2005 TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION

Mathematics Extension 11

General Instructions Total marks — 120
Reading time — 5 minutes * Attempt Questions 1 -8
Working time — 3 hours ¢ All questions are of
Write using black or blue pen equal value

Approved calculators may be used

A table of standard integrals is provided

All necessary working should be shown

in every question

¢ Answer each question in a SEPARATE Writing Booklet

e O & ¢ 9

Care has been taken to ensure that this paper is free of errors and that it mirrors the format and style of past HSC papers.
Moreover, some questions have been adapted from previous HSC examinations as well as from trial examinations from
various schools and other sources, in an attempt to provide students with exposure to a broad range of possible questions.

However, there is no guarantee whatsoever that the 2005HSC examination will have similar content, style or format. This
paper is intended only as a trial for the HSC examination or as revision leading to the examination.
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Question 1 (15 marks) Use a separate page/booklet

(a) Find the indefinite integral:

(11) I—j‘\/4——F
- 9x

dx
i) f—2
(4-9x2 )

(b) Evaluate:

%
() [sin7'x dx
0

Gy &

ox6+62

(iii) ?xsin (a-x)dx
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Question 2 (15 marks) Use a separate page/booklet Marks

(a) If zand w are complex numbers, Z andWw are the respective
complex conjugates of z and w.

() Prove: z+w=z+w 1
(i) Showthat |*=zz 1
(iii) Prove: 3z- 112 =|z+ 1]2 if and only if |z - 2‘2 =3. 2

(iv)  Draw a rough sketch of the subset of the complex plane, where
w/5|z—-1| =|z+1| 2

) (@) Prove that for all complex numbers z and w
|z+wl2 + [z—wl2 =2 l|z|2 +|w[2 1 2

(B) Give a geometrical interpretation of this equation in the
complex plane. 1

) (@) If z=cosf+isind, show that z”+—1”~ = 2cosné 1
z

(i) For z =r(cos@+isin@), find r and the smallest value of 0
which may satisfy the equation 2z° = 9+3+/3i. 2

(¢)  Shade the region in the complex plane, for which

<argz <

SR
wiy
[y

(d) Two fixed points z; and z; and a variable point z represent the complex
numbers z; z;and z respectively. Find the locus if

arg{z_z‘:laB 2
z-2,
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Question 3 (15 marks) Use a separate page/booklet

(@) Show that the equation of the circle on the diameter joining
the points (x,,, ) and (x,,,) is given by
E-x)E-x)+ =7)-,)=0
(b) The village green of Mathematicus is in the shape of an ellipse with
external dimensions 60m by 48m.
NOT TO
SCALE

(i)  Write an equation to model the shape of the green. Assume
that the centre of the green is the origin.

(i) Write the coordinates of the focii and the equations of the
directrices.

xZ yZ
(c) () Inthe ellipse= + yoi I, (a>b), Aand A’ are two points
a
where the ellipse cuts the y- axis. The tangents at A and A'to
the ellipse intersect the tangent at P in Q and Q 'respectively.
Show that AQ x A'Q’ = a*.

(ii) If the circle on QQ' as diameter meets the x —axis at the
points R and R', show that OR x OR’ = a* —b*, where O is
the origin of the ellipse.

@ 1f 2-+3) =a, - 5,3 forall positive integers n, where
a,and b, are integers, show that
i) a,, =2a,+3b, and b,,=a,+2b,

(i) Calculate: a,’—35,%,for n=1,2and3

(iii) Guess a formula for a,,2 --?:b,,2 and prove your guess is true
for all positive integers 7.
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Question 4 (15 marks) Use a separate page/booklet

@

A hyperbolic mirror is used in some telescopes. It has the property
that a light ray directed at one focus will be reflected to the other
focus. Using the figure given below write an equation to model
the hyperbolic mirror’s surface.

Light rays NOT TO SCALE

\ / mirror
//}’ ‘(12,6 )

®

©
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10,0
Focus )

\' Focus
N\

p (2 D, —2~) is a point on the hyperbola xy = 4
p

(i)  Show that the equation of the normal at P is given by
y = pix-2p'+2
p
(i) If this normal meets the x — axis at Q, find the coordinates of Q

(iii) Find the coordinates the midpoint M of PQ .

(iv) Hence find the locus of M.

() Showthat (cosd +ising) = i ‘¢ i"cos*"0 sin "0

r=0
(i) Hence prove that cos56 = 16cos’ -20 cos® @+5cos 6

(iii) Deduce that cos = cosz’f— coszr—i£ cos—9£ = 2
10 10 10 10 16

Marks
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Question 5 (15 marks) Use a separate page/booklet Marks
(a) NOTTO In the diagram, PQ and RS are two chords
SCALE

of the circle intersecting at O. TR and TP are
perpendicular to RS and PQ respectively.

Prove that the line through T and O is
perpendicular to SQ. 3

(b) If p>0and ¢>0,and p+g =1, show that v—1—+lz4 2
P q

(c) Find the general solution of the equation cos56— sin46=0
Hence write down the solutions in 0 < x < 4z, 3

(d) If oisacomplex root of the equation x* = 1, show that the
other complex root is ®” and 1+ @ + o’=0 2

%2
2+l

(&) I y=

(i) Find the coordinates of the stationary points of the curve and
determine their nature. 3

(i)  Sketch the curve. 1

(ifi) Use the sketch to find the number of real roots
of the equation x* — 4x* +1=0 1
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Question 6 (15 marks) Use a separate page/bookiet

(a) Sketch each of the following curves on separate axis.
() y=In|x]
(ii) y=|ln (x)|
(i) |yj=linGo)

(iv) I y! = ln|xl

(b) Five points are placed randomly in the xy plane, not on the axes.

What is the probability that

(i) exactly one point will lie in the first quadrant?

(ii)  at least two of these points will lie in the first quadrant?
(c) A particle moving with simple harmonic motion has a speed

of 32m/s and 24 m/s when its distances from the centre of

motion are respectively 3 m and 4 m. Find the periodic
time of the motion.

Marks
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tion 7 (15 1t /booklet
Question 7 (15 marks) Use a separate page/bookle Marks Question 8 (15 marks) Use a separate page/booklet Marks

(a)  Use the shell method to find the volume generated by revolving

about the x — axis the region in the coordinate plane bounded by (a) A body of mass m in falling from rest, experiences air resistance

of magnitude kv? per unit mass, where  is a positive constant.

1
y= Z"3 and y=-2x. 4 (i)  Write the equation of motion of the body and find the value
of the terminal velocity V of the body in terms of & and g
(b) Ifa>0and b>0,c >0, show that (acceleration due to gravity). [ Take g=9-8 m/s? ] 3
a+bh+e 3 (i) If w is the velocity of the body when it reaches the ground,
o) "I > Jabe 3 show that the distance S fallen is given by
2
, S=—-2% 1{1-%} 3
@ —-+—+-—23 1
c
(iii) With air resistance remaining the same, prove that if
. o ! ) the body is projected vertically upwards from the ground
(c) A circular hole is drilled through the centre of a sphere of radius 1 cm with velocity U, then it will attain its greatest height
so that the volume of the sphere cut away is half of the volume of the ] U
sphere. Find the radius of the drill bit used. 4 H where H =ﬂh{l +—I72—) , and return to the
ground with velocity w givenby w2 =U2+ r2, 3
(d) Find the roots of the equation x* +2x* +6x* +8x+8 =0 given
that one of the roots is purely imaginary. 3
(b) A section of a road approximates to a circular bend of radius 500 m.
j The road is inclined at an angle of 4° to the horizontal.
j [Takeg=9 8 m/s’]
() Find the best possible speed to drive this bend in
order to minimise the frictional sideways force
!
on the tyres. 3
(i) Ifacar is of mass 900 kg and is driven round the
road at 100 km/h, find the sideways frictional force
on the tyres in Newtons. 3
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Marking Guidelines: Mathematics Extension II  Examination

Question 1 (b) ()

ANSWERS QUESTION 1

Question 1 (a) ()
[ Criteria Marks
[« One mark for correct partial fractions, one each for integration 3
Answer:
Let 1 5= A + 3 B 101 1
4-9x*  2+43x 2-3x Z(sln(2+3x) ——5111(2—3x)) +const
Then 1=A(2-3x)+B(2+3x)
Putti =2 1=4B B-—1 l'l M(2—+§£ + const
utting x-;, = ~B=7 13 2x
Putting x =—-2~, 1=44 " A= -1—
3 4 1 (2 + 3x]
—1n + const
=[cbc=l[dx+Idx 12 \2-3x
JiToxr T alJ2e3x J2-3x
Question 1 (a) (ii)
Criteria Marks
«  One mark for integration for writing difference of squares and one integration 2
Answer:
[ =] s
J«/4~9x2 JZZ—(3x)2
1., 43
= —sin”™ = + const
3
Question 1(a) (iii)
Criteria Marks
e One mark for proper substitutions, one for simplifying and one for integration 3
Answer:
j & 1 1
3 2
22 = —(sec* g df = — tan@ +const
(a-9x )/ ! 12
Lot x=2sin0= dr=2c0s6d6 , 3
3 3 1 sind 1 5
— + CONSt = —— —=imee + CONISE
12 cosé 12 9x?
2 cwodd 2, cosé df ==
3 R E) 3
3 (4 -~ 4sin? G)A 3% ((:osz G)A x + const
4 J4-ox?
- b I cosd d@
127 cos’ @
Trialmaths Enterprises 2005 Ext.11 Solutions

Criteria Marks
e One mark for writing in integration by parts form one for integration and one for 3
final answer.
Answer:
' Y 1 Y B I xdx
(i) fshx'xabc:[sin'lx le—(x)dx h 1 —~x?
°
¥ Let 1-x=t then -2xdv=dt
( . =} } 2 P
= 2
= lxsin? xf2 - | = &
0 Vl-x 3 v\
N, I=_1/jgr_ 1[4}
= j=x=|=| ] —-1 2 )
-z B S L2l f
TR 2 1 2
Question 1(b) (ii)
Criteria Marks
e One mark for substitution and change of limits and one for integration. 2
Answer:
22
= Let x° =t then 3x° dx= dt
jx6+64 =-1—(tan"1—tan" 0)=fo—
. 24 24" 4
1y o4t 1.1 ( a t)
== = —x—{ tan
35064 308 8/ = X
96
Question 1(b) (iii)
Criteria Marks
»  One mark for writing in integration by parts form and one for integration. 2
Answer:
a : a _ .
{xsin(a~x) dx =[x —d—[c'os(awx)]dx = (a c0s0-0) - [-sin(a-nf
0 o &
a = g-sina
= [xcos(a-n[ ~ Icos (a-x)ydx
0
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Question 2 (a) (v) (@) and ()

PR ——

; Criteria Marks
: s () One mark for stepl and one for step 2. 2
ANSWERS QUESTION 2 : - . 1
®  ( 3)One mark for the geometrical interpretation.
Answer:
2 2
Question 2 (a)(i)(ii) @z +lz+nf =(-we= w)+(z+w) (5 w) from (i) step 1
Criteria Marks = (z- w)(; —»_v)-)-(z + w)(;+:;)
e (i) One mark for correct answer 1 - = - . = - -
o (ii) One mark for correct answer. 1 = Z2Z—ZW—wWZ+wWw+zZ+zZWH+WwWZ+ww
Answer: = z W 2 2 w? .
@@ etz —a+ib andw= c+id o () = 222+2 ww. 2] + 2w 2]l 4 | from ) s
z/+w=ia+ib;+ic+id) @ lzl =( @b )
={a+c)+ib+d) =a*+b*
=(a+c)-i(b+d) = (a + ,'b)(a -~ ib) )] Thus as lz - w[ and ]Z + Wl are the lengths of the
= (a - ib) + (c —id ) =2z diagonals of a parallelogram with sides of length
=z W Im lzl and ]w| we observe: “The sum of squares of

the lengths of diagonals of a parallelogram is equal to

Question 2 (a) (iii) the sum of squares of the lengths of the sides of the

Criteria Marks hw parallelogram’
o  One mark for =3(z~ 1)(}Tl)=(z + 1)‘2 + 1) and one for simplification 2
Answer: Re
i) 3jz-1 = |z+1
=3(z-1 Z- 1)=(z +l)‘f +1) ..... creenenes . eereren {using (ii)} Question 2 (b) () (ii)
. :>3(z—1)(z—1)=(z +1Xz +1) ceresrnenanen creneres veee {using ()} Criteria Marks
} = 3[;}., z -2+ 1] = l"‘; tz4z 4 1J & (i) One mark for showing 2cosné 1
] - - e (ii) One for rand one for £ 2
=2zz-4z-4z+2=0
— - Answer;
=72z —22-2z +1=0 ) (i) z=r(cos6 +isin6)
=2-22-27+4=3 z=0086 + 1sinf Given 2 z°=9+33i
=>(z—2)(z—2)=3 ~z" = cos n@ + isin nd [ By De Moivre’s b
=|z-2 =3 cereeesvaesessaeeesns {using (i)} theorem] 2r3(cos36+isin 36’)=6w/§[-—2—-+-£ z‘]
‘ and z™" = cos n@ - isinnd
T a7
Question 2 (a) (iv) 2+ = 2c0sn6 = 643 [COSE + isin —6-]
Criteria Marks ’ 7" .
e One mark for the locus and one for the diagram. 2 : 2/ =63 and 30 = <
i
: n
(iv) From above we have Im L= JS_ and 6 =%
Slz-1= | +1] leadsto |z-2/=+3 v
which is a circle with centre at (2,0) and radius v
i
i
!
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Question 2 (¢) (d)
Criteria Marks
¢  (c) One mark for the diagram 1
o (d) One mark for the diagram and one for stating the locus. 2

Answer:

© @

Ve F:4 Z—z

—<argZs— ar L=

C 3 g[z e

The locus of Z is the major arc of a circle terminated at Z,
and Z,.
Alm
A Im
o /6 »Re
Z p
) Z)
\ arg (z-z) g (z-z1)
O > Re
ANSWERS QUESTION 3
Question 3 (a)
Criteria Marks
& One mark for writing ZAPB = 90° and one for the final answer, 2
Answer:
If Pis point on the circumference and AB is a diameter
then angle APB = 90° or AP LPB P(x,y)
i.e. grad of AP x grad. of PB = -1
B(x2y2)

Tt I L R
X=X X-X

or (-y1)y-»2) + (e=x; Yx-x;) = 0
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Question 3 (b) (i) (i)

Criteria Marks
e (i) One mark for the equation. 1
e (i) One mark for finding the coordinates of focus and one for the finding 2
directricies.
Answer:

()
Here a=30and b=24
The equation of the ellipse is given by

2 2
.’.‘.'__+_y_ =]
900 576
2
(i) b% = a*(1-€%) or e=1/1—b—
2
a
= 1376 3
900 5

S (ae,0)is (18,0)and S'is (-18,0)

(iii) Eqns of directricies are

x =% = +50

EREY

Nl
%

Question 3 (c) (i) (ii)

Criteria Marks
e (i) One mark for finding AQ and AQ* and one for the product. 2
e (ii) One mark for finding the equation of the circle, one for the equation where the
circle cuts the x-axis and one for the finai answer. 3

The equation of the tangent at P is
bxcos@+aysin@—ab=0
Substitute y = & to get x cord. of Q
bxcos@ +absin@—ab =0
_ab(1-sing) a(l-sing)
T bcosd | cosf
a(l-sin )
cos @

Substitute y = - b to get x cord. of Q'
bxcosf ~absin@—ab =0

_ab (1+sin6)_a(1+sin9)

or x

ie. AQ =

b cos@ cosd
2(; _ain?
., _ali+sin6) AQxA'Q’:"_Q_izE_GLaZ
AQ Y cos? @
(ii) The equation of the circle on QQ' is given by
a{t-sin6),  all+sin6)
- X -by+b)=0
= cosé@ It coséd H(y Xy )
This meets the X — axis at y =0
a(1-sin6)..  a(l+sing)
o [x- 0-6)0+5)=0
[x cos & 1Ix cos & ]+( )( )
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a(1-sing),  all+sind), 2
ix =06
cosé

fx

cos@

[xcos 6 — a1 —sin 6)][x cos & - a(l +sin 8)=b2 cos? 0
x2 cos? 0—axcos€(1+sin49)——axcose(l—-sin0) +at (I—sin2 9) =b2cos? @

x%cos? @ - ax cos @ — ax cos @ sin @ — ax cos @ + ax cos fsin @+ a? cos® & =b? cos? §

x% cos? @-2axcos @ +cos? H(a 2 -b2)=0
or x%-— 2ax
cos @

OR and OR' can be represented by x; and x;

«!—(a2 ——bz) =0 If x; and x;are the roots of this equation, then x; X x; = a@-5

. OR xOR'= -

ANSWERS QUESTION 4

Question 4 (a) (b) (i) (if) (i) (iv)

Criteria Marks

Question3 (d) (i) (ii) (i)

*  (aj One mark for writing the value of @ and one for for the equation 2
*  (b) (i) One mark for grad. at any point, one for grad. of normal at P and one for

Criteria Marks
e (i) One mark for both a,.; and by 1
o (ii) One mark for calculating when »=1,2 &3 and one for guessing the formuia 2
e (iii) One mark upto the assertion for »=k and one for showing it is true for s
n=k+1

Answer:

(1) @-+3) =a,-5,43

. (2-*/5)"“ =y ~ by V3

THUS ) —Bpa 3=(2—«/§)f'(2—1/'3')
(ap ~b,43)-(2-+5)

(2a, +3b,)-v3{a, + 2b,)
Equating rational and irrational parts, we get

I

Apiy =28, +3b, and byy =a, +2b,

) V3] =2-V3 a=2, b =1
(2-J§)2 =7-4y3  ray=7, by=4
(V3] =26-15V3 a3 =26, by =15

Now a2 -3b2=4-3x1=1
ay% =3by% = 49-3x16=1

ay? ~3b3% =676-3x225=1

(iii) Guess : a,,2 -3 b,,2 =1for all positive integers »
Proof:

1t is true for n =1 as shown above.

Let it be true for n=£ i.e akz —317,‘2 =1
We have to show that it it is true for n=%+1
ie. ak+12 -3 bk+12 =1

Now au® -3bp®

= (Zak +3bk )2 - 3(ak +2bk)2
=4ak2 +12akbk +9bk2 -3(ak2 +daby +4bk2)

= a,2 =352

=1

Thus if it & true for n = k, then it is true for

n=k+l.

But it true for n = 1, therefore it is true for
n=1+1=2,2+1=3, and so on,..". forall positive values
of n.

the equation of normal 3
. (if) One mark for finding coordinates of Q 1
. (iii) One for x value and one for y value 2
. (iv) One for the locus 1
Answer:
(a) Let the equation of the hyperbola be .
2,2 b)) Y
r X o '
2 2
a® b M P[2p, 2/p]
Here a = 10 and ( 12, 6) is a point on it Q
o X
122 62 36 144
———=] or - m——
10> 2 p? 100
, b2 =100x36 =9|;0
4 xy=4
The equation is
ALy 4 =2p is—+ o Zl
EA T SR 1t S X e e b sy
100 900 100 900 Grad. of normal at x=2p is p
11 .. Eqn. of normal at P is given by
2 2
y===p*x-2p) or y=pr-2p>+=
4 P
(b) (i) This normal meets X —axis where y=0 | (b) (iii) If M is the mid point of QP, then
2
2 2 2p-—5 +2p 0+Z
0=p2x—21.73 +— Lx=2p-— P3 )4 11
3 Mis | ————, =[2p———, —
P p 2 2 3’

. 2
oo Qis (Zp———s,o]and Pis (Z;J,Ej
14 P 1

(b) (iv) te. x=2p——% and y=—
P p

The locus of Mis x =2 ¥
Y
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Question 4 (c) ()(if)(iii)

Criteria Marks
e (i) One mark for the binomial expansion and one for writing in sigma notation 2
e (i) One for De Moivre’s theorem and one for equating the real parts and 2
simplifying
e (i) One mark for finding the values of © and one for showing it is the product of
the roots 2

ANSWERS QUESTION 5

Question 5 (a)

Criteria

Marks

e One mark for showing that PTRO is cyclic quadrilateral, one for showing that the

angles PTO, PRO and PQS are equal and one for showing that ZOMQ is 90°. 3

Answer:

©®

{cos@ +isin 0)5 = scu cos® 6 + 3¢ cos* 6(isin A+ Sy cos>@ (isin 9)2 + 5C3 cos? 6(isin 9)3

+ SC4 cos f(isin 6’)4 +3 cs(i sin 9)5

5
=Z Sc. (i) cos>" @ sin” @
r=0

(ii) By De Moivres Theorem (cos @+isin 49)5 =cos 56 +isin 50

Equating real parts, cos5¢= S¢o cos® 8+ Sy cos 3¢ (isin 8)% + 3¢y cos(isin o)

= cos’ @~10cos® 9sin? ¢ +5cos@sin? @

= cos’ §-10cos’ 9(l—c052 9)+5c059(1-c052 9)2 = 16cos® §—20cos’ 8 +5c0s 8

Proof: Produce TO to meet SQ in M.
PTRO is a cyclic quadrilateral since
£P +£R=180°
.. £PTO = £PRO ( angles in the same segment)
But £PRO = £PQS ( angles in the same segment
in the cyclic quad. PRQS )

£POT = ZMOQ ( Vertically opposite angles)
£POT + £PTO=90°( PTOisart. angled A)
s ZMOQ + £PQS = 90°

In l)A 0OQM, ZOMQ = 180° - (£LMOQ+4PQS )
=90

(i) 16cos’ 6~20cos> 6 +5¢c0s9=0
if cos560=0

50 = 2 £ =

2

or 9=2Li—”—
5 10

ie. 0=—,—,—,—

. roots of 16cos’ #—20cos® 8 +5cosf=0

Now 16cos® §~20cos 8 +5c0s6=0

or cosG(16c034 @-20cos? 9+5)=0

- roots of 16cos* 8—20cos? +5=0 are
3

T Kk O
€08~ , €08 —,C0S— and CoS—
10 10 10 10

5
duct of roots = —
product o '001S 16

T 3z In o S
", COS<—+COS ——"CO8 —— COS = -~
10 10 10 10 16

Question 5 (b) (¢)

Criteria

Marks

(p+q)

* (b) One mark for showing 7

e (c)Onemark for 56 =2nrx :(:(%—49), one for

> pg and one for the final answer. 2

56 =2nmw+ (g— - 49) or 50 =2nw -th‘- + 46 and one for simplification 3

Answer:

b4 3z b4 T o
are cos-——,Cos —,Cos —,C08— and €08 —-
10 10 2 10 10
Trialmaths Enterprises 10 2005 Ext.11 Solutions

0) (ﬁ-ﬁ)z 20 p+g-24/pg 20

=p+q 2 2.pq (equality iff p=q)

=
4 rq

Now Lalo2*a, _pra _ 4 _,
P 9 pri (p+qf P*aq

since p+g=1

(¢) cos56 =sin48

. cos54 = cos(% —46)

. 56 =2n7ri(£2r--46)

550 = 2n7t+(%—46] or 5e=2m—%+49

. %,:(4}142-1)7: or €=(4n;1)7r

_@n+t)z (an-1)x

R ,
18 2
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Question 5 (d)

Criteria Marks
s One mark for finding the roots and one for the sum 2
(@ ¥-o1= (x —1)':62 +x+l) =0 is the other complex root.
- Theroots are 1, it_‘/i&*_l—__‘/.gf. . sum of the roots = 1+ w+@? =
2 2
, -1+431 —1-43
If w:ﬂ’;_‘ﬁ‘thm I+ ——— g =1-1=0
2
ol e —1+43i) (1-24Bi-3)_ -1-43
L 2 4 2
Question S (e ) (i) (ii) (iii)
Criteria Marks
e (i) One mark for finding asymptote and one each for stationary points and their
nature 3
e (i) One mark for sketch 1
(iii) One mark for answer 1
2 2
. x x H y
e el o ) D |
x2 +1 (x+1 x% —x+1 (i) i
i
(0,0) lies on the curve. | (1-3,0.5)
Asx—>+w,y -0 . x—axisisa y=14 |
horizontal asymptote. RN P
1-1 0(0,0) x
When x — -1, y —>., . x=-1is a vertical E
asymptote. H
, £{S+l)x2x~xz(3x2)_x(2—x3) ,

Now y'=

[ 4-1)2 (x3 -x-l)2
y' =0 when x=0 and iz

y' changes sign from - to + in passing through
x =0 and hence at x =0, the curve has a
minima.

y' changes sign from + to - in passing through
x= %/E and hence at x= §/§ , the curve has

a maxima.

Wh ¥,y [(iff)sa-l] 3

i.e. max point =(1-3,0-5)

(iii) x3 —4x% +1=0 can be written as x° +1=4x2

x2 1

x3 +1 =Z
The roots of this eqn are the x - coordinates of the
points where y=1/4 cuts the curve. There are
three real and distinct roots.
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ANSWERS QUESTION 6
Question 6 (a) (i) (ii) ({ii)(iv)
Criteria Marks
o (i) One mark for showing where the curve cuts x —axis and for the general shape of
the curve. 2
e (ii) One mark for showing where the curve cuts x —axis and for the general shape
of the curve. 2
o (iii) One mark for showing where the curve cuts x —axis and for the general shape
of the curve, 2
e (iv) One mark for showing where the curve cuts x —axis and for the general shape
of the curve. - 2
Answer:
(1) ii
Ny (i)  vp :
i
y=ln |x| i oy=lnwl
/ j/
P V
_ 0 h o Nl
1 1 X I8 X
o
i
i
A \Z
(ii (iv)
YA bl=ti
Y
lyl=lnl \ /
/ 1 o 1\\ X

o]
=
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Question 6 (b) (i) (ii)
Criteria Marks
e (i) One mark for the binomial generator, one for the numerical answer 2
e (i) One mark for - 1- [ Pr. no points in Qor 1 point in Q} and one for ANSWERS QUESTION 7
simplification. 2
Answer:
. o 1 (ii) Pr. at least 2 points in Q; Question 7 (a)
(i) P (@) =Pr.of pointin Q; = 7 - 1-[ Pr. no points in Q, or ! point in Q] Criteria Marks
3 =1 - [ Pr. no points in Q, + Pr of 1 point in Q} e One mark for the pts of intersection, one for showing volume of an elementary
P (@)= Pr.of point not in Q; = 2 3 5 405 shell, one for the definite integral and one for the final answer. 4
=1 z -
LY {(4J TR
Pr. generator = (—4— +Z) Answer:
243+ 405 47
Lrand =1 22— . .. . .
Pr.one point in Q= Sc; - 1y f3) _ 405 1024 128 To find the pts of intersection we solve the
4)\a 1024 %3 x3
equations y= Y and y= V2x v y=—
. \ 9 _y=ix
Question 6 (¢) yr=X and y?=2x PRER .ile. - (2,2)
Criteria Marks 16 i R
e One for writing and substituting in the formula, one for finding the amplitude and . ﬁ =25 or x(x5 B 32)_ 0 Ay F- C b
one for the period. 3 ‘16 B - B A(X,y)
: sx=0orx=2 ’
| Answer:
The speed is given by The points of intersection are (0 ,0) and (2,2)
v =n?(a? -x%) 16 a*-9 16 2% ~256=9a% —81 When the region between the curves is rotated about 0 X
9 2 or loa =-a the X- axis, a typical strip ABCD between these
322 =n?(a?-9) ——--—m- ® 9 a*-16 :
\ =n{a 2 . . . curves and parallel to the X~ axis generates a
and 242 =n(a? -16) ——— = @ a = 2-5 i.e. amplitude is 5 m. cylindrical shell of volume 2 A ¥
Dividing equations (1) and (2) we get Substituting we get, Va2 B v =2z 473y Y dy
242 =% (25-16) AV =27 (x,~ %)y - Ay where i i
322 a2-9 64 =n? x is givenby 2x =y or x =2 ! 7 AT
2 1 is givenby 2xp=y 1= Ve=2r 4Ax§.yA_L
24 a“-16 $=n ; }/ 7 8
- periodic time = 27/n.= /4 s and xyis givenby x,° =4y or x,=(4y)3 0
The required volume is 4
2 }/ yZ = 272(&-_2] = 20m cubic units
V= fomilay)s -2 7 7
0
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Question 7 (b) (i)
—

Criteria

Marks

a+b+c

and one for the >3 abe

* Onemark for showing a? +b% 22ab, one for

a® +b% +c2 —ab—be-ca=0

Question 7 (c)

Answers:

Criteria Marks
e One mark for writing the integral for the remaining volume, one for the integration,
one for evaluation and one for finding r. 4

(i) If >0, >0 and ¢ >0, then

(a—-b)2 20 equality iff a=5

ie. a?+82-2ab20 or a®+b%22ab
Similarly it can be shown that

b2 +¢% 22bc and c? +a? 22ca

s at +b% +b% +c? +c2 +a® 2 2ab+2bc+2ca

or 2[:12 +b? +cz)z 2(ab+bc+ca)
or a?+b?+c? -ab—bc—caz0 equality iff
a=b=c¢

It can be shown by expansion that
(a+b+cla® +b% +c? —ab—bc—ca)
=a’ +b% + % ~3abe

since a+b+c >0 and a® +b% +c? —ab—bc-caz 0

a? +6% +63 <3abez0 equality iff a=b =¢
or a®+5% +¢° 23abe
If we substitute g — a3, b->band c - c3 we get

a+b+cz3aV3pV3cY3

. % >¥abc

Answer:

Question 7 (b) (i)

Criteria

Marks

e One mark for the answer.

Answer:

Now substituting a — -:—, b 2, c->< i
c a

a+b+c
AL abe , we get

|

+
wia | o

1

Hence 3+£+-S 23
b ¢ a
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The diagram shows the upper half of the
cross-section across the centre plane of the
sphere of radius I cm. If a drill of radius »
units cuts through the centre of the sphere,
the remaining volume can be found by
revolving the shaded area around the x-axis.
Therefore, the remaining volume

e} SN e}
=% '[ (\ll—xzj -7 J.rzdx
~1-r? —J1-r?
- «/:

=7 .[(I—xz)dx—ﬂrz J'Idx
—ler? ~y1-r?
3 =4 2[ ] 1-r?
=7l x=-— - mréx
EN Wy ~Ji=r?
3
()
— 2 e
1-r 3
= 3
= 0r)
—|=V1-r2 +
-2z r21-r?

=27zV1-r? —27” Vl—r2)3—2m'2 1-r2
3
=27t\/1—r2(1—r2)—2”( 1_,2)

3

= Zn(\ﬁ——rZ):"'— 2”[ 1-72 )3

3

<57

Volume of the sphere (radius=1cm)
4z 3
= — cm
3
Since the volume remaining is haif of the volume of
sphere of radius 1 cm,

or r = ,[11—0‘63; =0-608 (3s/)
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Question 7 (d) Part (i) Con't Part (i) Con't
Criteria Marks 1 g+ U2
One mark for writing that =+ ai are roots, one for showing the polynomial as the Yooy dy 1 e o H= e Inj =——
product of two quadratic factors and one for writing the roots. 3 S = T o [ln(g ~ kv )]0 2 g
a8k Since the distance for going up and coming down is
Answer: 1 —w? 1 k same S=H and hence
Let ai be a purely imaginary root, then -ai will also =-—m& = ln{l - wz]
be a root. Thus b=2and @* =4 or a=+2 2k 8 2k g i w2 | u?
Thus P(x) has factors og (x +2— ai)and (x- ai) P(x):(xz +4xx2 0xt 2) . W2 - __2_1:[\“ [1 —-I—,—z—} > ln[l +7/7]
or (x—ai)x+ai)=x?+a® isa factor =———lnjl-—st v V="
This has the roots of 2k v k 277t 2
o .
w2t 42x% 4 6x2 +8x+8= (x2 +a? (xz +bx+—§2-J ie. [ - E’T} =[1 + .U_Z]
a v 14
: . —2k4-8 212 . ..
Eq;at:;gthe coefficients we get, +2i, —— or V= vioriwteuiouiyw
6=i +a% and 8=a’b or *20,-1xi Dividing throughout by U 2y2w? and rearranging
a? Terms we get, W 2_yutyy -2
Question 8 (b) (i) (ii)
Criteria Marks
ANSWERS QUESTION 8 s One mark for resolving the forces, one for the expression involving tan® and one
mark for finding speed. 3
. e e One mark for showing all forces and resolving them, one for finding F and one
Question 8 () (i) (ii) (iii) substituting all the values to get F. 3
Criteria Marks
e (i) One mark for writing the equation of motion, one for showing terminal D
velocity V, occurs when /=0, and one for finding V. 3
* (ii) One mark for finding the integral for the distance x, one for .S and one for (i) With no sideways force
evaluating the integral . 3
(iii) One mark for the equation of motion , one for finding H and one for AN cos c]
) deriving the expression for the velocity w. 3 N i
Answer: E
(i) The forces acting on the body are its (iii) On its upward motion, the forces acting on Nsin@.€7=""""2>
weight mg acting downwards and the air the body are its weight acting downwards and the
resistance mkv’ acting upwards. air resistance acting against its motion.
Equation of motion of body is given by -Resolving forces:
=me — mhv?® =g —ky? » The equation of motion of the-body is . mv?
mf =mg-mkv® or f=g Resolving forces Horizontally: Nsin @+ Fcos@ = —
Terminal velocity, V occurs when f=0 mf =-mg- mkv? or f=-g-k v . . s mv? Vertically: Ncos® = mg+ Fsing
( there is no acceleration and the velocity is ‘e v @ _( . kvz) Horizontally : Nsing = Solving for F, we get
constant) T ax & Vertically : Ncos@=mg v
vy 1 [ ( 2)] 2 F= cos@-mgsin g
or x= |—e—e = — —inlg+kv* Jl+c . =7 2 _
0=g-tv2 . v =8 .[g+kvz % ¢ s tanf= - or vi=rgtand Given
whenx=0,v=U T e 40 _ - _.2_52 =0.
(ii) Now f=v£v—=g—kv2 oy = 500x9-8xta.n40 ~18-5m/s m—-900,v—100km/h—- 9 m/s&g 9-8
* RPN WA IR § NS 250 0
o, Ea SR o eEg e 900x[—] cos4
dv g—kv2 2 F=___————-————900><9-8xsin40
1 g+kU 500
. JVdv Hence x=2—1n————~k2
L x =
g—kv? CLAsTRY ~770-25 N
Now the distance S fallen from rest (v =0) Now at the highest point x=H andv=0
until the body hits the ground (v=w) is
given by
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