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SYDNEY BOYS HIGH SCHOOL

TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

Mathematics Extension |

General Instructions

* Reading time — 5 minutes

*  Working time — 2 hours

+  Write using black pen

* Board-approved calculators may be used

* A reference sheet is provided with this paper

+ Leave your answers in the simplest exact form,
unless otherwise stated

* All necessary working should be shown in
every question if full marks are to be awarded

» Marks may NOT be awarded for messy or
badly arranged work

* In Questions 11-14, show relevant
mathematical reasoning and/or calculations

Total marks - 70

Pages 2.5

10 marks :
+ Attempt Questions 1-10
+  Allow about 15 minutes for this section

Section H | Pages 6-12

60 marks

«  Attempt Questions 11-14

» Allow about 1 hour and 45 minutes for this
section

Examiner: E.C.




Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 In what ratio does the point M(4, 5) divide the interval PQ, where P and Qare
(1, 2) and (3, 4) respectively?
(A) 2:1
|) 1:2
c -1:3
m» 3:-1
2 A particle moves in simple harmonic motion on a horizontal line and its acceleration is
2,
d—;‘ =36—4x,
dt

where x is the displacement after ¢ seconds.

Where is the cenire of motion?

(A) x=-=2
B) x=2
€y x=-%
D) x=9
3 What is the value of lim sin3x ?
=0 tan10x
(A) 3
(B) 10
3
C —
©) 10
10
D -
@ 3




Which of the following is an equivalent expression for sin(tan™ 'x)?

(A)

B
® VI+x®
i

©

)

The velocity, v, of a particle moving in a straight line at position x is given by v = 2¢ ™%,

Initially the particle is at the origin. What is the acceleration of the particle at position x?
(A) a=-4e™
B) a=-16"
© a=—de™

(D) a=-8e*

Let &, Sand ¥ be the roots of x° + pa? + g = 0.

1 1 .
Express — 4 —+ % i terms of p and g.

off Py
(A pq
B) -»g
© -Z

q
o £

q




34"
If f(x) =25

(A)  In(x—3)

, which of the following is £7'(x) ?

(B)  lln(5x—3)
(C) In5x—In3

(D}  >(InSx—In3)

Tom, Jerry and five other people get on a bus one at a time,
How many ways can the seven get on the bus if Tom gets on the bus after Jerry?

(A 21
B) 120

(€) 2520
D) 5040

What is a general solution of cos260 = % 7
2
I

(A) 6—8+nﬂ: 01‘9=7?7C+?17I,f01‘ ne

B) 0="12nn or9=’%+2nﬂ,for neZ

3
(©) 9=%+mr 01‘9=Tﬂ+1m,for ner

) 6=%+2nn’ or 6=%+2137£,f0r ner




10

The size of a population at time ¢ is g'iven by P(£)= 100 + 200 ¢

— 0.1t

What is the time for the population size to fall to half its initial value?

W)

(B)
©

D)

101og, 2
101og,3
101og, 4

10log 5




Section II

60 marks
Attempt Questions 11-14
Allow about 1 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Solve = *l =1
X —

(b)  Find

. 2
d
® J vI-9x2 g

(ii) J sin’ (%J dx

e

(c) Using the substitution ¥ =x + 2, find J‘ gxlx +2dx.

(d)  Sketch the graph of y = f(x), where f(x)= %cos"l(l ~3x).

(e) (i) Show that f(x)=¢"~x’+1 has a zero between x = 4.4 and x =4.6

(i)  Starting at x = 4.5, {ind an approximation for the zero in part (i)
using Newton’s method.
Express this approximation correct to 2 decimal places,

(f)  Prove tan™ 2, cos™ -
3 J5 4
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Question 12 (15 marks) Use a SEPARATE writing booklet.

{a) A particle with displacement x and velocity v, is moving in simple harmonic motion
such that its acceleration, X, is given by X =—12x.

Initially the particle it is at rest atx = —4.

(i) State the period of the motion
(i)  Show thatv? = 12(16 —x%)
~#(iii)  Find x as a function of time ¢.

(b)

B

Two circles ] and C; touch at 7. The line AF passes through O,
the centre of Cs, and through T.
The point 4 lies on C; and E lies on Ci. .
~ Theline 4B is a tangent to C; at 4, D lies on C; and BE passes through D.
“The radius of C; 1s R and the radius of C, is ».

1) Find the size of ZEDT, giving reasons.

(ii)  If DE = 2r find an expression for the length of EB in terms of » and R,

Question 12 continues on page 9
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Question [2 (continued)

(c) -(i) Show that the equation of the normal at P(at?, 2at) on the parabola
¥ =4ax is given by #x + y=2at -+ af’.

(i)  The normal intersects the x-axis at point .
Find the coordinates coordinates of (2 and hence find the coordinates of R,
where R is the midpoint of PQ.

(iii)  Hence find the Cartesian equation of the locus of R,

End of Question 12




Question 13 (15 marks) Use a SEPARATE writing booklet.

(a)

(b)

(c)

(d)

()

4 . . .
Sketch the curve y = x+—, showing clearly all the stationary points and asymptotes.
X

, 4
Hence find the values of & such that the equation x+— =k has no real roots.
X

How many different arrangements can be made using all the letters of PARALLEL?

Find the obtuse angle between the lines 3x—y+5=0and 2x+3y—-1=0.
Give your answer correct to the nearest degree.

Prove by mathematical induction that
nxt+m-Dx2+n-2)x3+.. +2xn-D+1xn= %(:z+l)(n+2)

for positive integers #.

" A particle moves in a straight line so that its velocity v m/s at a position x metres

from the origin is given by
v=9+4"

It starts at x = 0.

) (1) Find its acceleration, %, as a function of its displacement x.

(ii)  Express its displacement x, as a function of time ¢.

— 10—



Question 14 (15 marks) Use a SEPARATE writing booklet.

(a)  Differentiate cos™ (sinx) with respect to x.

(b)

In the diagram above, 4B is a fixed diameter of a circle centre O, radius 10 cm.
AB is produced to C such that BC'=20 cm.
X and Y lie on the circle such that CXY is a straight line.

Also, ZBOX= ¢ and LZACX= 6.

. . d .
X is free to move around the circle such that ?(f = 27 radians per second.

4

(i) Show that the area, 4, of the shaded region is given by

A=50[20+@+sin2(6 +¢)+3sing |

(i)  Find the maximum area of the shaded region.
Leave your answer correct to 1 decimal place.
[Note: Calculus is not required]

i
PR

(iii)  Determine the rate of change of £ ACX at the instant when CX
is a tangent to the circle.

Question 14 continues on page 12

—11=-




Question 14 (continued)

(c) A particle is projected from the top of a wall of height /1 with a speed u at an
angle o to the horizontal, where 0° < g < 90°.
It strikes the horizontal ground at a point P which is R metres from the wall.

l PR, - )

You may assume that the trajectory of the particle is given by

gx*(1+tan’ o)

W (Do NOT prove)
u

y=xtano—

(i) Ifu= %h and R = 24, find the two possible values of o,

(iiy  If u=+/2gh, find the maximum value of R in terms of /# and also find

the corresponding value of o,

[Hint: Form a quadratic equation in terms of fan ¢.]

End of paper
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Marker’s Comments

Most candidates were able to solve the
inequality correctly. However, candidates
lost a mark if they did not consider the
denominator in the original inequation.

Candidates whom wrote x # 2 in their

first line of working were less likely to
make the errorof x>2.

Marker's Comments

Most candidates did well in this question;
however, a few did not have a
denominator of three in their final answer,

{I S

Marker’s Comments

e, Jt 2 X
z Most candidates did well in this question;
T Tdy | however, a few silly errors were made in
- S

this question especially with the
substitution of u = 2x or equivalent.
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f{x) is a continuous function

Marker’s Comments

Candidates lost half a
mark for not substituting
the x + 2 back Into u after
integration.

Marker’s Comments

One mark is given for the
right shape of the graph
and one mark for the
correct domain and
range.

A significant number of

" candidates lost one mark,

due to not satisfying one
of the criteria above.

B 11 F 4

= hwanisew, ye ST

__,._.__.__g.i}f?f_ﬂ._ﬁ}?i{,,_is‘_,.,%iwi!'ﬁ;}“{, Q,i:,ﬂszﬁ;,;‘ a 2eve €xisT bedetenn XMy

B R L N A

Marker's Comments

- Candidates should mention f(x) is a continuous
function as well, however no mark was penalised.
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Marker's Comments

- Candidates shouid substitute x =
4.5 into Newton’s Method rather
state the answer after writing the
first line.
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Marker's Comments

- Few candidates did not PROVE LHS is equal to RHS, rather SHOWING by typing the results into
their calculator. Candidates were penalised for this.

- Candidates to need to show LHS = RHS by some trigonametric identity and use right angled
triangles to find side ratios to be successful in gaining full marks for this question.
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* Donewell. 1 mark for acute angle and 1 mark for obtuse angle.

HSCME 1 qi3(b)

Prove by mathematical induction that 4
AXT40-DX2b (=2 X3 k. 42X 0= D+ Lxn= %(u-{-l)(u+2)

for positive integers .

Testn=1:

LHS=1ix1=1

RHS = %(Hl)(l-{- D=1
Soteforn=1

Assume true forn =k
e kX1 +E-DR2+(k-2%3 4., +2x (k- +1xks= %(k+1)(k+2)

Need to prove true forn =k + 1:
B Gk X1 B2+ ke 1)X3 s 4 2 X Kok L X Gt 1) %(ku}(ﬂs)

Method T;

Consider the LHS of the assumption. -

If you add | to the first term, 2 to the 2™ term and continuing in this fashion so that
you add k to the last term then an extra & + 1, then you get the LHS of the expression
that needs to be proved

S add 142+ ... +k+k+ 1to the RHS of the assumption '

%(kﬂ)(k +2)+1+2+...+k+1=%(k+1)(k+2)+”‘*¢2(""‘2

=-§-(k+1)(k+2)+

JEHNGED)
-

Ik +(k-+2)
6

_ k) 2)E13)
]
This is the RHS of the expression that needs to be proved.
So assuming true for n = & means that the statement is true forn =k + 1.




Method 2:
LetSi=kX tah~1)x2+ (k-2 %3+ ..
Sk+[=(k+1)><1+k><2+(k~1)x3+...

+2xE-D+1xk
F2XE+FIXE+1)

R+x1 kx2 k-Dx3°...

k-Dx2 ..

2xk
Z2xk-1)

Serr = Ix(k+1)

Sk

= kx1 1xk
Consider S, -5, :
Spp =8, =R+ DRI R4 (k —1) b+ 241
_ D)
2

k+1k+2
Sy =S +'( ')_2( )

a8 =%(k +1(k+2)+ (by assumption}

This now follows the path of Methed |

MeThod 3
LS = R+l o+ (x2+ 2+ (2)x 3+ 3+
tIxK t & +hrl

Ck+ 1k +2)
2
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Most students did not get more than 2 marks for this - these 2 marks were given fo
the case n=1 and assumption n=k. Final 2 marks were for proving true for
n=k+1. Many students tried to fudge the answer.
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Question 14

SOLUTIONS

(@)  Differentiate cos ' (sinx) with respect to x.

COsXx

AT cos(sinx) | = - —S5%
dx[cos (Smx)]— \/1——31112:

Cosx

- veosix

COsSX

[cosx|

1 ifcosx<0

—1 ifcosx>0

Note —d—[cos"(sinx)] is undefined if cosx = 0
- dx

Comment

Too many students stopped at the first line of the solutions and also many made the mistake of

cancelling leaving the answer as —1.




Question 14 {continued)

(b)

In the diagram above, 4B is a fixed diameter of a circle centre O, radius 10 cm.
AB is produced to C such that BC'= 20 em.

Xand ¥ lie on the circle such that CXY is a straight line.

Also, ZBOX= ¢ and LACX= 6.

do

X'is free to move around the circle such that o =27 radians per second.

(i) Show that the area, 4, of the shaded region is given by

A=50[20+¢+sin2(0 +¢)+3sing |

LYXO=¢p+ 8 (exterior angle AOXC)
LYOX=rm--2p+ 6) (angle sum AOXC)
LYOA=20+ ¢ (straight angle ZA4OB)
Area AOXC: OC=0B+BC=130
Area= 1x30x10sing =150sing
Area AOYX: Area = 1x10x10xsin| 7 —2(6 +) ]
=50sin2(gp + 8)
Area sector OVA: Area = 1x10x10x(20+¢)
=50020+ )

< A=50[ 26+ +sin2(6+¢)+3sing |
Comment
Generally done well, but it is a “Show that” question and so detail, which might seem
obvious, was required to achieve full marks,
-




Question 14 (continued)

(a) | (11) Find the maximum area of the shaded region. | 2
Leave your answer correct to 1 decimal place.
[Note: Calculus is not required]

The maximum area will occur when Y and X are coincident

-, YXC'is a tangent i.e. - go=§.
¥
10
@ G
4
0o 10 B 20 ¢

cOS —irésin —2—2—
973 =73
A=50[2(§—¢)+cp+simr+3smqo}
:50[75—003‘1(%}+2\E:| n?
=237.0u°

Comment

Generally done well, though many made the mistake of taking ¢ = 90°, as long as this was
the only mistake they were only penalised 1 mark.

Part (iii) was not done well at all.

(iii)  Determine the rate of change of ZACX at the instant when CX 2
is a tangent to the circle. :

When X is at B then 8= 0, as X continues anti-clockwise it increases until
YXC is a tangent and then starts to decrease again after tangency.

This means that when YXC is a tangent that 8 is a maximum or 8 =0.

Calculus Proof:  From diagram in part (i) and using the Sine rule
sinf _ sin(@+¢)

10 30
Differentiating wrt 2 3cos0 X 8 = cos(6+ @) x (6 +¢)

= 3sin 0 = sin(6 + @)

With ¢ =27 and 6 ¢= % then 3cos@x 0 = 0x (6 +27)

2. 3c0os@x8=0
~0=0 [0039:%]

—3_




Question 14 {continued)

(c) A particlé is prrojrecté'drfrom'the top of éfwralljorfihéright h with a 'si)-ee:d- watan
angle ¢ to the horizontal, where 0° < o < 90°,
It strikes the horizontal ground at a point P which is R metres from the wall.

JI
)
u
0 o

A X

h

v Vil (- h)

You may assume that the trajectory of the particle is given by
*(1+ tan”
y=xtano — MEZM (Do NOT prove)
u
. dgh .
(i) fu= S and R = 24, find the two possible values of ¢ 2
. gx’(1+1tan’ o) I
Using y=xtano — B R and substitutingx=R=2h, y=—h
u
and u= "ﬂ .
3
21)*(1+ tan’ o
—h=2htang — g2h) ( i‘;n %)
2%
2

—h="2h tana—w [k (#0)]

s —2=4tana - 3(1+ tan® @)
s 3tan’ o —4tano +1=0
s (3tang —Dtanog — 1) =0

stano =11

oy =tanll &
so=tan” 1, E

Comment

1t was very hard to get marks if the correct quadratic was not found.

Students need to substitute for u, x and y and simplify initially.

Too many students made the problem harder for themselves by not doing this early on and
correctly. A
Students who found a negative angle, generally tried to fudge it rather than fix it.

—4-




Question 14 {continued)

(¢} (i) If u=+/2gh, find the maximum value of R in terms of / and also find
the corresponding value of .

[Hint: Form a quadratic equation in terms of tan o]

.2 1+t 2 . i
Use y=xtanoc—&-£~2r—?}—q~)~ withx=Randy =-/.
u
2 2
—h:Rtan(X———gR (I+1an o)
2x(2gh)

o —dgh® =dghRtano — gR*(1+ tan® o) [+g:|
o R tan’ o~ 4hRtano+ R2— 417 =0
A =(4hR)* — 4(RR* —4h%)

=161°R* - 4R* +161*R*

=321°R* - 4R’

=4R*(8h* - RY)

For there to be any values of ¢z then A >0

LARMSH -RH =20

L8P —R*20
. R* <8K°
~0<R<242n
~R =22k
Note: For R = 2420, A =0,
Solving R*tan’ o —4hRtano+ R* — 40> =0
4hR
tane = _—
2R
2
R
2h

- 2\/511
_ 1
V2
- the angle that gives maximum range is tan"l(ﬁ) 235952/

Alternative on following page




Question 14 (continued)

(iD)

(continued})

Consider R*tan* o —4hRtang + R — 414 =0
The range reaches a maximum as ¢¥ increases, since R =0 at =0 and ¢ =2

but for what angle.

Find j—R 1.e. differentiate wrt .
o

Note /4 is a constant,

R2xi(tanzoz)+i(R2)xtan2O£~4h —d—(R)Xtana+in(tancx) +i(R2):O
do do do do do

R dR
s 2R tanosec? oo + 2 tan” ad— — 4} ‘rano:—d’—Jlti —4hRsec’ ot +2R— =10
do do dot
‘R
Now R will occur when d— =0
: do
~ 2R’ tanosec’or—4hR_ sec’ o =0 [+Rﬂmc sec’ ¢ (# 0]
S 2R tangr—4h=0
2h
Sotang = ——

mnax

This now follows the previous solution.

Comment
As for part (1), it was very hard to get marks if the correct quadratic was not found.

Students need to substitute for «, x and y and simplify initially.
Too many students made the problem harder for themselves by not doing this early on and

correctly.
The hint for the most part was ignored or at least did not remind students that this is
ultimately a quadratic problem and hence the need to examine A (discriminant).

Students sitnply stating that for R then A = 0 and then obtaining the correct answers did
not score full marks. 7

Many students are still convinced that the maximum range always occurs when a projectile
is fired at 45°.







