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- General Instructions
* Reading time — 5 minutes
* Working time — 3 hours
* Write using black or blue pen

* Board-approved calculators may
be used

» A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question

412,

Total marks — 120
* Attempt Questions 1-8
= All questions are of equal value
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x
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cosaxdx
.

sinaxdx

sec?ax dx

STANDARD INTEGRALS

=1 #H, nw-1, x20,ifn<0
n-t+1

=Inx, x>0

1. ‘
=—ginax, a#0
a
1
=-_cosax, a#0

1
=—tanax, a#0
a

1
secax tanaxdx = Esecax, a#0

J 1 dx =ltan"1£, a#0
a a

a’+x*

\,/x2 + a?

1
[2_ 2
1
sz—az
1

.1 X
= sin IE’ a>0, —a<x<a

dx
dax =1n(x+\]x2—a2), x>a>0
dx

= ln(x +vx? + a2)

NOTE: Inx=log,x, x>0

(




Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks
Question 1 (15 marks) Use a SEPARATE writing booklet.
. 1
(a) Find | ————dx. 2
VO~ 4x?
(b) Find Jtanzx sec?x dx. 2
n
(c) Evaluate J X Ccosx dx. 3
0
3
4 x
(d) Evaluate j dx. 4
o VI-x
(e) It can be shown that 4
2 1 x 1

S - + . (Do NOT prove this.)
Bt rx+l x+l x241 k241

2
. 2
Use this result to evaluate J T dx.
% X +xt+x+1

Question 2 (15 marks) Use a SEPARATE writing booklet.

(a) Let z=4+i and w=7Z. Find, in the form x + iy,

G w
i w-z
o 2

(iii) W

(b) (i) Write 1+1i in the form r(cos 6+ isin8).

(i) Hence, or otherwise, find (1 + i)17 in the form a + ib, where a and b
are integers.

(c) The point P on the Argand diagram represents the complex number z, where
7 satisfies

Give a geometrical description of the locus of P as z varies.

Question 2 continues on page 5

Marks




Marks
Question 2 (continued)

@

Plzy)

. The points P, Q and R on the Argand diagram represent the complex numbers
24, 2, and a respectively,

The triangles OPR and OQR are equilateral with unit sides, so lzl | = |z2 ’ = ’al =1.

I 4
Let w = cos— + isin—.
3 3

(i) Explain why z,= @a. 1

(ii) Show that z,z,=a> 1

(iif) Show that z; and z,, are the roots of Z—az+a*=0, ) 2
End of Question 2

Question 3 (15 marks) Use a SEPARATE writing booklet.

(a)

The diagram shows the graph of y= f(x). The line y =x is an asymptote.

Draw separate one-third page sketches of the graphs of the following:

@

(i)

(i)

f(=x)

7(1=1)

Flx)—x.

L 1)

N

o)

(b) The zeros of x* —5x+3 are ¢, f and .

Find a cubic polynomial with integer coefficients whose zeros are 2c, 28

and 27.

Question 3 coniinues on page 7
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Question 3 (continued)

(©) y

Use the method of cylindrical shells to find the volume of the solid formed when
the shaded region bounded by

log, x

y=0, y ,x=1and x=e

is rotated about the y-axis.

(d)

A particle P of mass m undergoes uniform circular motion with angular
velocity @ in a horizontal circle of radius r about Q. Tt is acted on by the
force due to gravity, mg, a force F directed at an angle 8 above the horizontal
and a force N which is perpendicular to F, as shown in the diagram.

(i) By resolving forces horizontally and vertically, show that

N =mg cos @ — mr®sin 6.

(ii) For what values of @ is N> 0?

N End of Question 3

-7-

Marks

Marks
Question 4 (15 marks) Use a SEPARATE writing booklet. o

(@ 2
M
Two circles intersect at A and B.
The lines LM and PQ pass through B, with L and P on one circle and M and Q
on the other circle, as shown in the diagram.
Copy or trace this diagram into your writing booklet.
Show that ZLAM = ZPAQ.
(b) (@) Show that sin360 = 3sin 6 cos? @ —sin 6. 2
(i) Show that 4sin® sin(6+§) sin(9+%”) = sin30. 2
. . . . LA 2r
(iii) Write down the maximum value of sin@sin| 8 + 3 sin| 8 + EWE 1

Question 4 continues on page 9




Question 4 (continued)

(©)

@

The base of a solid is the region bounded by the curve y = log,x, the x-axis and
the lines x=1 and x =e, as shown in the diagram.

Vertical cross-sections taken through this solid in a direction parallel to the
x-axis are squares. A typical cross-section, PQRS, is shown.

Find the volume of the solid.

The polynomial P(x)=x>+gx?+ rx+s has real coefficients. It has three
distinct zeros, ¢, ~& and f.

(i) Prove that gr=s.

(ii) The polynomial does not have three real zeros. Show that two of the »

zeros are purely imaginary. (A number is purely imaginary if it is of the
form iy, with y real and y=0.)

End of Question 4

Marks

Question 5 (15 marks) Use a SEPARATE writing booklet.

(a)

(b)

A bag contains 12 red marbles and 12 yellow marbles. Six marbles are selected
at random without replacement.

(i) Calculate the probability that exactly three of the selected marbles
are red. Give your answer correct to two decimal places.

(i) Hence, or otherwise, calculate the probability that more than three
of the selected marbles are red. Give your answer correct to two

decimal places.

The points at P(xl, )’1) and Q(xz, y2) lie on the same branch of the hyperbola

2 2
x
MY
at b?
The téxngents at P and Q meet at T(xo, yo).
. . L1
(i) Show that the equation of the tangent at P is T 1
a b
, ' . W
(i) Hence show that the chord of contact, PQ, has equation — T, T 1
a b

(iiiy The chord PQ passes through the focus S(ae,0), where e is the
eccentricity of the hyperbola. Prove that T lies on the directrix of
the hyperbola. ’

Question 5 continues on page 11

-10—
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Marks
Question 5 (continued)

(c) () Write (x—1)(5-x) in the form b% - (x—a)?, where a and b are real 1
numbers.
(i) Using the values of @ and b found in part (i) and making the substitution 2

5
x —a=bsin 6, or otherwise, evaluate j J(E=1(5-x) dx.
. :

CV A

C D

In the diagram, ABCDE is a regular pentagon with sides of length 1. The
perpendicular to AC through B meets AC at P.

Copy or trace this diagram into your writing booklet.
(@ Letu= cos%. 2
Use the cosine rule in AACD to show that 8u% - 8u+1=0.
. 3 2 .1
(il Onerootof 8x”—-8x“+1=0 is 5 2

Find the other roots of 8x> — 8x%+1=0 and hence find the exact value

of cosz.
5

End of Question 5

—11-

Marks
Question 6 (15 marks) Use a SEPARATE writing booklet. : '
(a) (i) Use the binomial theorem -1
n
(a+b)' =a" + (Ja"‘lb + ot b
to show that, for n>2,
n
2" > ( j
2
(i) Hence show that, for n>2, 2
n+2 < 4n+8
2"*‘1 a(n—1)
(iii) Prove by induction that, for integers n>1, 3
2 n—-1 .
1+ 2(1) + 3(% doe ot n[—l—) —4-0E2
2 2 2 gn-1
(iv) Hence determine the limiting sum of the series 1

1e21) 3@2

Question 6 continues on page 13

12—




Question 6 (continued)

(b) A raindrop falls vertically from a high cloud. The distance it has fallen is
given by

Lt , 14t
x = Slog, [%]

where x is in metres and ¢ is the time elapsed in seconds.
() Show that the velocity of the raindrop, v metres per second, is given by
1.4f _ 141
et —¢
VEIN e e )
el g gl

(i) Hence show that

2x
ﬂ=4%1—{?)

(iii) Hence, or otherwise, show that

¥=98- 027

(iv) The physical significance of the 9.8 in part (iii) is that it represents
the acceleration due to gravity.

What is the physical significance of the term —0.2v%7

(v) Estimate the velocity at which the raindrop hits the ground.

End of Question 6

—-13-

Marks

Question 7 (15 marks) Use a SEPARATE writing booklet.

(a) (i) Show that sinx<x for x> 0.

3
) Let f(x) = sinx ~ x + 366_ Show that the graph of y = f(x)

is concave up for x> 0.

(iii) By considering the first two derivatives of f (x), show that
3
sinx > x — % for x> 0.

Question 7 continues on page 16

Pgt4 (Blank ) ~15—
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Question 7 (continued)

(®

Marks

2 2

Y

In the diagram the secant PQ of the ellipse % 5= 1 meets the directrix
b

a
at R. Perpendiculars from P and Q to the directrix meet the directrix at U and V

respectively. The focus of the ellipse which is nearer to R is at S.

Copy or trace this diagram into your writing booklet.

(i) Prove that PR = ﬂ 1
QR QV

Gi) Prove that £ - PS 1
Qv QS

(iii) Let £PSQ=¢, ZRSQ =06 and ZPRS=aq. 2

By considering the sine rule in APRS and AQRS, and applying the results
of part (i) and part (ii), show that ¢= 7 286.

(iv) Let Q approach P along the circumference of the ellipse, so that ¢ — 0, 1

‘What is the limiting value of 8?7

Question 7 continues on page 17

~16—

Question 7 (continued)

©

The diagram shows an ellipse with eccentricity e and foci S and S’

The tangent at P on the ellipse meets the directrices at R and W. The
perpendicular to the directrices through P meets the directrices at N and M as
shown. Both ZPSR and £ PS’W are right angles.

Let ZMPW=2ZNPR=p.

(i) Show that

PS
—— = ecos
PR P

where e is the eccentricity of the ellipse.

. Ps
ii) By also considerin,
(i) By  w

show that ZRPS = /ZWPS’.

End of Question 7

17—
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Marks
Question 8 (15 marks) Use a SEPARATE writing booklet. '

a a
(a) (i) Using a suitable substitution, show that J- f (x) dx = J I (a - x)dx. 1
0 0

(i) A function f(x) has the property that f(x)+ f(a—x)= f{a). 2

Using part (i), or otherwise, show that

j“ﬂx) dx = 2 7(a).

0

(b) (i) Let n be a positive integer. Show that if 2#1 then 2

~ Zn_z~n
T+ 22+ b4 e 22| 20 L
' =7

(ii) By substituting z=cos 8+ isin 6, where sin 8= 0, into part (i), 3
show that

1+ cos20 + -+ + Cos(2n - 2)9 + i[sinZG + oo sin(2n - 2)9}

sinnf
=— —1)0 + isin(n—1)8 .
e os(n 1)+ sinfs 1))
(iii) Suppose 8 = 21 Using part (it), show that 2
n .
. . 2w . (n-1) o
sin— + sin— + --- + sin = cot—.
n n 2n

Question 8 continues on page 19

~18—

Marks
Question 8 (continued)
(©
The diagram shows a regular n-sided polygon with vertices X;, X,, -+, X,.
Each side has unit length. The length &, of the ‘diagonal’ X, X, where
k=1, 2, -+, n~1 is given by
. kr
sin—
d, = (Do NOT prove this.)
sin—
n
(i) Show, using the result in part (b) (iii), that 2
1
d+-+d = .
1 n—1
2sin® x
2n
(ii) Let p be the perimeter of the polygon and g = %(dl e +dn_1). 2
Show that
2
r_ Z(nsinl) .
q 2n
(iii) Hence calculate the limiting value of L as n— oo, 1

End of paper
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Solutions

Mathematics Extension 2

Question 1 (c) Let u=gx, du=dx
(&) METHOD I v=sinx, dv=cosxdx
r dv du
) u—dx=uy— | v—d
J L m=t_ L g j dx Jvdxx
V9452 2; 92 n x
Va4 J xcosxdx:[xsinx]g—f sinx ¢
r 0 0
1 1 =(rsinmg—
1 e . = (nsinm —0)—[~cos.
2') ’ 3 2~x2 =0—(~cosm +cos0)
2 =—(1+1)
L (20, -
=y 3 |T¢ (d) METHOD I
Let_ u=l-x, du=—dx
METHOD 2 When x=0, u=1
Letu=2x, Adu=2dx When x=%, uzi
1 1 2 3 1
j\/9—4x2 dx_-z—J 32—(2x)2 & J4 - dx:jz il (—duz)
. 0 l—x 1 U
—thﬁl__du "1
2] 32,2 o :Jl (——;{——ﬁ)du
1. L U o 4
=-—sI &-#cC Ve v
=j ur—u? {du
1 ~1( x] l ;
=—sin"| == |+c 4
1 37
=|:2u2—%u2]'

(b) Letu=tanx, du=sec® xdx . 3 %
Jtanzx seczxdx=Ju2du = 2~% - 2xl - —2—x
. 3) 7273

) 3
=L =2-2 g, L
. 3 3 12
_ tan3x+ :~5_.
- 3 ¢ 12

2007 4 Page 62

METHOD 2

Tet w2 =1-x, 2udu=-—dx
When x=0, u=1

3 1
When xzz, u=-

Mathematics Extension 2

Question 2

@ O w=

2 1 =4—j—4—]
2(1-2" -9
X dx=4[( )(—Zudu) :
1-x u
0 ! z A+i 4~
(il) S=——X—
{ w 4-i +i
\ = —u? a2
_Zjl(l u )du =(4+l)
2 16+1
) ) _16+8i-1
B 17
’ 15,8
olfic (i L IRTARTA
- 3/ \2 24
_5 ®» O y
12 .
2 9 2 i3
dx 4
© J% ©+xtrx+l 'O\ : >
2
1 X 1 .
Tl , 5 oom
J% x+1 P+l 2+l 1+z=ﬁ(cosz+zsmz}
using the given result
1 i @ 17
2 -1 :
:\:lu(x+1)—51n(x +1)+tan JCL (1+i)17=[\/5 (cosﬁﬂ-smﬁﬂ
2 4 4
1 -1 17 17 .. 1Tn )
=|In3-—In5+tan" 2 =(ﬁ) cos - 4 isin——
2 . - 4 4
by de Moivre’s theorem
,[ln(i)_lm_s__l.tan—ll] y de 011 ;
2) 21 2 =256y2 (TEJF"\—E]
=In ?>><—l~—><%><£ +‘can_12—’£an_11 ' ~256(1+1)
h J5737 2 2 =256(L+1

=tan~ 2—tan™ l
2
2 a1
Note that tan~ 2—tan —i can be

Hjw

'simplified' to ta.n"]_

=256-256i.

2007 4 Page 63
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(©)  Let z=x+iy
If l1%:1
zZ z
1 1
+
x+iy  x—iy
2x
x* +y*

=1

=1

2x=x" 4y
xz.—2x+y2 =0
(x~1)Z +y?=1

. The locus of P as z varies is the
circle, centre (1, 0) with radius 1.

@ ®© |z]=|al=1

ZQOR :% (AOQR is equilateral)
Multiplication by @ = cos T4 sin% is
a rotation about O in the anticlockwise
direction through an angle of %

noo.. T
S Zy =aj Cos—+1Isin -
3 3

=wda.
() |z|=|al=1
ZROP= 13”— (AOPR is equilateral )
Similarly to (i), ’
T ..
a=z|cos—+isin—
=z
a
zZy =
w
Now z, =wa from (i)
o,
‘. ZyZy = wda
(0]

a.

2007

(iii) Observing that

- T
z; =aj cosf —-— |+ism| ——
[ 5pl )
. T
zl+zz=a[cos[——§) zsm(~§ﬂ
T, . T
+ al cos—+ism—
S
T .. T
=al cos—+isin—
5 003)
T, T
-+ aj cos—+isin—
ol ]

T
=2dqcos—

B

(98

J

=a
Now 2z, =a® from (ii).
.. The equation with roots z; and z,

zz—(zl+zz)z+zlz2 =0
ie. 212~az+a2 =0.

Question 3

(@) (i) The graph of f{-x) is a reflectior
the graph of f(x) about the y-axi

(1, 1)

4 Page 84 7

- Mathematics Extension 2

p

@i

o

Note that the gradient is =1 at the points
(~1,2) and (0, 0).

2007 %

() METHODI

Use the subsitution m=2x (i.e. x= ﬁ)
to create a polynomial with
the required roots: 2., 283, 2y.

) 3
©—5x43=| 2| ~5x T3
2 2

_m _5m .
8 2
' ¥ 5x
Tn terms of x this is §~—+3.

Any multiple of this polynomial would
also be correct. The simplest example
with integer coefficients is

3
gl -3 | = —20x424.
8§ 2

METHOD 2
a+p+y=0
af+ay+ By =-5
affy =-3
Let the new polynomial be
x4+ bx? +cx-+td :

—b=20+2B+2y
=2(0)

" b=0

o= (2a)(2B)+(20) (2r)+(28)(27)

=4(ap+ay-+py)
=4(-5)
=-20

~d =(20:)(28)(27)
=8afy
=8(-3)
=-24

sd=24

Since these coefficients are all integers,
a suitable polynomial is

2 +0x% —20x+24 .

= _x3 —20x +24‘

Page 65
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©

H 2x
Ax

AV =2rx X yX Ax

14 =}J 2mxy dx
1

e log, x
=2nJ x»—ge—dx
1

X

e .
=277:J log, x dx
1

Letu =log, dx, 'du:ﬂ
x

y=x,

dv=dx

Ju—é—{zdx:uv— vél-clx
dx dx
e (o1
.-.V:2ﬁ[[xlogex]l—J XX —dx ]
| x

1

=27r.[(e~0)—[x]

=2n|e~e+1]
27 units®.
@ O
E
Fsing|
PO i
0 r Fo
Vertically:

Horizontally: Fcosf—Nsinf = mao*r

Fsinf+Ncosf—mg=0
FsinB+ N cos@ =mg

—0
—0@

2007

%

OXcosh—@ X sind

Feos0sin0+ N cos® 0 — F cos 0sin 6 + Nsin® ¢
. = mg c0s0 —m>rsinf

N(cos2 6 +sin’ 9)=mgcos€—mm2rsin9

N =mg cos0 —ma’rsind.
(i) N>0 implies

2

mg cosf > mwrsinf

mg cosf
g .

myr sin O
w?<—E&
rtan6
lof< =2
rtan @
" Question 4

@

M
Let ZLAP=a
LLBP =/LAP  (/sinthe same segment on
=q
s ZOBM = /LBP (Vertically opposite
=a
o LOAM = ZQBM  (Zsinthe same segment on |
=a
ZLAP=/ZQAM
- Now LLAM = ZLAP+ ZPAM (from b
= LOAM + £LPAM
. LLAM = ZPAQ.

Page 66
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() () METHOD I
c0s30 +isin 36 = (cosf +ising)’
by de Moivre's theorem
=cos 0 +3icos” Osin O
13 cos O sin® 6+ sin’ A
= cos® 0 +3i cos” Osin®
~3cosOsin? @ ~isin® O
Equating imaginary pazts,
i5in30 =3icos® Oisin —isin’ 0

i.e. 5in 30 = 3sinb cos® 6 —sin’ 6.

METHOD 2
5in30 =sin (26 +6)
=sin 26 cosf +cos 20 sin d
=2gin6 cos’ 0 -I.—(cos2 0 —sin? 9)31}10

=3gin 6 cos? O —sin> 6.
. . R Ty . 27
(i) 4sm651n(0+§)sm(9+~3——)
‘ =4sin9[sin9c;os%+sinzr3—0059 i
(sinecosgl+sin2—”c056)
3 3
=4sin9[lsin(9+£cos€]
2 2
—lsin9+£cose
2 2
=4sin6 Ecosze—lsinze
4 4

=3sin6 cos”  —sin’ 0
=gin30 from (i) above.

(iii)
sin @ sin(@ +£) sin[@ +2—”)
3 3
1. i
= I sin30 from (ii) above
Asthe maximum value of sin30 is 1,
the maximum value of %sinw is %

. Maxirum value of

" sin@sin] 0+Z |sin 9+2—7r is l
3 3 4

©

Q

METHOD 1

PO=e-x
- Area of square PORS =(e— x)2
The volume of the slice is
5V =(e-x)* 8y
. Volume of the solid is
V= lim %6V

8y—-0

:sze(e—x)zdy

x=1

But y=log,x

dy:%dx

2007 4 Page 67
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.'.V:JE(e—x)Z.;lc-dx

1

el 2
=J (E—*Ze+x]dx
N

9 e
=[ez log, x—2ax+x;2—}
' 1

S ,
:(62 log, e—2¢” +Ez—)—(ez logel—26+%]

2
=—e—‘+26—~1~-
2 2

. 2
. Volume of solid is —«% +2e —% units®,

METHOD 2
y=log,x
x=e

~PO=e~¢&

2
.. Area of square PORS = (e —e’ )

2
8V = (e— e"’) 8y
.. Volume of the solid is
V.= lim L6V
8y—0

:Jl(e—ey)zdy

0

:Jl(ez ~2e7*! _‘_eZy) dy
0
1

=[ 2y—2e"+1+'—1-ez9"il
2 o

= 82—2624‘162 — 0—2@+le0
2 2

2
=—L 420 1
2 2
. 62 ]. 3
.'._Volume of solid is — ?+ 2e— 5 units”.

2007

@ o

(i)

4 Page 68

Sum of roots = o +—a + 3
=—q
~B=q
um of roots two at a time
=—?+ aff —ap
=y .
nat=r
Sum of roots three at a time
= -—azﬁ
=—g
METHOD 1
rf=-s
FX—g=—8
Lgr=g
METHOD 2
Since ff =—¢ is a root, substitute
x = —¢g into the polynomial
. 2
~g +q-(~q) ~gr+s=0
Lgr=g
METHOD 1

Since the polynomial has real
coefficients, complex zeros oceur i
conjugate pairs,
We know that one zero, f=—¢, isn
since ¢ is a coefficient
.o and —¢ are complex, and must
be conjugate pairs

ie. —a=a

Let a =a+ib
.'.—(a+ib)=m
—a—ib=a—ib

2a=0

a=0

- and —q are purely imaginary

METHOD 2

Since f#=-—¢ is a zero then x + g is
a factor.

Using polynomial division and
gr=s from (i),

x gt rrxts = (x+q)(x +7)
.. Zeros are — g and L ivr

i.e. Two zeros are purely imaginar

Question 5

@ @

(i)

® O

P(3 red, 3 yellow)
iz

- 2406
=0.3595...

=036 (to2dp.).

METHOD 1
P(>3 red)
= P(4 red, 2 yellow)

+ P(5 red, 1 yellow)

+ P(6 red, 0 yellow)
g, 5120, 1+ 120 20+ 2G5 26
= He

6

=03202... °
=032 (to2dp).

METHOD 2
By symmetry, .
P(>3red)=P(< 3red)

S P(>3red)= %(I—P(B red))

';%(1—0.36) from (i)
%032 (to2dp.).

Differentiating
2 2
x°y T
= —===1 implicitly
& b
2x 2y dy
&2 =0
a* b dx
2y 2
2 dx o
o _i
d a'y
.. The gradient of the curve at
b,
P(x,») is _2“1‘
an
The equation of the

tangent at P is

2007

(i)

(i)

© O

4 Page 69

Mathematics Extension 2

b%x
y=n =Tl (x—xl)
a‘y,
dyy-a'y’ = blex'—blez
bPxx—a’yy=bix? - a*y?
X _yy_m p?
a ¥ o B
xx _hy
a2 v

since (x,,) lies on the ellipse.

T (9, ¥ ) belongs to TP and TQ.

.. Its coordinates must satisfy the

" tangents at both P and 0,

i.e.ﬂ—M=1 for P

a* p?
and
XX YaXo _ 4 e
7 T =1 for Q
.. The equation of PQ is
XX _YVo _y
a’ B .

as {x,y)can be replaced by
(3, 31) or (%2:32)-

Substituting (x, ) with (ae, 0) in
the equation of PQ,

ae x;,

a2

—0=1 from (i)

a
Y=g

~. T lies on the directrix.

(x—l)(S—x)=—5+6x—x2
' =—(x2-—6x+5)

:—[(x—3)2 —-9+5]
:4—(x—3)2
=72 —(x.—?l)2

which matches the given form
with a=3 and b =2 (or —2)-
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(i)

Let x—3=2sin0
dx=2cosf do
When x=1, 1-3=25in6

sinf =—1
P
2
When x =5, 5—3=2sinf

sinf =1

g="C

5
J 1}22—(36—3)2 o
={2 22 ~226in% @ 2cos6 dO

=4J2 Ji-sin? 6 cos6 do
=4 cos20do

n

z . )

2 5 since cos” @
=8| cos”0d0 g even

Es
=8J 2 %(1+c0529)d0

2007

%

Note: The substitution and
subsequent working can be avoic
by realising that the curve is a
semi-circle of radius 2 having arn
wx2?

=2r.

@ () A4AD=AC=24r
=2cos—nC
5
=2u

The angle sum of a pentagon is
(n—2)r=(5-2)=

=3z
. /BAE= il
By symmetry,
£DAE = ZLCAB
=F
5
o £CAD="F %™
5 .
=
5
Using the cosine rule in AACD,

CD? = AC* + AD* ~2.4C.ADco
1= (211)2 + (2u)2 —2.2u2uu
1=8u% -8/
8u® —8u? +1=0.
() 8x°—-8x"+1=0
Since x =% is a root,
2x-11is a factor.
o 80P =8 1= (2x—1) (4 + -
where b can be determined from the
coefficient of x (or x?) on both side:

s 0==1xb+2x~-1
b=-2

- 8;3 —8x% 1= (2x~1)(4x2 —2x

Page 70

The other roots satisfy (iid)
4x* —2x—1=0

Using the quadratic formula,

23420

8
RENA
4
+ .

ie. cos % = I_A:/g from (i)

. 7
Since cos 3 >0,

7
08— =
5

1445

4
Question 6

(@ @ (a+d)'=

at+ (" )a"“‘b+ (” )a"‘zb2 ok (n]b"
1 2 n

Let a=b=1

(1) =1+[';]+[;)+...+(2}

Since n)>0fora]l r=1,2,3... n,

—~
N

(i) 2">(Z) forn>2 -

5 : .
2

2007 € Page71

s Extension 2

Whenn=1,
LHS=1 .

RES=4-1T%
_ 2%,

=1

=LHS .
. The equation is true for n =I1.. -
Let k be a value of n for which
the result is true,

fe 142( L a3 L 2+ 4 ®
A 2 2 s . . ;
: k+2 j
=4—-Ek_—l_.

We need to show that the result ..+, '

istrue forn="rk+1,
2 k-1
PR TTy LR PN Y
2 2 2

In®@: .
&
k+2 1Y .
LHS :4—31;T+(k+1)(5) from @
k+2 k+1
T T
2(k+2)—(k+1)
T
2k+4-k-1

=RHS
-~ When the result is true forn=1k,
‘it is also true for n=k+1.
- By the principle of mathematical
induction, the result is true for all

integers n 21
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(i)

Mathematics Extension 2

From (iy: o2 < A8
271 " n(n-1)
0 < lim nt+2 < lim An+8 asn>0
e 27 noe (1)
But lim An+8 =0
- 1{n—1) : .
n+2:0

n—yeo 2”"1

Now

2
o Lea( LY 4. = vim [ 4-722
2 2 n—yoa 2""1

dx 2 1464 147
g A ' )
5(L4) (e - )
RN

7 ( AE e—1.4r)
. VE—
EENEY
(i) .
NEZ e 2
From @ V=T
PN

Pt _ gLt ¢
=89 o —w O
e re
141, ~1.4¢
2 —zloge[e = ]
. Nowl-e 3 =l-e

' —2
[ RETS Y ]
log, 2
=l—e
1 41 —1 4t
1-

1l

( Lat —14:)2

2007 4

2
(61.41 +e—l.4t) _4

2
(el.4t +e—1.4r)

ZSt

+24+e M -4

= __.__——7-—-—
( PR e—lAt)
2
_ R o1
el.4i +e—1.4t
2
141 —1.4¢
e’ —e
From®: v =49 VTRV
e +e

=
S vi=49(1-e S ]

2=y
dx
WRICAT R
2 dx E
. 2x
:11[4{1_6 ; )
dx
2x

-t

=9.8-0.2v%

. 2w

(iv) The term —0-2v" in ¥ represents the
deceleration due to resistive forces su
as air resistance.
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b it e

(v) METHODI

Assuming that the particle hits the
ground with terminal velocity,

=0
ie. 9.8-0212=0
2 =49

|v|=7

. the raindrop hits the ground
at7ms™t,

from (ii)

METHOD 2

el At e—l.4t
t—3o0 Tt Ay g
=17

-, the raindrop hits the ground
at 7 ms.

Question 7

(@ @ Let g(x)=sinx—~x
g'(x)=cosx~-1

<0 for x>0

g(x) is decreasing for all x> 0.

Whefi x=0, g(0)=0
When x>0, g(i)<0
sinx—x<0

sinx<x for x>0.

(i) f(x)=sinx~—x+%

2
f'(x)=cosx—1+fz—
f(x)=—sinx+x

for x>0 from (i)
.'.f”(x)>0 for x>0

2. f{x) is concave up for x> 0.

sinx <x

2007

@) Asf"(x)>0, f(x) is increasing.
Also, whenx =0, f’(()) =0
L f(x)>0
As f(x) is concave up and
its gradient is positive,
f (x) >0

. s
smx~x+z>0

3
- x
- smx>x—? forx>0.

(i) In APURand AQVR,
ZR is common
/PUR = £QVR =90°
~ APURN AQVR  (equiangular)

(matching sides in
similar triangles are
proportional).

PR_PU
“OrR QV

(i) PS=ePU and QOS=eQV
PU ePU
Cov eV
_Ps
T
(i) InAPRS,
sin(¢+0) _sing
PR PS
gin(¢+0) PR
" sina —EE
Tn AQRS,
sin 6 Ei_ng_

OR 0S
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_sing _OR |

a 0
o | Smo 98 ¢ j f(x)dx=j (=) (=)
sm(¢+9)=flixQ_S v 0 a.
sinf  PS QOR AV
R 05 ‘ —Jof(a—u)du
“or " Ps . ra
=1 from (i) and (if) =J0f (a=x)dx.
sin(p+6)=sin0

(i) Given f{x)+f(a—x)=f(a)
J f(x)dx+J f(a—x)dx=Jaf(a)dx
0 0 0
(iv) As ¢—0 7-20—0

© L0 | J’Of (x)dx"'J:f(x)‘bC:j:.f(a)dx

Lp+0=m—-0 (¢=0)
L p=mw—20.

N from (i)
, e o ZL Sx)ds =[x f(@)]"
WW\ = af(a)-0f(c

\_/ | o
L J(x)a=2 1la).

(1) Since PS=ePN

PS_ PN I ) B ) N B o L i

PR PR is a geometric series with » = 22,

=ecos f
and » terms.
. ’ . 2 4 2n-2
(i)  Similarly, Ezegﬂi 1zt 2+ 2
PR PW I 2 -1
 ecos =1+2”+(2*) +...+(2?)
s _py () -1
' PR PW . = '—"-5'—1 for Z2 #0
ie.cos ! ZRPS =cos™t LWPS' ZZ,, —1 4 ;
Since these are both acute angles, = 'Z_z’—l Z—_l 1
) z°— z

ZRPS = ZWPS'. gl 3
Question 8 ) z= ZHl a

(a) () Letu=a-x, du=—dx

z—
When x=a, u=0

7" =z n-1
When x=0, u=a : = el A
z—z
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Mathematics Extension 2

e T e e,

(i) Let z=c0s@+isin0
Then 2 =coskO +isin k6
by de Moivre's theorem
and z"'—z " =2isinn@ .

Substituting both these results into (i), -

1+('c0529+isin29)+(cos49+isin40)
+...+(cos(2n—2)9+isin(2n—2)0)

=2;—2%9«[cos(n~1)0+isin(n~l)6]

1+[00320 460846 + ...+ cos (2n—2)9]
+ 1] sin26 +sin 40 +.. +sin (2n-2)6 |

=%}1§[cos(n—})9+isin(n—l)9].

@iif) Equating the imaginary parts of (iD),

$in20 +sin 46 +...+sin (2n-2)8

smnG

in(n—1)6
o (1)

Substituting 8 = —7-c~,
2n

L2 L Aw . (2n-2)m
sin == 4+ sin —+...+sin—-—
2n 2n 2n

sinmr

o, -z
- ?-sm(” )
sin - 2n

2n

on (n-Dzm

+SlIl +...+sin
n n n

1 . (r =
= po .81n "2——‘2
sin— n

2n

T

cos—
_ 2n

.

sin —

2n
:coti.

2n

© O
= 1 [Sm£+sin'2—n+,,,+sin (n—l)ﬁ]
n

dytdy .. vd,

n

-— 1 t n H v
=—0| 0 E) using (b) (iif)

sin—
n

n 2n

(ii) SmceXle—X2X3—
p=n
Also q=—(dl+d2+...+dn_1)
n

=X, =1

= —1—ﬂ— using (i)
2nsin® — -
2n

Il

Q|

n

1
L2 T
2nsin? —
2n
2 T

=2ntsin® —
2n

zV
=2| nsin— j .

. 2
Gi) tm L=1lm z(nsm%)

ndee g no¥e

s'mi
Fid
=lim 2 2n %
n—yo0 kS 2
) 2n
2
=™
_r
T

End Mathematics Extension 2 solutions
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