
1-x .

) p-r.ov1ded 0<x< T
(b) f(x) = x™e™*, where n 2 2 is an integer.
(@) Fflx) = na*le - gme"
= (n—x)x" te".
Note thatthe stationary point between the
two points of inflexionisatx =n
- f”(x,)‘ - n(n . l)xn—ze—x —Onx"le®
+xe"
- = g %52 [x2,~ 2nx+¢(n—1)].
The points of inflexion satisfy f*(x) = 0
and since ¢ and b are both positive, thgy
are the solutions of
xz—an+n(n—1) =

0
(z-n)' =n
n

g‘

Hence a = n~~/n and b =n+ «/;

Dinein &4

(iii) Substitute x = —= into (a)(iv)- Note that

§l¥—‘

since n = 2, fherefore ~== < ~7= anidso
, rofore <=5 -

x= ——:—[— satisfies the condition for (a)(iv)
7"
{0 be true.
FUNE S I 4
1< —————\/i e Vn < gtnin,
1,_i -
n

Raise all these, expressmnsfo the power
~ofn. Note thatfor n 2 2 and & > 0 the -
function =" ' is monetonic increasing.

Thatis, J_f'0<p q,thenp" < q

So these ineciua]iﬁesbecome

1+—1— - 4
Jn | g-2ln < Gl

<

4 .
1< % < e | using (ii).
a .

4

Gv) lim ™

n-seo

il

I
l—lm

f(b) —1 asn— oo

)

END OoF EXTENSION 2 SOLUTIONS




