2009 TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

Trialmaths Enterprises

Mathematics Extension I

General Instructions Total marks — 84
Reading time — 5 minutes o Attempt Questions 1 —7

Working time — 2 hours ¢ All questions are of equal value
Write using black or blue pen

Approved calculators may be used

A table of standard integrals is provided
All necessary working should be shown
in every question

Care has been taken to ensure that this paper is free of errors and that it mirrors the format and style of past HSC ‘papers. Moreover, some
questions have been adapted fiom previous HSC examinations as well as from trial examinations from a variety of schools, in an attempt to
provide students with exposure to a broad range of possible questions.

Hovwever, there is no guarantee whatsoever that the 2009 HSC examination will have similar content, style or format. This paper is intended
only as a trial for the HSC examination or as revision leading to the examination.
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STANDARD INTEGRALS
_[x"dx =Lx"“1,n¢—l; x#0,ifn<0
n+1
1
~dx =lnx, x>0
x
ax ]' ax
Je dx =—e”, a#0
a
1.,
jcosaxdx =—ginax, a #0
a
. 1
'[smaxdx =-——cosax, a#0
a
) 1
Isec axdx, =—tanax, a#0
a

1
Jsecaxtanaxdx =—secax, a#0
a

1 1, 4x
I—z—zdx =—tan™ =, g#0
a*+x a a
1 L X
I—dx =sin?Z, g4>0, —a<x<a
a’ —x’ a

1
.[hdx =In(x++x* ~a®), x>a>0
[v2 _ g2
j—dx21 _ = ln(e ¥ +a%)
VXt t+a

NOTE: Inx =log, x, x>0
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Question 1 (12 marks) Use a separate page/booklet Marks Question 2 (12 marks) Use a separate page/booklet Marks

1+cos2A
i Show that ————=cotA
() One of the roots of 2x* —ax+4=0is x = ~1. What is the value of a? 1 ® ® owiha sin2A ° 2
(i)  Hence find the exact value of cot15° 2
(b)  Differentiate with respecttox: y=tan™ (1) 3 , 2 2\ qs )
x (b) The points P(2ap, ap ) and Q(Zaq, aq )he on the parabola x* = 4qy
y
(©) State the domain and range of the function W
X Q(Zaq, aq’ P(2ap, apz)
y=cos” 2x 2
x
(d  Aballis thrown from the origin with an initial velocity of 30m/s at an angle
3
13 . . .
O=tan 3 to the horizontal. If air resistance is neglected and the @ Show that the equation of the tangent at Q is given by - gx +ag” =0 2

acceleration due to gravity is taken as 10 m/s*

(i)  Ifthe tangent at P and the tangent at Q intersect at 45° show that

@ find the greatest height attained. 2 |1 + pql - | - q| 2
(i)  thevelocity of the ball after % second. 1 () ATis atangent to the circle, touching it at T. If LTAP =8 and ZPTQ=c

express the angles 7QA and 7PA4 in terms of e and S . 4

(e The sides of a cube are decreasing at the rate of 3cm/s. Find at what rate the
volume is decreasing, when the sides are each 20 cm. 3
T
A NOTTO
SCALE
P
Q
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Question 3 (12 marks) Use a separate page/booklet Marks

@

®)

©

Consider the function f(x)=3x—x

@A) Sketch y = f(x), showing the x and y intercepts and the coordinates
of the stationary points. 3

(if)  Find the largest domain containing the origin for which f(x) has an

inverse function 77 (x). 1
(ili)  State the domain of f'(x) 1
(iv)  Find the gradient of the inverse function at x =0 2

Apolynomial P(x)of degree three, has zeros at x =1,x =—1,andx =2 and a remainder

of 16 when divided by (x—3).Find P(x), expressing it in the form Px’ +PBx*+Px+F 2

13
. - . xdx
Using the substitution u = x*, or otherwise, evaluate '[1 . 3
+x
0
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Qnuestion 4 (12 marks) Use a separate page/booklet. Marks
1 12

(@) Find the term independent of x in the expansion (\/— - —) 3
x

(b) A particle is moving in simple harmonic motion in a straight line. It’s speed v cm/s

©

when at a distance x cm from the centre of oscillation, 0, is given by

®

(i)

(i)

(i)

3
Evaluate j:

v =nx’ (9 -x* )

Between which two points on the line does it oscillate? 1
What is the acceleration as a function of x? 1
State the period. 1

If the particle is initially at x =1.5, find how many seconds has elapsed

before it reaches x = % for the first time. 3

_ 3
V9 —4x?
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Question 5 (12 marks) Use a separate page/booklet. Marks Question 6 (12 marks) Use a separate page/booklet Marks

(a) Use mathematical induction to prove that, for every positive integer n, (a) If ,B,6 are the roots of the equation

3" >1+2n 3 3%° =3x’ —4x+6=0

Find the values of
® @ Show that the function f (%) =x’ —%xz -Xx +% has a zero for

X 1, plint
x between 1% and 2. 1 6] o +f7+0 2

i)  o?+p2+e? 2
(i) Taking x=2 as a first approximation to this zero, use Newton’s method ( P
to calculate a second approximation. 2

(b) If sin(lnx)=aandcos(]ny)=%,b;&0,anda¢b
1+sin6-cos0 _

(c) Prove -
1+sinf+cosd

an (-e«j where 0<6< 1 T 3
2 2

6) Using, sin® 4 +cos? 4 =1, show that cos (lnx)=+v1-a? 1

(d) When x cm from the origin, the acceleration of a particle moving in a straight
line is given by: (i)  Show that tan(Inx)== Ja_z
l-a

and tan (ln y)=i\/b2 -1 2

#x_ s
dar* (x + 2)3
i i o ) (iii)  Find an expression for tan [ln(xy)] xtan ln(ij intermsof aandb. 3
It has an initial velocity of 2 cm/s at x=0 . If the velocity is V cm/s, find Vinterms of x. 3 y
(iv)  Hence find the possible values of a when tan[ln (xy)] x tan{ln (fﬂ =1 2
y
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Question 7 (12 marks) Use a separate page/booklet Marks
(a)  Three consecutive coefficients in the expansion of (1 + x)" are in the ratio 6:3:1.

@) Find the value of n. 4
(ii)  State which terms have their coefficients in the ratio 6:3:1. 1

(b)  There are three boxes A, B, C into which different cards are placed without
regard to the order of cards within any box.

@ Find the total number of ways in which 10 cards may be distributed
withS5inA,3inBand2in C. 2

@ii)  Four cards are distributed at random between A, B and C. Find the
probability that each box will contain at least one card, 3

(iii)  Three cards are distributed into the boxes with each card having probability
of —1% of being placed in A and % probability of being placed in B. Find the

probability that each of the three boxes will contain a card. 2
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2009 TRIAL HSC EXTENSION 1 MATHEMATICS

Trialmaths Enterprises

* Solutions including marking scale
* Mapping grid

ANSWERS QUESTION 1

Questionl (a) e)

Criteria

(a) One mark for the answer, (b) One mark for b1 5 x;-lz— , one for Y in terms of x and one for
dx 1+u® x dx
simplification. (c) One for the domain and one for the range.

(d) (i) One for time of flight and one for the height. (i) One for the answer. (e) One for the use of the chain
rule, one for finding x and one for finding the volume.

These suggested solutions and marking schemes are issued as a guide only. Individual teachers may find
many acceptable responses and employ different marking schemes.

Answers:
2 _ - .
() 24" -ax+4=0 y=-10=> y=-10t+vsing = 106+30%>=-10¢+18
letx=-1 5

22(-1)" ~a(-1)+4=0..a=~6

y=5t% +18t+c,
=0,y=0 . ¢;=0=> y=-5t>+18t

®)
y=tan’! [1] greatest height when y=0
X 0=-10t+18.. t=1.8
. 1
let y=tan luwhereu=; y=-5(1.8)2 +18x1.8=16.2m
dy _dy du ()
ol v =13 +24
D NI S T v =745
EREE S I =27.29m/s
2
X
X O]
- 4l w7 2+ Let x bethelength of each edge of the cube
© . v=x3 .. 9Y~=3x2
y=cos™ 2X dx
11 dv_dv dx
Domaln:75x55 dt dx dt
Range:0<y<n =3x*x3
@0 when x=20.", 2—‘: =3x20%x-3=-3600cm’/s

.. The volume of the block is then decreasing
attherate of 3600cm>/s
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x=0
x=vcos
=3()><i tan9=i.'. sin@:éandcow:i)
5 4 5 5

=24
x=24t+c
t=0,x=0"¢c=0"x=24t

ANSWERS QUESTION 2
Question 2 (a)- (c)

Criteria

1+cos2A _ 1+2c0s2A-1

a) (i) one for ~———
@) () one for sin2A 2sinAcosA

simplification. (b) (i) One for gradient and one for equation. (ii) one for tan45° = ‘

nd one for simplification (if) one for correct substitution of ratios and one for

Widad & and one for
1+ pg

+ +
simplification.(c) One each for ZQTA =180° —(6 + 5) , ATQA=90°~%D—2 , ZTPA =130°-[ﬁ+90°-£a—zﬁ—)} and

£TP4 =9o°+_._(“;ﬁ)
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1+2cos?A-1

a)(i)LHS=
( )( ) 2sinAcosA
_ 2c0s?A
2sinAcosA
=cotA=RHS
(i) subA =15"
0
cot15® = l+cos300
sin30
il
TI
2
_2f,
2
=243
2 x*
b)(i)x“=day ... y=—
(0)()x" =4ay . y=—-
Y X vag. -2
dx 2a dx 2a
Eqnof tangent y-aq2 =q (x—2aq)
y-qxtag’=0
() (i)
tang =| 1"
1+ mym,
tan45° = | 2=
1+ pg

1=|ﬁ|3ll+ml=lp—ql

(©) T

Let ZTQA=6
. ZPTA=0(alt.angle thm)
ZQTA=180°-(8+f)[anglesum of ATAQ]
ZQTA=0+0
-180°-(6+p)=a+0
180°-9-B=e+6
180°-0-p=26

6=4TQA=90°-(Q—;BZ

ZTPA=180-(p-+0)
=180°-|:[3+90°-—(a+ﬁ )}
2

~180°-p-000+ 2+ &
22

=90°+w.
2
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ANSWERS QUESTION 3

ANSWERS QUESTION 4

Question 3 (a) (b) (¢)

Criteria

Question 4

*  (a) (i) one each for stationary points and nature and one for sketch showing intercepts, turning points.

(ii) and (iii) one for the correct answer (iv) One for % = 3

L
one for simplification.

-3 Y
(b) One for finding k and one for simplification. (¢) One for limits of integrand, one for integration and

1

> and one for the answer.

Criteria

@ O f@)=3x-5
Fix)=3-32"
stpts 0=3-~3x"
0=3(1-2*)
- (1,2) and (-1,-2)
F(x)=—6x
f' (1) <0.".relmax at (1, 2)
F (=1)>0..relmin at(—l,—2

T (1,2)

)

f(x)=3x—x3

v

1:2)

(i) -1sx<1
(iil) rangeof f(x) is 2<y<2

. domainof £ (x)is—2<x<2
(iv) Inverse function

x=3y-y’

ax 2

Z_33

dy 7

LAy 1 =0y
'Ex<=3—3 sifx=0.py=0
d__ 1 1

d 3-3(07 3

N

®)

P(x):k(x—l)(x+1)(x—2)=0

Since P(3)=16

~16=k(3-1)(3+1)(3-2)

nk=2

P(x)=2(x-1)(x+1)(x-2)
=2(x? ~1)(x-2)

( —x—2x% +2)
(x —2x2—-x+2)
©
fu=x*
ﬂ=4x3
dx
du =4x dx

whenx=0..u=0
whenx=1,u=1
lj‘xadx 1] 453

[ Lk =zo l+(x4)2

i 1§
N Y

E

e
(=

3r
[
e Oneforl,, = IZC, [x 2 ](—l)r , one for finding r and one for the term (b) (i)-(iii) one for correct

answer (iv) One for finding o, one for cos [m+ 3 )—L and one for the time.(c) One for

3
V2 ‘[\/9 457
3
; 3
[1 (Zx)]i a1
=|—=sin" ] =
2 37 o-a2 2

and one for simplification

x=-3msin (7:t+a)

12—r
Uy = ( x=-3n’cos (1rt+a)
=-m’x

120[ %] - (b)(iii)

x

. period=27” = =2
= ”Cr[ 6_*}( iy (o))

t=0,x=1.5
termindependent of x has power of x = 0 x
3 x=3cos(mtte).. 1.5=3cosa
6—7=0:>3r 12=r=4

cosa=—;— u=§
~termindependent of x is 1’C, (—1)4 =495
4
(b) (1) x=3cos (nt+§]
v2=n2 (2% x?
( ) ﬂ—i&cos(nﬁﬁ)
=n? (9-x2) 2 3
S0, 8=3 cos (m+ E] -1
. 36
.~.oscillates between -3and 3 I z Tn
(v)(ii) mot =g oratt o=

x=acos(nt+a)
x=3cos (1rt+a)

.'.reaches%cm for the first time aﬁerl%secs
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Question 5

Criteria

*  (a) one for the 3¥"' > 142(k+1) ,one for 3"'=3x3¥ and one for 3! > 3+2k+4k (b) (i) One for the

correct answer, (if) One for f’ (x1 )=3x2 -3x-1 and one for simplification (c) one for

2t 14
. " 3 = " " 2
1+s.m9 cos __ 14t 1+t ,Jone for 1+S}n9 cosd  _2t7+2t and one for conclusion.
1-+sinf+cosd 2t 1- 1+sin6+cos6 242t
1+t 1+t
-5
®  (d) One for lv2= > tc , one for finding the constant and one for simplification.
2 2(x#2)
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(a) 3" 21+2n
Steplprove truefor n=1
3' 2 142x1 . true
Step 2 assume true for n=k
assume 3% 2142k
Step 3Prove true for n=k+1
31 > 142(k+1)
2 2k+3
g+l g ok
23(1+2k)
2346k
23+2k+4k
~true
Step 4 conclusion
By assuming theresultis true for n=k
wehave proved it true for n=k-+1.Sinceit is true for
n=1.itistrue forn=1+1=2,n=2+1=3and soon
. truefor all positive integers.
®) @
f(x) 3-zxz-x-l-3
2 2
(3 232
4 4) 2 4 4 2
125 3 .25 5.3

=22 22 210 <
64 2 16 4 2

f(2)=2%- 3(2) .2+3 z >0

‘.azerobetween x=1%and x=2

(c) 1+sinf-cosd
1+sinf+cosB

sme—z—tz, cosf= 1 where t=tan 8
1+ 1+ 2

LHS=

T

2
. 2t 14

1+ 1+

L2 lt
1+t2 1+2
1+2 4261+

142

142

_2e4at

=

2
t2
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12 where f' (x1)=3x2-3x—1

d’x -5
O

U)oy

+c

12
La. .
2 2(2)
v=2atx=0
2=§+c
8
1o 5 1
2 (x+2) i)
PO
(x+2)* 4
_20+11(x+2)?
4(x+2)

20+11(x+2)°

since v > 0 when x=2
2(x+2)

Question 6

Criteria

®  (a) (i) One for Po+ub+af =

simplification (b) (i) One for correct answer. (ii) one fortan (In y) =

(i) one for tan In{xy)]x tan [I" GH i

— and one for simplification (if) one for sum of roots is one and one for

tan? (ln x) —tan? (]n y)
1-tan? (Inx)xtan? (In )

, one for

~(p* -1

tan In(x) | tan [h{%ﬂ = 1022—)
1-a

and one for simplification. (iv) one for

-

24*b? ~ b = 0and one for simplification.

4+/b? -1 and one for simplification
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@@ (b)(iii)
3% -3x24x+6=0 x
In In| =
ol+pt st=lyl 1 taﬂ[ (xy)]Xtan[ (yﬂ
o B8 =tan(Inx+In y)xtan(Ilnx—Iny)
=I39+_°;366‘)"EE B tan(ln x) +tan (lny) tan (ln x) tan (lny)
4 * T1- tan(lnx)xtan(lny) 1+tan(lnx)><tan(1ny)
3.2 __tan’(Inx)~tan’ (In y)
6 3 1- tan2 (Inx)xtan® (In ¥)
3 2
(a)(ii)o? +p? 46 = (@ + B +6)" —2(cf + a6 + §6) lfaz “(bz —1)
PR ) A
= -2x =32 1= (6 -1)

{b)(1) Usingsin® 4+cos® 4=1
cos A = +y/1-sin® 4
cos lnx = \/7
cos(Inx = \/——
(o)1)
sin A =+y1-cos® 4

sin(n y) = /1 - cos>(In y)

cos(lny):%zsin(lny)=i 1—;1—2—

2
sin (ln y) = e -1

—-a’p?

(iv)

tan[ In(xy) ] x tan{ln(%j] =1

a5 +1 _
—a*h?
a’b? —b? +1=1- 4"
225 % =0
5*(2a*-1)=0

bh=00ra® = —1—
2

lHéO,.‘.a:iL

2
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ANSWERS QUESTION 7

Question 1 (a) (i) (ii) (iii) (iv)

Criteria

I{n-r)!
e (a)one for ! (n r) =2, one for

one for the final answer.

r
(r-l)!(n-r+1)! ’ (n—r+1
correct answer. (b) (i) One for indicating 1°C, or * C;ways and one for conclusion. (i) one for indicating

number of ways of distributing the 4 cards is 81, one for indicating number of ways of distributing 2 cards is 12

3.2.3_9

and one for the final answer. (iif) One for P(I stcardin A, 2nd cardin B,3rd cardin C)=—x=x-—=——and

10 5 10 250

) =2, one for 4r=3n-1and one for finding n (ii) one for the

(=)()
(L+x) =1+ "Cr+ "CpxP et "Cogx HTC T +
MO X", B C, X"
Three consecutive coefficientsare " C, 1, " C,, "C,yy
The first two coefficients arein theratio 6:3

L Chy _6

A
nc 3

(r-1) ( -r-l-l)'

r'(n-r)'
r'(n—r)'
(r-l) (n—H—l)'
r{r-1)!(nr)! -
(r—l)!(n—rﬂ) (n-r)!
(nrt1)
=2 (n-r+1)
=2n-2r+2
3r=2n+2
2n+2
T3

The second two coefficients arein theratio3:1
"G 3 . apqn
E_T“ C,=3"Cyy
n! 3n!
r'(n-r)' (r+1){n-r-1)t
(r+1)t 3(n-r)
! (n—r-l)!
(Hl) 3 (n-r) (n—r—l)!
r! (n—r-l)!
r+1=3n-3r
4r=3n-1

4(2n+2) a1

3
8n+8=9n-3
n=11

(i)

+
r=2—ns—2~wheren=11

_2x1142
3
The terms are 8™ ,9']1 and10™ terms

=g

(b) () The five cards in A can bechosen in lOCS ways,
and the three cards in Bcan bechosen in °C, ways.
‘Thetwo remaining cards then gointo C.

219, ¢ Cyx1=2520

(i)

Sinceeach card can be placed in one of the three boxes,
thereare3*=81 ways of distributing the 4 cards.If each box

is to contain at least 1 card, then one of the boxes must contain
2cards and theother two Lcard each.

Number of ways of distributing 2 cards in A,oneinBand 1inCis
to,x2ex1=12

Sincethe twocards can bein Bor C, the number of ways of
achieving a 2:1:1split is 3x12=36

.'.P(atleastlcardineachbox)=£=i
81 9
(i1i)
Consider
P(lstcardmA 2ndcardinB, 3rdcardmC)—ixzxi——?~—
10 5 10 250

There are3!1=6 ways of placing 1card ineach box
{i.e. ABC,ACB, BCA,CBA, CAB, BAC)
9 _ 27

.'.P(lcardineachbox) =X =
250 125

The terms with these coefficients are the r™ . (H—l)‘h and (H—Z)th terms
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