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General Instructions

* Reading time — 5 minutes

* Working time — 2 hours

» Write using black or blue pen

« Board-approved calculators may
be used

¢ A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

Total marks — 84
*» Attempt Questions 1~7
« All questions are of equal value

STANDARD INTEGRALS

1
= L =1, x#0,ifn<0

1
—dx =lnx, x>0
x
ax l ax
dx =—e" ax0
1.,
cosaxdx = —sinax, a#0

1
sinaxdx =—_cosax, az0

1
secax tanaxdx = Zsecax, a #0

2

Q

L1 X
dx =sin" -, a>0, —a<x<a

dx =ln(x+\/x2—a2), x>a>0

J
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I
|
J
|
=
J
F==
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\/_
\/_
\/_ dx =ln(x+\)x2+a2)

NOTE: Inx=log,x, x>0
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Total marks — 84
Attempt Questions 1-7
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks
Question 1 (12 marks) Use a SEPARATE writing booklet.
3
(a) Write (1 +45 ) in the form a + b5 , where a and b are integers. 2
(b) The interval AB, where A is (4, 5) and B is (19, -5), is divided internally in the 2
ratio 2 : 3 by the point P(x, y). Find the values of x and y.
(¢) Differentiate tan~!(x*) with respect to x. : 2
(d) The graphs of the line x—2y+3=0 and the curve y=x>+1 intersect 3
at (1, 2). Find the exact value, in radians, of the acute angle between the line
and the tangent to the curve at the point of intersection.
4 2x
(e) Use the substitution u=25 ~x2 to evaluate j ——dx. 3
3 V25— 52

Question 2 (12 marks) Use a SEPARATE writing booklet.

(2)

®

©

@

1—cos@ [/]
= tan—,

. - 6 .
By using the substitution ¢ = tan > or otherwise, show that

sin@

Let f (x) =2cos ! x.

(i) Sketch the graph of y= f (x), indicating clearly the coordinates of the
endpoints of the graph.

(i) State the range of f(x).

The polynomial P(x)=x2+ax+b has a zero at x=2. When P(x) is divided
by x+ 1, the remainder is 18.

Find the values of @ and b.

A skydiver jumps from a hot air balloon which is 2000 metres above the ground.
The velocity, v metres per second, at which she is falling ¢ seconds after jumping
is given by v =50(1 - %),

(i) Find her acceleration ten seconds after she jumps. Give your answer
correct to one decimal place.

(ii) Find the distance that she has fallen in the first ten seconds. Give your
answer correct to the nearest metre.




Question 3 (12 marks) Use a SEPARATE writing booklet.

(a) Find the volume of the solid of revolution formed when the region bounded

, the x-axis, the y-axis and the line x =3, is rotated

1
by the curve y =
Vo + x?

about the x-axis.

(b) (i) Find the vertical and horizontal asymptotes of the hyperbola y = i 2
x—
and hence sketch the graph of y = x—_i
. x—

-2
(i) Hence, or otherwise, find the values of x for which x_4 <3.

(¢) A particle is moving in a straight line with its acceleration as a function of x
given by # = —¢ 2*, It is initially at the origin and is travelling with a velocity

of 1 metre per second.
(i) Show that x=¢7*%.

(i) Hence show that x=1log,(t +1).

Marks

Question 4 (12 marks) Use a SEPARATE writing booklet.

(a) Inalarge city, 10% of the population has green eyes.

(i) What is the probability that two randomly chosen people both have
green eyes?

(ii) What is the probability that exactly two of a group of 20 randomly
chosen people have green eyes? Give your answer correct to three
decimal places.

(iliy What is the probability that more than two of a group of 20 randomly
chosen people have green eyes? Give your answer correct to two
decimal places.

(b) Use mathematical induction to prove that 7211 5 is divisible by 12, for all
integers n=1.

NOT
TO
SCALE

The diagram shows points A, B, C and D on a circle. The lines AC and BD are
perpendicular and intersect at X. The perpendicular to AD through X meets
AD at P and BC at Q.

Copy or trace this diagram into your writing booklet.

@) Prove that ZQXB = Z/QBX.

(i) Prove that Q bisects BC.

Marks




Marks
Question 5 (12 marks) Use a SEPARATE writing booklet.

@

T P

The points P and Q lie on the circle with centre O and radius r. The arc PQ
subtends an-angle 6 at O. The tangent at P and the line OQ intersect at 7, as
shown in the diagram.

(i) The arc PQ divides triangle TPO into two regions of equal area. 2

Show that tan 8=26.

(ii) A first approximation to the solution of the equation 26 —tan =10 is 2
6=1.15 radians. Use one application of Newton's method to find
a better approximation. Give your answer correct to four decimal places.

(b) " Mr and Mrs Roberts and their four children go to the theafre. They are randomly 2
allocated six adjacent seats in a single row.

What is the probability that the four children are allocated seats next to
each other?

(c) Find the exact values of x and y which satisfy the simultaneous equations 3

i3

lx+lcos_1y=— and
2 3

sin™

3sin~lx - lcos_1 y= 2—”
2 3

Question 5 continues on page 7

—6—

Marks
Question 5 (continued)
@ y
0(2aq, ag®)
4ay
P(2ap, ap®)
ol , x
The diagram shows a point P(2ap, apz) on the parabola x%= 4ay. The normal
to the parabola at P intersects the parabola again at @(2ag, aqz).
The equation of PQ is x -+ py — 2ap — ap® = 0. (Do NOT prove this.)
(i) Prove that p*>+pg+2=0. 1
(i) If the chords OP and OQ are perpendicular, show that p®=2. 2

End of Question 5
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Question 6 (12 marks) Use a SEPARATE writing booklet.

(a) A particle moves in a straight line. Its displacement, x metres, after f seconds
is given by

®

(i)
(i)

(iv)

x =+/35in2¢ - cos2t +3.

Prove that the particle is moving in simple harmpnic motion about

© x=3 by showing that J'c'=—4(x—3).

‘What is the period of the motion?

Express the velocity of the particle in the form %= Acos(2f-a),
where « is in radians.

Hence, or otherwise, find all times within the first 7 seconds when
the particle is moving at 2 metres per second in either direction.

(b) Consider the function f (x)=e* —e™*.

®

(i)

(i)

Show that f (x) is increasing for all values of x.

Show that the inverse function is given by

Fl(x) = logg[i)ﬁ_ ;2 +4].

Hence, or otherwise, solve e*— ¢ *

two decimal places.

=15. Give your answer correct to

Marks




Marks
Question 7 (12 marks) Use a SEPARATE writing booklet.
(2) y
0
The graphs of the functions y =kx" and y=log,x have a common tangent at
x=a, as shown in the diagram.
o - . n_ 1
(i) By considering gradients, show that a” = e 1
n
(ii) Express k as a function of n by eliminating a. 2

Question 7 continues on page 11

-10 -

Question 7 (continued)

(b) A small paintball is fired from the origin with initial velocity 14 metres per
second towards an eight-metre high barrier. The origin is at ground level,
10 metres from the base of the barrier.

The equations of motion are

x=14¢tcos 8

y=141sin 6 - 4.9

where 6 is the angle to the horizontal at which the paintball is fired and ¢ is the
time in seconds. (Do NOT prove these equations of motion.)

®

(i)

(iif)

@iv)

Show that the equation of trajectory of the paintball is

[1-+—m2
y=mx—

Show that the paintball hits the barrier at height / metres when

m=2%y3-04h.

Hence determine the maximum value of A.

]xz, where m = tan 6.

There is a large hole in the barrier. The bottom of the hole is 3.9 metres
above the ground and the top of the hole is 5.9 metres above the ground.
The paintball passes through the hole if m is in one of two intervals.
One interval is 2.8 <m<3.2.

Find the other interval.

Show that, if the paintball passes through the hole, the range is
40m
1+m

metres.

Hence find the widths of the two intervals in which the paintball can land
at ground level on the other side of the barrier.

End of paper
—11-
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Solutions

Mathematics Extension 1

Question 1
@ (1+45) =1+3V5+3(v5) +(¥5)
=1+35 +15+545

=16+84/5.

() A(4,5) B(19,-5) P(x,y)

_ mx, +nx, y= my, +ny,

3

m+n m+n
When m:n=2:3,
2x19+3x4 2X-=5+3x%5
T2 YT
50 5
s 75
x=10 and y=1,

d -
() ;lx—(tan 1(x4))
Let y=tan™u, whereu=x".
dy 1 : du
Then == e
. du 1+’ dx
D & du
de du  dx

=45

2007

(d) Forx—-2y+3=0,m =—;—

Fory=x'+1,
22 =3x?
dx
- When x=1,m, =3(1)" =
tanf = Iml — (where O1is
+mm, the acute angle
14 between line
—|_2 and tangent)
I+ 1 X3
=]
O=tan'1
=2 radians.
4

() Let u=25-x7

du

dx

When x =3, u=25—(3)2=16
Whenx=4, u=25- 4

=-2x

[f
2 4
:2[«/175 \/5]

Il
e
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Question 2

(@) Let = tan—g

2
Thencos@zl——tz, sinf = 2t2
1+¢ 141
1-cos6
sinf
17
B Y 5
2
1+
(1+22)-(1-2) _(1+£?)

(1+12) o

- LHS=

2t
=t

=‘[an2
2
=RHS.
® (@ Tety=f(x)=2cos’x

=cos™ x

SR

Domain: ~1<x<1

<Y
R 0<s=<r
ange: 5
L 0<sy<2m
y
(—l, 27[) 27 ]
y=2cosx
(1,0)
T
a4 9 1 *

(ii.) Range: 0<f(») <2

2007

+

(© Plx)=x*+ax+b
Zeroat x=2, . P(2)=0
(2)* +a(2)+b=0
4+2a+b=0 —0
P(~1) =18, by remainder theorem.
(-1 +a(-1)+b=18 |
1-a+b=18 —Q@
From (@): 2a+b=-4 —0Q)
From @) —-a+b=17 —®
- Ja=-21
a=-T7
In@: 4+42X-7+b=0
b=10
a=-7,b=10

y= 50(1___6—0.21) )
@ o dv

a=-—

dt
=50%0.2¢™"

=loe-0.21
When =10,
a:loe—D.ZXIO
=10¢?
=1.3533 ...
w a=14m/s’ (toldp.).

(i) Z’t‘ 50(1~¢%)

10
x=J 50(1-e*) at

[

~p.2¢ 10

=50[z+e ]

, 02 |

-2
=s0|{10+= |- L
02 ) 02

=283.8338...
. Distance =284 m
(to the nearest m).
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Question 3
3
(a) V= j ny* dx,
0
1
where y=
Vo +x?
v .
=n
o 9+x
3
=r ltan‘l i:l
3 3
=Z3r—|:tan'l 1-tan™ 0]
=£[£_0]
314
+ Volume =~ units®.
12
® O y= 22, x4
x=—4

.. Vertical asymptote is x = 4.

Horizontal asymptote as x — Zoo,
METHOD]1:

2
x—-2 x

lim| —= | =lim| — | =1
xe \ X—4 indad 1_&_
X

.. Horizontal asymptote is y =1.

~2 x-4+2
METHOD 2: y=*=2_2=4%
x-4 x-4

—142

x—4

As x—>°o,L-—>0,y—>1
x-4

.. Horizontal asymptote is y =1.

Whenx=0,y=% and wheny=0,x=2.

¥y |
3 [
|
24 _x=2
Y=x-4
SR R |— — — »=1
O
7 |
T T T
o T ’2\4 5 x
~
[
"
2007 <
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x~2

(i) When y=3,~""==3
x—4
x—2=3x-12
10=2x
x=5
- When *=2<3,
e

the graph of y = x_—% intersects
x—

with or is below the graph of y =3,

© O f=e™

0
()Y =Z4c

2
1
2

+c

=0

=2
X" =

1f

X
—x

e—2.\'
te™
>0, xi=e".

Initially, %

Page 49

2007 Higher School Certificate

S

(i) x:i‘;f:e
a

—_—=g

dx

1?=Je’r dx

i=e+ce
When =0, x=0.
0= +c
soe=-1
L t=e" -1
e =t+1
x=log, (¢+1).
Question 4

(@ (i) P(green)= 0.1, P(not green) = 0.9

P(2 green)=0.1 x 0.1
=0.01.

(ii) P(exactly 2 green)
=2¢, (0.1 (0.9)"
=0.2851...
£0.285 (to 3 d.p.).

(iif) P(more than 2 green)
=1-P(0,1 or 2)
=1-("C,(0.1)" (09)"

+2¢,(0.1)' (0.9)"
¢, (0.1)°(0.9)")
=1-(0.6769...)

=0.3230....
£0.32 (to2dp.).

2007

L 4

(b) Forn>1.
For n=1, 72-1+5=12, whichis
divisible by 12.
... Statement is true for n =1,
Assume true for n=F,
ie. 7#-1+5=12M
where M is an integer.
ST =12M -5
Required to prove true forn=k+ 1,
ie A+ 4§ =72U+1 4 5
is divisible by 12,
When n=k+1,
T2+ 5 =72 x J2k-14 5§
=49(12M — 5) + 5, by assumpti
=12x49M~48 x5
= 12(49M - 20), which is divisi
by 12as Mis:
integer,
.. The statement is true forn =% + 1.
.. By the principle of mathematical
induction, the result is true for all
integers n > 1.

©

@

LOXB = /PXD (vertically opposite Zs;

ZAXP =90°— LPXD (ACLBD)

ZPAX = 90° — LAXD) (angle sum of A4PX)
=90°—(90° - ZPXD)

= /LPXD
LPAX = LOBX (£s in same segment on
o LPXD = LQBX (both equal to ZPAX)
S ZOXB = Z0BX (both equal to £PXD).

Page 50




Mathematics Extension 1

Lo L e

© (i) LOQXB = ZQBX (from (i)
.. ABX(Q is isosceles.
s QB = QX (sides opposite equal Zs of ABX()

LOXC =90°— LOXB (AC1BD)
Also, ZBCX = 90° — LOBX (angle sum of AXBC)
=90°— ZOXB (from (i)

. QXC=BCX
.. AXQC is isosceles.
» QX = QC (sides opposite equal Z's of AQXC)
.. OB=0C (both equal to OX)
. O bisects BC.

Question 5

@ @  Areaof sector POQ = %rze

Area ofATPO=-;—><PT><r
2% area sector OPQ = area ATPO
r26=%><PTxr

Now, tan0=ﬂ, s PT=rtan8
¥

.'.r29=%xrtan0xr
a1,
rO=—r"tanf
2
s tan6 = 26.
(i) Let f(x)=29—tan9.

Where 6 =1.15 radians (1st approx.)
Then f{x)=2-sec’ 0

Newton's method:
Xy =Xy = f;(x())
f(xo)
x1=1.15_2x1-15—2tan1-15
2—sec”1:15
115~ 0-0655
-3.9929

=1-1664 (to 4 dp.)
.0 =1.1664 radians is a better
approximation.

2007

(b) Number of arrangements of children = 4!

Considering the children as one group,
number of arrangements of 2 adults and
the children as one group = 3!

Total arrangements = 6!

1
P(children sit together) = %

1
5

]

© sin™ x+%cos"l y=

3sin™' x—%cos”' y===

$ 4

O+

4sinx=n

Substituting in @,
LANE P y=
4 2

-
—cos™ y=

2

|
ENE]

|
—cos” y=

2

o’ Sla wia vl

cos™ y=

<
i

I
[«
wl& 8
. o R
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@ @ METHODI
x+py—2ap—ap* =0

Substituting Q(Zaq, aq’ ),
2aq+apg’ —2ap—ap® =0
2aq—2ap+apg’ —ap* =0
2a(q_—p)+ap(q2 -p

2

~2+pg+p*=0 sincep#gq.
METHOD 2
P(Zap, apz), Q(Zap, apz)
Gradient of PQ:
ag’ —ap® _a(g-p)(q+p)
2aq—2ap 2a(q-p)
p+q

2
Gradient of PQ from

equation =—
p
Equating gradients,
ptg_-1
2 p
p'+pg=-2
Pt pg+2=0.
. ap’ aq
(i)  mg, = 2ap Mog =757
= £ q
2

0P L 0Q.
S Mgy XM, =—1
P94
2 2
pg=—4
From (i): p*+pg+2=0
" P -4+2=0

=2

Question 6

@@ @ x=+/3s8in2t—cos2r+3
ie. x—3=1/3sin2r—cos 2t
% =23 cos 2¢ + 2sin 2t
¥ =43 sin2¢ +4cos 2t
= —4(\/3 sin 2¢ —cos 2t)
=-4(x-3)
.. The particle is moving in simple
harmonic motion about x = 3.
(ii) F=—n*(x-x,)
~4(x~3)=-n2(x-3) from (j)
n =4
von=2
2 2m

. Period —=—
n

= seconds.

(iti) %= Acos(2t—at)
=Acos2tcosa+ Asin2tsino

=(d cosar)cos2t+(Asina )sin 2¢
=24/3 cos 2/ +2sin2¢ from ®

By equating coefficients,

Acosa =243 0
Asina =2 e @

T+ )
Acos’ o+ A’sin*a =(2‘\/§) —i—(2)2

A (sinZ o +cos® a) =16

A=4

%=4cos| 20~ .
6
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@iv) )’c=4cos(2t—%}

x=42m/s and 0<¢t<x
s 0L2e22x
P A P32
6 6 6
(1st, 4th quadrants)

When =2,
2=4cos(2t—£j
6
005(211—15-)::l
6) 2
o % T
6 3 3
2,=Zi,lyl
. 26
=1 Ur
4712
When x =-2,

y 2 dn
6 3 3

(2nd, 3rd quadrants)
a8 30
6 2
_st 3n
127 4

. The times when the particle is
moving at 2 m/s in either direction
T St 3w

““and lr seconds.
12

are —,—,
47127 4

2007
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B fl)y=e—e*

0 f@=ete
f(x)> 0 for all real x
since e*>0and e~*> 0 for
all real x.
. f(x) is increasing for all
values of x.

(i) Lety=f"(x)
Interchanging x and y gives

x=e"—e"
=g’ — —
2
e -1

e —xe'—-1=0
Solving as a quadratic

equation in terms of " gives:

v xtyx* +4
2

&
Since e* >0,
o = x+Vx*+4
2

Gii) e'—ev=5
f®)=5 ;
L x=f7(5)

Using the result in (ii),

5+45%+4
x=log, 5

=1.6472...
s x=1.65 (to2 dp.).
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Question 7
(a) (i) For y=k", &b = nkx"!
dx
dy 1
For y=log,x, ——=-=
y=log, T x
At x=a, m, =nka""
1
m, ==
a

Since the graphs have a common
tangent, the gradients are equal.

nka"™ = 1
a
. a1
ie. a"=-—.
nk
(i) Atx=a, y=ka"
and y=log, a
~log,a=ka"
1
=k|— | from(i
() =m0
L
n
1
a=e"
_!_ Ul
NOW, a" =(8" ] =¢
1 .
—=¢ from(i)
L
ne’

2007

L 4

)

(@ x=14tcos® = - @
y=14tsin@-4.9 .. ®

X

" l4cos6

Substituting into @,

2
y=14[ —* |sing-4.9| —=
14cosf 14cosf

x2
40cos’
x’sec’ 6

40 .
x? (1 +tan® 0)
——

From®, ¢

=xtanf—

=xtan@ -

=xtanf —

, .
._.y=mx_[1-:(r)n )xz, where m = tan 6.

(ii)) The paintball hits the barrier
at (10, k).

2
b =1om—[1+’" ]100 from (i)
20

2
h=10m—(1+’” )5
2

2h=20m—-5-5m"
S5m*—20m+5+2h=0

_ 204,(20)° ~4(5)(5+2h)
"= 10
_ 20£+/300 40k
- 10
m=2+3-0.4h
For real value of m,
3-04420
—~0.4h2-3
h<15
. Maximum height is 7.5 m.
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(iii) m=2++3-0.4h
~ When h=3.9,
m=2%3-04x3.9
=2%+/1.44
~om=08 or 32
When £=5.9,

m=21£,3-04x59
=2++/0.64

Am=12 or 2.8

So the paintball passes through the

holeif 0.8 <m<1.20r2.8<m<32.

O|<—10metres———>l T '1‘ x

If the paintball passes through the hole,
the range occurs wheny = 0.

When y =0,

1+m’

0=mx— x* from (i)

)
i
(2

40m
1+m

Mathematics Extension 1

Forintervall;,2.8<m< 3.2, range is

£(2.8)= 40x2.8

1+2.8
3.2)=
732) 1+32

40x3.2
*. Width of this mteryal
=12.6696...—-11.3879 ...
=1.28m (to2 d.p.)

=12.6696..

5 =11.3879 .

For interval [,, 0.8<m<1.2,
maximum range occurs when
m=1(ie. tan45").

£(1)= 40x1

1+12
£(0.8)=

40x0.8
1+0.8?
A12)=2012_ 156701
1.2%
. Width of this interval
=20-19.5121...
=0.49 m (to 2 d.p.).

=20

=19.5121..

End of Mathematics Extension 1 solutions
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