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General Tustractions

. Réading time - 5 minutes

*  Working time - 2 hours

*+ Write using black or blue pen

« Board-approved calculators may
be used )

v A reference sheet is provided at
the back of this paper

*  Show relevant mathematical
reasoning and/or caleulations in
Questions 11-14 '

Total marks - 70

Section 1

10 marks )

. Attempi Questions 1-10

+  Allow about 15 minutes for this section

Secfion IT

60 marks .
*  Attempt Questions 11-14
+  Allow about 1 hour 45 minutes for this section
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. Seection I

10 miarks
Attempt Questions 1 - 10
Allow about 15 mimuntes for this section

Use the multiple-choice answer sheet for Questions 1-10

"1 The points A, B and C lie on a circle with cenire O, as shown in the diagram.

The size of Z4OC is 451 radians,

Not to scale

Wha‘; is the size of Z4BC inradians?

W =
® = '
© x
o =

2' Which of the following is the exact value of J. 33 JE{—?
EN9-x?
Ay -
B) -
ey -

o) =
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3 What are the coordinates of the pomt that divides the interval joinihg P(2, 1) and (2, 8)
internally in the ratio 3; 47

@ (L7
® @9
© &7
) 2

4 What is the exact value ol the definite infegral J?sin2 xedx?

@ I

® 5%

© &
oy

5 How many ways can a fooiball feam of eleven be chosen from 15 players?
(A) IS

@) 165 Ty
(C) 1365
(D) 544x10"

6 Which integral is obtained when the substitution # =1+3x is applied to _[x«}l +3xdx ?
(&) %j(u'—l) N

®) —;—J‘(u—I)J;du
(© j {u—1udu
)] 3](;:—1)J17d;¢

7 A particle is moving under SHIM in a straight line with an acceleration of #=25-5x, .
where x is the displacement after ¢ seconds. What is the centre of motion?
(A) x=0 ‘ :
B) x=5
(O x=10
) x=15

10

© k=ootog,?
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The funetion f(x)=sinx _%’c_ has arealroot close to x=1.5.

Let x=1.5 be a first approximation to the root.

What is the second approximation to the root using Newton's method? .
(A) 1.495 : .
(B) 1.49

(© 1.503

D) 1.504

Seven children are seated randomly around a circular table.
What is the probability that the two oldest children sit together?

w 22
® = .
© 2 |
o =

A bottle of water has a temperature of 20°C and js placed in a refrigerator whose
temperature is 2°C. The cooling rate of the bottle of water is proportional to the
difference between the temperature of the refrigerator and the temperature I of the boitle

of water. This is expressed by the equation %:uk(TuZ) where k is a constant of

proportionality and £is the number of minutes after the bottle of water is placed in the
refrigerator. After 20 mimutes in the reffigerator the temperature of the bottle of water is
10°C. What is the value of k in the above equation?

1, 9
A) k=--log,=
(&) 55108

B k=——log,—

4
1. 4
10 779
4
4

k=i
D) o83
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(d) ~The diagram below shows the trajectory of a ball thrown horizentally, at a

Section I1 i
: . speed of 50 ms™, from the top of a tower 90 metres above ground level,
60 marks y
Attempt Questions 11 - 14 -
Allow about 1 hour and 45 minutes for this seetion . 50m/fs
Answer each question in the appropriate writing booklet, 90 m
Your responses should include relevant mathematical reasoning and/or calculations. -
. 1
0 d ¥
Question 11 {15 marks) Marks ‘ .
) The ball strikes the ground o metres from the base of the tower.
(4) Tind the size of the acute angle between the lines x— y—4 =0 and 2 [6)] Show that the equations deseribing the trajectory of the ball are: 2
3x—-y+4=0. Answer tulthe‘ﬁearest degree, . x=50f and y=90— % 2t
where g is the acceleration due to-gravity and ¢ is the {ime in seconds.
(i)  Prove that the ball sirikes the ground at time ¢ =6 Ji_ seconds. 1
B | &
(b) Solve the inequality =1 <l 2 (iiiy  How far from the base of the tower does the ball strike the ground? 1
. . o 1
{c) Newtm} s law of. cooling states that when an object at temperatwre 7°C s (¢} Find the term independent of x in the binomial expansion of [3.1‘8 _—J—J ) 3
placed in an environment at femperature 7,°C, the rate of the temperature - X
loss is given by the equation: ' .
ar
e pr-1,
o= k-1
where f is the time in minutes and £ is a positive constant.
()  Showthat T=T,+Ae™ satisfies the above equation.
(i)  An object whose initial temperature is 60°C is placed in a room in 3
which the internal femperature is maintained at 12°C,
After 25 minndes, the temperature of the obiect is 30°C.
How long will it take for the object’s temperature to reduce to 15°C?
6
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Question 12 (15 marks) . Marks Quesfion 13 (15 marks) Marks
. sec? ¥ .
(2) The region bounded by the graph y = 3cos§ and the x-axis between x=0 3 @ W Prove that tanx = C0OSCCYSCCY ‘ 1
and x=r is rofated about the x-axis to form a solid. (i)  Use the substifution # = tanx to find the exact value of this integral: 2
i g x )
4% f; cosecxysec xdx
4
(b) Prove by mathematical induction that 57 +12p -1 is divisible by 16 for all 3
positive integers n (n21).
> x
; 1\ 2
-ig
Find the exact volume of the solid. (¢) ABCDis acyclic quadrilateral with £FAE = ZECD =90".
(vY P (2at,at™) is any point on the parabola x* =4ay. The line d is parallel to
the tangent at P and passes through the focus S of the parabola,
(i) Find the equation of the line 4. 3
(iiy  The line d intersects the x-axis at the point R, 2
Find the coordinates of the midpoint, M, of the interval RS.
(iif)  Find the equation of the locus of M. 1
() Find J‘ S 1 & 5 : 3] Why is AECF a cyelic quadrilateral? 1
¥ A2a+2 (i)  Hence show that EF is parallel to BD.
(d) A paricle moves in a straight line so that its acceleration is given by P _ 3 2 : :
amlmﬁa}h’ the particle is S metres to the right of O and (d) Itis giventhat P(x)=(x—a)’ +(x~5) and the remainder when P(x) is
moving t_'oward;s O with a velocity of 6 msi-. _ h . divided by (x~5) is -8,
(i)  Isthe particle speeding up or slowing down? Give a reason. 1 © () Whats the remainder when P(x) is divided by (x—a)? 2
. ;a2 :
(i) Showthat v*=x"+3x-4. 2 (i)  Provethat x Lt zeroof P(x). 1
(iif) Where does the particle first change direction? 1 2
S ’ (iffy  Prove that P(x) has no stationary points, * 2
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Question 14 (15 mérks) Marks
(&) A shooter hits the térggt_ﬂ’/‘% of the time. In a competition he will have fifty
shots at the target.
(i  What is the probability he hits 40 fatgets? 1
Answer correct fo 4 decimal plages.
(i)  What is the probability he misses at most two times? 2
Answer correct to 4 decimal places,
(b} Consider the finction f(x) = 4
X+
6] Showthat f'(x) >0 for all ¥ in the domain. i
(i)  State the equation of the horizontal asymptote of y = f(x). 1
(iify ~ Without using any further calculus, sketch the graph of y = f{x). 2
(iv)  Explain why f(x) has an inverse function £™'(x). 1
(v)  Find an expression for the inverse function f'(x). 1
{c) A particle is moving in a straight line under SHM, At any time (¢ (__secunds) its
displacement (¥ metres) from a fixed point O is given by:
x= Acos(i‘:-HaJ where A>0 and O< & <%
Atfter | secord the particle is 2 mefres to the right of (2 and after 3 seconds
the particle is 4 metres to the left of O.
()  Showthat Asina—Acosar=-242 and Asina + Acosa =442 2
(i) Showthat A=2V5 and a = tan"% 2
(ify ~ When does the particle first pass through O, 2

End of paper
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ACE Examination 2017 . u=14+3xorx =-§(u—1)
. HSC Mathematics Extension 1 Yearly Examination du 1
. . ’ T 6 | —=3orde==du . 1 Mark: A
Worked solutions and marking guidelines l dx 3
' jx«JH 3xds = | %{1; I %du =%I(u — W du
i - . 2
Sect?onl , dx —5 =25-5x=-5(x-5) - Centre ofmotlon at x=5
_ Solution ' Criteria 7 i . 1 Mark: B
Reflex £4A0C =21 _Arn_bzm : {SHM %Fx =—n*(x—b) with centre of motion at x = b)
. 5 5
2
1| zaBc=1x za0c _i Su_3x 1 Mark: C fx)y=sinx—=X
2 2 5 5 3
Angle at the centre is twice the angle at the ctrcumf'erence )= cosx_g
standing on the same are. i 3
flx :
r; e dr=dx ], ———dx= 4[5111 —] B x=x HJ'—Q I Mark: B
TJ9 TJg = 2 1) '
. . 2
2 T _ Rl Y S 1 Mark: D sinl.S5——xL.5
= [(s‘ﬂ 3J (Sm 45)] K || LS 149575, 551,496
Tw cosl.5—= ’
5 3
2 4 No restrictions = (7 —1)|=
P{2, 1) and Q(2, B). Internally 3:4, = D=
( mi N nxQ( ) y . , _ 0 Arrange;l;;r!lts 2 x(6—1)1=2151 1 Mark: A
N LT Ty . PO
_3x2+4x2_2 _3x8+4xl_4. ) o
T 34+4 T 344 " | T'=2+44e™ satisfies the equation A =k (T —2)
The coordinates are (2, 4). : Initially £~ 0 and T = 20
Fsini xdx = J'?-E(l—cos 2x)dx ) T=2+de™
0 b 9
i . 20=2+ 4™
=% x—%sian ’ ] ' ) A=18
4 : - 1 2~o 1 1 Mark: D 0 Also =20 anduT =10 ) . ];vmrk. .
_1 [f———sinlJ-—(O—rsinOJ] T=2+18¢ . :
2\3 273 .2 10=2+418e7
=l E_lx.\_/—a_ =£u_§_ e—kxzoz_g_
213 27 2] 6 8 . . 18
Unordered selection - . . ’ ; 20k =log %
50| s 1 Mark: C ¢
C,=1365 1 4 1 9

k=g 21,
201 g =20 %8
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Gy

T=1+de™

60 =12+ 4" or 4= 48
Also ¢=25and T'=30

30=124 48 %%

e-zsk=ﬁ=§'
48 8
3
—25k=log =
Og‘B
1 3 1 8
k=——1log ==-"log —
75 Beg 5 Be3
Weneed to find { when T=15
15124 48¢7"
oL
48 16
1
it =log —
Og‘lﬁ )
t=—log 16=25 log, 186 =70.66950., ~ 71 minutes
logeg

Section XX
ia) | x—ypia=0 3x—-p+d4=0 2 Marks: Correct
y=x—4 y=3x+4 answer.
m =1 S omy =3 . :
1 Mark: Finds the
tang = 1-3 _1 gradient of the lines
Itmm,| [1+1x3] 2 or shows some
understanding.
8=26.56505118.. randing
=27
11(b) 1 2 Marks: Correct
1 <l x#l answer,
l 11 1 Mark: Finds one
- correct region or
x-1>1 orx—1<-1 makes significant
x>2 x<0 progress.
1) T=T,+Ae™ or de™ =T-7, 1 Mark: Correct
1 @ dr answer.
——=—kde™®
dt
=—KT-T))
1) Initially ¢ = 0 and 7'=60, T, =12 3 Marks: Correct

answer.

2 Marks: Finds the
value of A and an
expression for &.

1 Mark: Finds the
value of 4.

II_(d) Horizontal ¥=0 ' 2 Marks: Correct
@ % =50cos0" =50 Answer,
x=50t+¢ .
When £=0, x=0 implies ¢c=0 1 Mark. Finds L
horizontal or vertical
‘ x=50¢ parametric equations
Vertical j=-—pg or shows some
Y=gt +50sin0" = —gt understanding of the
! problem,
=—=gf*+
¥ 2 g e
When =0, =90 implies c=90
1
=90-—gr*
i 9 &
11(d} |Ball strikes the ground y =0 1 Mark; Correct
() [ 90-1gl=0 answer,
Lgf’ =90
e 1_8_0
g
: 1 5
t= "ﬂ =6\/: ast>0
14 g
11(d) 5 1 Mark; Correct
(iii) | Ball strikes the ground when ¢ = 6\/: seconds. ansv?;r orree
. & :
Now x =50t
d=50x 6F= 300F Tnetres
g g
11(e) % 3 Marks: Correct
— IIC 3 By13-k 2
Bn="C(3x%) H? answer.

y 2 Marks: Finds the
=10, ) TE B0 o oYk o 3 value of & or makes
=N (2% x 311+ (B significant progress.

k I Mark: Uses the
The term independent of x; 8811k =0 expression for the
k=8 general term of a
Required term is "Ca(—?.)ﬂ P 1,140,480 binomial expansion,
12(a) 3 Marks: Correct -

Vaﬁ_[lbyldr:z_[:9ooslgdx

dmp=

5 ), (1+ cosx)dx

971' . x 9111 - .
=—2—[x +sinx]] = o cubic units

answer.
2 Marks: Applies the
double angle trig
identity.

1 Mark: Sets up the
integral for volume

™
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12(d)
i)

Particle changes direction when v=0

¥ 43x—4=0
(x+H(x-1)=0
Particle starts at x = 5 and is moving to the left (v =—0).
Atx=1 the particle isat rest v=0and a=2.5> 0
It then changes direction and moves to the right (v > Q)
» x=1 metres

1 Mark: Correct
answer.

e
//' HSC Mathematics Extensfon 1
12(b) | To find the gradient of the tangent 3 Marks: Correct
(1) i i 1 A0OSWCL.
y=—xland L=y
4a dv 2a
4 1 2 Marks: Makes
AtPQatarf) e x2ar=i significant progress.
dx  2a
Line d has a gradient of t and passes !hrough.S ©,a) 1 Mark: Finds or
y-y,=mx-x) states the gradient of
y-a=t{x-0) the tangent at P,
x—y+a=0
. 12'(_‘3) Tao find the coordinates of R 2 Marks: Correct
(ii) a a answer,
Substitute y =0 info x—y +a=0 then x=—?_ R(——t—,O)
To find the coordinates of Af ) 1 Mark: Finds the
b Yty a a coordinates of .
=MTR =ATh M(-E %
= 7T SEnby
=1 2
2 _a
__a 2
2t
12(b) | To find the equation of the locus eliminate f. 1 Mark: Correct
@) | However y is independent of £. answer.
=2
Y77
12(c) Lt 1 2 Marks: Correct
Ix2+2x+2 Jr"I(x+1)’+1 answer.
- 1 Mark: Completes
=tan” (x+1)+¢ the square,
12(d} | Initially x =5 and v=—6 1 Mark: Correct
® Acceleration g=x+1.5=5+15=6.5 answer.
Therefore a > 0 and v < ¢ (different signs)
The particle is slowing down.
1206y | ¢ 1, _ 2 Marks: Correct
(if) "[E(Ev )=x+15 answer,
1._1,
T HSxta 1 Mark: Determines
v =xt 4 3x4g, %vz =%x2+1.5x+c|
When x=35,v=—6 then {(-§)* =5 +3x Stc,ore, =4 or makes similar
Therefore v =x* +3x—4 Progress.

13'(a) sec? x 1 Mark; Correct
® LHS = ANSWE.
tanx
=——r—+tanx
cos’ x .
1 €OS X
= 2 » -
COS x sinXx
1 1
=X
cosx sinx
= CDSECYSECX
= RHS _
13(a) e 2 Marks: Cormrect
(iiy |wu=tanx u=tm1;-=\/§ ] u=ta!1-£=l answer.
du =sec’ xdx
1 Mark: Recognises
3 Z gec’x the use of part (i.) or
L cosecxsecx dr = L —dx makes progress in the
4 v tanx substitution.
_® ldu
1 on
=[log, u];ﬁ
=log, «,/3——log¢1
=log, 3
13() Step 1: To prove the statement trwe for n =1 3 Marks; Correct

5'+12x1-1=16 {Divisible by 16)
Result is true for n =1

Step 2: Assume the result true for n=k
5% +12k~1=16P where P is an integer (1)

ansiver.,

2 Marks: Proves the
result true for n=1
and attempts to use
the resultof n=k to
prove the resuit for
n=k+1.
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Step 3: To ﬁmvc theresult is trus for n =k +1
5 412k +1)—1=160 where (3 is an integer.
EHS =5 +12(k+1) -1

=5 412k +11

=5(5" 12k —1) - 48k +16

= 5(5 +12k-1)+16(1-3k)

=5(16P) +16(1-3k) from (1)

=16(5P+1--3k)

=160

= RHS
(2 is an integer as P and k are integers,
Resultis truefor n=k+1 iftruefor n=%
Step 4: Result true by principle of mathematical induction.

1 Mark: Proves the
result true for n=1.

lfzi()c)_ LFAE = ZECF = 90" (giyen) 1 Mark: Correct
- AECF is a cyclic quadrilateral answer.
(if two opposite angles of a quadrilateral are supplementary
then the quadrilateral is cyclic)
13’_§°) £BDC = ZBAC {(Angles in the same segment of a circle are | 3 Marks: Correct
(i) . equal} answer.
LEAC = ZEFC(Angles in the same segment of a circle are | 2 Marks: Makes some
equal) | progress towards the
ZBAC = ZFEAC (same angle) solution.
- ZBDC = ZEFC I Mark: States one
, . : relevant statement
(conesPnndm}j‘,' angles are equal if and only if EF || BD) and circle theorem.
Therefore EF is parallel to BD
13(d) | Given the remainder of -8 when P(x) is divided by (x—5) |2 Marks: Correct
@ P =(b—a) +(b-B) answer.
_ 3
- =(b-a) 1 Mark: Applies the
(b—ay =-8 remainder theorem.
b—a=-2
a=b+2

To find the remainder when P(x) is divided by (x—a)
Play=(a—af t(a—b®

=(a—b)y

=({b+2-b)

=4
Therefore the remainder is 4.

13(d)
(i)

If x =£;—b is a zero of P(x) then the remainder is 0.

atb, ath atb .

= ()
_atb-2a, a+b-2b
=

~(bmay a-by
=)

@by, @by
=T+ =)
a—-b,{a-b
5 )( _)

2
b+2—b_g
2

P

)1

—(bt2-by
ey

=-(1)(0)=0

1 Mark: Correct
answer.

13(d)
(iti)

P =(x—a) +(x—b)
Px)=3x—a) +2(x—b)
Stationary points occur when P{(x) =0
3r—a) +2(x—b)=0
3 —6ax+3at +2x—2b=0
3% 42— Ga)x+ (30 ~25) =0
A=b-dqc
=(2-6a)" —4x3x{(3a* —2b)
=4-24q+36a" —36a% +24b
=4—24a424b
=424 % (b+2)+24b

=4-24b—-48+4+24b=-44 <0
P(x} has no stationary points,

2 Marks: Correct ]

answer,

1 Mark: Finds the
derivative and uses
the discriminate.

14(a)
®

Let p be the probability of hitting the target ( p= 0.87)
Let ¢ be the probability of not hitting the target (g =0.13)
P(k successes) = "C,(0.87)(0.13)**
P(40 targots) = ¥C,,(0.87)?(0.13)"

={.0539 '

1 Mark: Cormrect
answer.

14(a)
(it}

Misses at most 2 targets then &= 48, 49 and 50
P{Af most 2 misses)

="C,,0.87%0.13" + ¥C, 0.8770.13' + ®C, 0.87%
%0.0.339

2 Marks: Correct
angwer.

1 Mark: Makes some
progress.

HSC Muthematics Extension [ ‘\\\

.

~




————— " |

HSC Mathemalics Extension |

HSC Mathematies Extension !

When /=3 thenx=-4
~4=Acos(%x3+a)

( 3r L 3m . )
=A| cos—cosa —sin"~sin g
4 4
—A(——l-cosa——l—sina)
V2 V2

—45: —Adecosa— Asina
Asina+ Acosa =442 -

14.@ Asing —Acosa =22 ) 2-Marks: Correct
(ii) answer.
Asina + Acosa = 442 (2
Adding equations (1) and (2) then 24singr = 242 1 Mark: Finds 4 or a.
Subtracting equation (1) from (2) then 24 cosg = 62 Altematively shows
o ) N 5 some understanding
(24sina) +(24cosa)’ = (242) + (64/2) of the problem,
44*(sin” a + cos® @) = 8472
A =20 or 4=25
24sing 22
2A4cosax 632
P or = tan L
3 3
1‘?‘(_"-‘-) Particle passes through O whenx=0 2 Marks: Cormrect
(iid} x answer,
Ac‘os(zr+a) =0
w37 57 1 Mark: Finds
—tta =, . x
4 272 —I+ o =-— or shows
First passes through O 4 . 2
” some understanding,
Ztra=Z
4Ty
s a oz
—tttan ===
4 3
il e
4 3
—t=tan"3
t= itan"l 3
Vs

Accept =2 ~itan"§~ or 1.59 seconds
7

14(b) x| i Mark: Correct
@ | f0= 713 8 defined for all x = —4 answer.
Fey=CtAxXIaxl 4wt
(x+4) {(x+4)
14‘@) x+4 4 1 Mark: Correct
@ [ fx= P answer.
1
x4
4
As x> dm —— 30
x+4
Horizontal asymptote is y=1
14(b) ¥ 2 Marks: Correct
(dii) 5 T answer.
41 1 Mark: Shows
2+ asympiotes or basic
ot ey = | shape of the curve.
-1 -10 -8 -6 2 4
1‘!(‘-‘) The graph of y = f(x} indicates & one-to-one mcreasmg 1 Mark: Correct
) finction (it satisfies the horizontal line test) AnSWer.
14() | The inverse function js 1 Mark: Cormect
) "| answer,
N
y+4
+dx=y
(I-x)y=4x
_ 4x
Y 1-x
- 4x
= i
-x
14'(0) When r=1thenx=2 2 Marks: Correct
8] 7 answer,
ZﬁAcos(leﬂxJ ’
. D 1 Mark: Finds one of
= A(cosz Cosc— sm:{sm a) the equations or uses
B the compound angle
=A(_l. cos ——LsinaJ fc':rmu!a with t}}e
\[2— JE given information.
2J§=Acosa—Asina
Asino — dcosa =242 J

10




