2009 Trial Higher School Certificate

Trialmaths Enterprises

Mathematics Extension I1

General Instructions Total marks ~ 120

Reading time — 5 minutes e Attempt Questions 1 —8
Working time — 3 hours ¢ All questions are of equal value
Write using black or blue pen
Approved calculators may be used

A table of standard integrals is provided
All necessary working should be shown
in every question

Care has been taken to ensure that this paper Is free of errors and that it mirrors the format and style of past HSC papers. Moreover,
some questions have been adapted from previous HSC examinations as well as from trial examinations, from a variety of schools, in an
atfempt to provide students with exposure to a broad range of possible questions.
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Start each question on a SEPARATE page or in a SEPARATE booklet.

Question 1 (15 marks) Use a separate page/booklet

®

®)

©

@

©

Find _dxsmz’z“
3+sin“x

Find [—1 s,
e +e7*

o

Evaluate I —_—x.

BYEE-1

n/3

Evaluate I 1
0

1-sinx

4 2
Evaluate _[ ¥ tdx+s

0

X .
(x+1)(x+3)

Marks
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Question 2 (15 marks) Use a separate page/booklet Marks

®

(®)

@

©

Find real x and y such that (x+ iy)2 =3+4i. 2
Find |7| and argz when z=—3 ~i. 2
@) Express 1+ and 1~/ in modulus/argument form. 2
(i)  Hence evaluate (1+7)*0 +(1-7)*. 2
©  Solve 27 =-1. 2
(i)  Hence show that z° +1= (z+ 1)(z2 ~2zcosZ+ 1)(22 -2z cosl;‘— + 1) . 3

Indicate on an Argand diagram the region which contains the point P representing z

when |z|5|z—4| and—-%Sargzs%. 2
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Question 3 (15 marks) Use a separate page/booklet

(a

®)

©

@

©®

Sketch (showing critical points) the graph of: y =3(x + +/x)

Marks

If f(x)= x2 —16 , sketch the following graphs on separate axes showing all relevant points.

®  y=rs» 1
1
i y=—" 2
B
16
(i) y=- 2
fx)
(v)  y=|f()|+6 2
Sketch the graph y2 =x? (- x2) 2
The graph of y = x> +3x? — 4 is sketched below
A
v
Sketch the curves y = lx3 +3x% ~ 4\ and y= lnix3 +3x% — 4| on separate axes. 2
Prove s%nB+s%nC =tan(B+C)cot(B—C) 2
sin B—sinC 2

2009 Trial Extension IT Mathematics




Question 4 (15 marks) Use a separate page/booklet Marks

®

®)

©

Aparticle 4, of mass m kg is dropped from point C and falls towards point D,
which is directly underneath C. At the instant when 4, is dropped, a second

particle 4,, also of mass m kg, is projected upwards from D towards C with an
initial velocity equal to twice the terminal velocity of 4;. Each particle experiences

a resistance of magnitude mkv as it moves, where vms™ is the velocity and k is
a constant,

@) Show that the terminal velocity of 4, is %, where g is acceleration due to gravity. 2

(ii)  For particle 4,, show that ¢ = lh‘{ 38 ] , where vms ' is the velocity after
k \g+hv
¢ seconds. 3
(i)  Suppose the particles collide at the instant when 4, has reached 30% of its terminal

velocity. Find the velocity of 4, when they collide. Leave your answer in terms
of gand k. 3

In the following diagram, the lines AH, AF and BC are all tangents to the circle.

E
o Prove that the triangles AFG and AJF are similar. 1
() Prove (AF)? = (AI)x (AG) 1
(ifiy Prove GJ = (AF)x(aH) _ (AG) 2
(AG)

At what speed should a car travel round a bend of radius 70 m which is banked

atan angle of 110, 3
RN e 5 2009 Trial Extension Il Mathematics

Question 5 (15 marks) Use a separate page/booklet Marks
e

(@) @) If I,= [(nx)"dx for n20, showthat I, =e—nl,_; for n21. 3
1

(i) Henceevaluate 4. 2

(b)  Acommittee of three is to be chosen at random from 4 women and » men (n=2).

@) Find the number of possible committees containing exactly one woman. 1
(ii)  Find the number of possible committees containing exactly two women. 1

(iif) Deduce that the probability P of the committee containing either one or two

12n
is Pm=o—moo—
women 18 (n " 4)(11 " 3) 1

(¢©)  The cubic equation x* —x* +4x—2 =0 hasroots &z, Band y .

()] Find the equation whose roots are o2, B2 andy?. 2
(i)  Find the value of &* 8% +a&*y? + By”. 3

@ Given that sin ™! X, cos”! x and sin! (1-x) are acute, show that:

sin(sin~1 x—cos™! xX)= 2x% 1. 2
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Question 6 (15 marks) Use a separate page/booklet Marks

(@

®)

©

@

©

2 2
The ellipse %— +~2—'2— =1 is rotated about the line y =c {¢ > ). Find the volume of
a

the solid generated by using the method of cylindrical shells. 4

The base of the solid shown in the diagram is a circle of radius a cm.
A I
” C
L/
Q

B

Each cross section of the solid formed by a plane perpendicular to the fixed diameter
PQ is an isosceles triangle of height b em. One such cros section is shown by AABCin
the above diagram, where AB=AC, BC is in the base of the solid and AD=b cm.

Find the volume of this solid by first drawing a diagram indicating your origin and other
relevant information. 3

Prove by the method of mathematical induction that X343 4454320
where x is a positive integer. 3

Four men and two women are to be seated around a six seated rectangular table, as
shown in the following diagram.

o ad
S
O O

In how many ways can they be arranged so that two particular men, A and B, sit together
and a women E, does not sit directly opposite man A? 2

If P(x)=2x"+9x" +6x" —=20x — 24 has a triple root, factorise P(x) into its
linear factors. 3
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Question 7 (15 marks) Use a separate page/booklet Marks

(@)

®

@

)] Show that the equation 4x% - y2 —16hx +2hy +15h% —4a% =0 R
where h and a are positive constants, represents a hypetbola. 2

(i)  If the tangent to this hyperbola at the point (p, q) is parallel to the straight line
y= (e2 —1)x , where e is the eccentricity of the hyperbola, show that p-g = A. 3

Abeam of light aimed at the focus G = (~ae,0)

Not to scale

of a hyperbolic reflector whose equation is
2 2
LN A 1, will be reflected through the
a® b?
focus F=(ae,0)). The figure shows the case where
the light passes through the point A, vertically
above F.

For the hyperbola given in part (a) above, 4x2 —y2 —16hx +2hy +15h% —4a® =0 ,a
y

similar beam of light aimed at its focus G, is reflected along the corresponding line 4, F,
perpendicular to the x-axis.

Find the equation of the line 4Gy, along which the light was initially travelling. 3

Given that the equation of the tangent at the point (x{, y;) on the hyperbola

2 2
LA A 1,is L P W 1, find the equation of the tangent in terms of
2 B2 a2 2

aand b and its gradient m. 3

For the hyperbola 4x% - y2 —16hx+2hy +1 5h% —4a% =0 , a tangent with positive
gradient passes through the point (? +2h, h] .

Show that the size of the angle, &, between this tangent and the asymptote with positive

2(41—155)]

-1
gradient, may be expressed as & = tan [ 130
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Question 8 (15 marks) Use a separate page/booklet

(@ (i)  Provethat a® +5* >2ab for all real values of @ and b.

(i)  Hence provethat a® +b* +c? > ab +bc+ca for all real values of a, b and c.

(i)  Use the factorisation a® +5° +¢* —3abe = (a+b+c)a® +b* +¢* ~ab—bc—ca)

to deduce that a® +5° +¢* > 3abc for all positive values of
a,bandc.

. X, +x, +x .
(iv)  Hence prove that —L-—;;*-—-—a 2 3fx,x,%, for positive numbers x,, x, and x,.

(b) Starting from the formula for sin2xand cos2x

) Show that sin->-cos——- = 1 sin
n n 2 2n—l

(i)  Showthat , ’l + lcos @ =cosZ
2 2 2

(iii) By considering the area of the triangle APB,
the circular sector APB and the triangle APC,
show that 1

x .. .
1£—=x< ,where x is in radians.
sinx cosx A B
Note that the radius of the sector is 1.

1

(iv)  Hence, or otherwise, show that lim 2" =—

noel o 24
s 2—"

End of Exam
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Mathematics

STANDARD INTEGRALS
n 1 B+l s
dex =——x" n#E-lx#0, if n<0
n+l
1
—dx =lnx, x>0
x
Je“"dx =—e%, a#0
a
1,
'[cosaxdx =—sinax, a#0
a
. 1
Ismaxdx =—-—cosax, a#0
a
Iseczaxdx, =ltanax, az0
a
1
Isecaxtanaxdx =—secax, a#0
a
1 1. ,4x
J—;ﬁdx =—tan —, az0
a’ +x a a
J‘;dx =sin‘1£,a>0,—a<x<a
a’—-x’ a

I—zl —dx =In(x++vVx*—a*), x>a>0
j——l——o—dx =In(x +vx? +a%)

NOTE: Inx =log, x, x>0
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Mathematics

¢ Solutions including marking scale
e Mapping grid

Marking Guidelines: Mathematics Extension TT Examination

ANSWERS QUESTION 1

Question\l (a)

Criteria

®  One for sin 2x =2sin x cos x, one for simplification,

Answer:

Now L’(i)dx=lnf(x)+c with f(x)=sin? x+3
7

J‘ sin 2x dx=_’r2smxcosxdx=1n(sin2 $+3)+e

3+sin? x

3+sin? x

Question 1 (b)

Criteria

*  One for substitution, one for simplification

Answer:

Using the substitution e* =u,du=e*dx

X
I 1 dx=J. LAy
e¥re™ 62 11

=.[21

e +1

du=tan lu+c=tan"le* 1¢

Question 1 (c)

Criteria

¢ One for integral, one for substitution, one for simplification.

These suggested solutions and marking schemes are issused as a guide only. Individual teachers may find many acceptable
responses and employ different marking schemes.

1 2009 Extension IT Mathematics solutions

Using I—l—dx =1n|

Answer:
x+1}(x2 —a2) +c witha=1,
Jo? -a)

x+\)x2 —-ll

3
0GB 1G5 ) = 2V
ﬁ 3+4/2

3
! ke
JJ;_ [:2 -1) NEEEN/Y
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Question 1 (d)

Criteria

*  One for using T results, one for limits, one for integral, one for simplification,

Answer:

Lett=tan£,0<x<£,0<t<L,x=2tan_1ﬁdx: 2 ar.
2 3 3 1+£2

Now sinx=——~—~—~—-—2tan(2x/2) )
1+tan“(x/2)

/3 z/3 1/+/3 1/4/3

.[ 1 dx=_|' 1 dx:]-/— 1 2dt=]’/—l+t2 2,

g Losna S 2tG2) 121w 5 12 14

L+tan2(x/2) 1442

1/43 1743
B 1 .2 2 2B, 2
=2 | "’”[ ]0 R I I

1.

(1 _ t)2 1-¢
=341
Question 1 (e)
Criteria
¢ One for division, one for finding a and b, one for integral, one for simplification
Answer:
x2+4x+5_ 2 Let x=-1:22=2g=>a=

GHDG+3) ey Letx=-3:>2=—2b=b=-1,

2 a b

4
x% +4x+5
e

GADGEE3) @D G43)

2=a(x+3)+b(x+1).
4

4
= e+ [ —2 e
0 0 (x+D(x+3)

0

=2+ il +1J3 - ol +3(J}

=4+1nE
7

4 4
_T.} 1 e 1 ;
[x]0+-[x+l Jx+3

=4+5-Inl-(n7-3).
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ANSWERS QUESTION 2

| Question 2 (a)

Criteria |

*  One for equating real and imaginary parts, one for simplification. |

Answer;

(o4 ip)? =344
(xz —y2J+(2xy)i=3+4i

Equating real parts:

»2_ y2 =3

Equating imaginary parts
2xy=4

cxtox2y2 2352 and #292 =4

nxt 32 a4-0

(x2 —4)(3:2 +1) =0
cx=142, y =11
Question 2 (b)

Criteria

o One each for modulus and argument,

Answer:

z=—\/§—i=2[—£—li]

2 2

Aol )ref )

ld=2argz= —ST”

Question 2 (¢) (i) (i)

Criteria

s (i) One each for finding modulus and argument of 1+i and 1-i (ii) one for using de Moivre’s theorem, one for

simplification
Answer: Using de Moivre’s theorem 740 =220 cis(lOn‘),
1.1 L
z=1+i.z= \/E[T+ lﬁ) = \/E[cos—ﬂsm—j (2)40 = Zzocis(—loﬂ').

) 240 +(E)4O =240 +(z40)=2Re(z40)=221 cos(lOfr).

o 40 (1= =22 cos(i0n).

=521
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Question 2 (d) (i) (ii)

Criteria

s (i) One for modulus and argument, one for final answer. (i) One for factors, one

for(z —cis 3?”)(2 - cis(- 3?”)) =22 -2z cos%" +1 one for simplification

Answer:
@) [-1}=1 and arg(-~1)=7.

Therefore the complex 5th roots of -1 are cos %ii sin% , cos3—5"— +isin3% , and -1. Note the roots are equally

5

spaced around a unit circle in an Argand diagram by an angle of —2—55 and modulus of 1.

(ii) 2 +1= (z+ 1(2 —cis %)(z - cis(- —7-55))(2 ~cis 3—575)(2 - cis(- 351)) .

Note

(z—cisﬁj z—cis(-g—) = (z—cosEJ—isinl] (z—cos£)+isin£)=(z—cosl)2 +(sin~75)2 =
5 5 5 5 5 5 5 5

=22 -2zcos E+1

5
and (z —cis 3?”)[2 - cis(- 3?”)) = 22 -2z 0053?” +1.

sz +1=(z +1(22 —22005%+1)(7,2 —2zcos3—”+1) .

Question 3 (b) (i)

Criteria

e One for correct shape and position of curve.

Answer:

y=x2-16

X intercepts when y =0
x2-16=0

x2 =16

x =14

Y intercept when x =0
y=-16

Question 3 (b) (ii)

4

A4

Criteria

¢ One each for position and shape of curve

5
Question 2 (e)
Criteria
s One for positions of y =+x and coordinates of (2,2) and (2,-2), one for shading,
Answer:
Iz‘ = Iz —4[ is the perpendicular bisector of OA4 .
Im T .
y=2 argz=1 istheray y=x, x>0.
v
- T,
g 2,2) argz=—— istheray y=-x, x>0.
4(4,0)
0 Re
N @2
AN \y =-x
x=2

ANSWERS QUESTION 3

Answer:

1 1
f@) X2 16
Asymptotes:x =14

y

Whenx<—4andx>4,y'=——l—>0
f&)
For—-4<x<4y=—l—<0
S
1

Whenx=0,y=-—
FERYT T

Question 3 (b) (iii)

H"

!
|

Criteria

®  One each for position and shape of curve

Question 3 (a)

Criteria
s One each for position and shape of curve.
Answer: A
y
y=3(x+4)
LY y=3x
(1,6).-
e » y=3/x . _—
Lolemm T 2009 Extension I Mathematics solutions
R »
v

Answer:
Atx=0

1
=—-—x-16=1
(T

Note: when multiplying by a negative number, the graph is

reflected about the x axis.

Xv
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Question 3 (b) (iv)
Criteria
L e One each for position and shape of curve
Answer:
y=|f(x)|+6
-4 4 x
Question 3 (¢)
Criteria
o One each for position and shape of curve
Answer:
A
3 y2 —x2 - x2)
l__
2 /\
‘-1 1 X
1
ST
v
Question 3 (d)
Criteria |
i o One mark for each curve |
Answer:
y=l3 +3x2_4. y=1nx3+3x2—4|
L} ﬂk ]
. Lnd |
1 [}
t ]
V\ | \ | /"
* g o >
: '.
] 1]
] ]
] ]
1 1
1 1]
\ \4 '
7
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Question 3 (e)

Criteria

. (B+Cj (B—C)
2sin| cos| 3
s Orne for

, one for simplification
B+C), (B~C
2 cos| sin| ——
2 2

sinB-sinC

2
. [B+C B-C
2sin > COST
LHS=
B+C) ., (B-C
2cos sinf ——
5%
= tan(B+ Cjcot(&g)
2 2

=RHS

(e) Toprove simBtsinC _ tan[B;CJcot[B_C]

ANSWERS QUESTION 4

Question 4 (a)(i)

Criteria

o Onefor x=0 and, one for simplification.

Answer:  ForAp: x= g— kv . Terminal velocity is achieved when *=0ic. when 0= g-kv.

.. terminal velocity =%

Question 4 (a) (ii)
Criteria
® One for integration, one for constant, one for simplification.

Answer:

For Ay:
& Whent=0,v= Z‘g
=—g—hv k
dt 1 1nG3g)

- -~ cp =—In(3g
e= | +1kvdv k
g
I B )
=~k—]n(g+kv)+cl g+
Question 4 (a) (iii)
Criteria
e Onefor t= l]n _8 , one for llnl—0 = lln e , one for simplification.
E \g-k k7T k \gt+hv
Answer:
For 4
1 1.1
. t=otn —E | =i
dt k g- 3| k7
t= [~ 1kvd" 10
s 110 1 ( 3¢ j

=—;].n(g—kv)+02 k7 k \g+hv

whent=0,v=0=>¢y =%Ing
8
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10 3
fetiml 8 . R
kF \g—-kv 7 gt+hv
11
When the particles collide, 4j has a velocity 10g+10kv =21g = 10kv =1lg = v= 1_0}2;
3z At the instant the particle collide, 47 has a velocity
10k
g -1
10%
Question 4 (b) (i)
Criteria
®  One for final answer.
Answer
In A's AFG, AJF LFAG = £FAJ (common angle)
_ _ Third angles are equal
ZLAFG = ZAJF (angle between tangent and chord= angle | . AAFG s similar to A4JF (AAA)
in alternate segment) i
Question 4 (b) (ii) and (iii)
Criteria
»  (ii) One for final answer.
AF2
¢ (iii) One for=> A/ = VTR one for simplification.
Answer
(i)
i
% = j—; (corresponding sides of similar triangles in the (i) 2
Now GI=AJ-AG also AF2 = AGx AJ = 47 =1
same ratio) AG
2
am? nGr=2" 4G
S AFC = AGx AT iG
Now AF=AH (Tangent from a common point are equal)
ngr=AFx4AH .
AG
Question 4 (¢)
Criteria |
¢ One for equation A, one for equation B, one or simplification. —|

Forces on the car C.

Let R be the radins of a bend. The car has no tendency to
N slip. Therefore:
The vertical components sum to zero
s o Ncos@=mg. (A)
. The horizontal components sum to

""""""""""" 2 2

L mv my

“u Thus N sin 6 = ——

C . 2 s N sin 7 B)

mg - ®)/ ),

tan & = r_
Rg

v =(Rg-tan 9)1/2

R=70,g=9.8,8=11°>v=1154ms .
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ANSWERS QUESTION 5

Question 5 (a) (i) (ii)

Criteria

®__ One for using integration by parts, one for reduction formula, one for simplification.

Answer:

(i) a4
Letu=(Inx)" (i
du n-1_1 e
@ =T Ip=f1dx=e~1.
du=n(nx)"1xL g !

x S Ig =e~413 =e-4(e—-313)
=-3e+12(e-211)
=9e—24(e~1Ip)
= —15¢+24(e~1)
=9%9e—-24.

Letdv = dx
V=X
Using integration by parts

wdv=uv— |v.du

f (nx)"ds =[ (Inx)" xx]le - f n(in x)"1 x—)lc—dx

=e—nl,

Question 5 (b) (i) (ii) (iii)

Criteria

* (i) (i) (iii) One for correct answer.

Answer:
(i) For a committee to contain 1 woman, 1 woman must be chosen

from the four possible, and the two men from then possible. (i) 1, x "C, =6n

Thenumber of ways is 4C1 x"C, = ﬂ;;l) =2n(n-1)

2n(n—1)+6 12n(n+2
(iif) The total number of possible committeesis ("+4)C3 probability is n(n=1)+6n = n(n+2)

(n+4)(n+3)(ﬁ_-6k_2) (n+4)(n+3)(n+2)

Question 5 (¢) (i) (ii)

Criteria

1
* (i) One for x2 (x+4)=x+2, one for simplification (ii One for expansion of & + % + 52, one for

a? B +aly? + p2y? = (of +ay + By —4{e+ B+7), one for simplification.

Answer:
(¢) () Since a? is aroot, then ()  Since a’+ B2+ =(a+B+y) - 2ap +ay + )
1 3 1 2 1 then a?p* +a2yz+ﬂ272=(aﬁ+ay+ﬂy)2
) — = -2
x=als0 a= xé =|x2 | ~|x2| +4x2 -2=0 ((‘iﬂ(‘)i‘)"}’)+(a/3)(ﬂ7)+(”7)(57))
=(aB+ay+pr)
. —2(a2ﬂ7+aﬂ27+aﬂr2)
xE(x+4)=x+2 =(af +ay+py) ~202a +28+2y)

(since By isequalto2) — (B)
x(xz +8x+16)=x2 + 4+ 4

3

x +8x2

= 2_
#168-52 ~4x-4=0 ~(@prar+ by e Ber)

2 :
=4 —4{1) sinceef+ay+ Py =4, a+f+y=1
30752 4125420 o )] e off +ay + By a+f+y
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Question 5 (d)

Criteria

®  One for finding cosA and sinB in terms of x and one for simplification.

Answer:

Let A=sin"!xand B=cos ! x ~ LHS =sin(sin_1 x—cos™! x)
sx=sind and x =cosB =sin(4 - B)

1 1
’ E A o
h x2 x

=gin Acos B—cos Asin B

=x.x—'\/l—x2 \fl—xz

=x2 - —x2 )

_ =2x2 -1
\Il—xz =cosA and \/1—x2 =sin B
ANSWERS QUESTION 6
Question 6 (a)

Criteria
b b
e Oneforv=4x j‘(c—y)xaﬁz ,one forv= 4z I(c—y)x%\’bz —y2 dy, one forv=
-b -b
4 b b
=% J‘cﬂb2 —y2 dy— Iy b2 —y2 dy | , one for simplification.
-b -b
Answer:
b b
b 2 2 ;2 .2
V= Lim 3 2n{c—y)x2xd=4dr J(c—y)xdy =Arx J‘(c—y)xg— 52 - y2 ay,smceﬁ_=1__y‘2_ =_IL_2y_
&—>0y=-b b b b @ b b
4 y 5 4 1
=% f c\/b2 —y2 dy— Iy\/bz —y2 dy =$[cx5ﬂb2 —0J= 272 abe
~b ~b
b
Note: 'Hb2 - y2 dy= %ﬁbz ,since it represents a seri — circle
-b

b
and _[y b2 ~ 2 dy = 0, sinceitis an odd fanction

-b
Question 6 (b)
Criteria
| o One for area of triangle ABC, one for integral, one for simplification.

Answer:

O is the origin
C BC=2va? -x2
Areaof AABC
P <X

2_2
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v=bfa a% —x? dx

= b X area of semi-circle of radins a

Question 6 (c)

Criteria

o One for testing x=1, one for k(k% -4k +4)+320, one for LHS= (k+1)(k—1)2 +3 one for conclusion
Answer:

¥ —4x? +4x+320
Forx=1,LHS=1-4+4+3=421
s Trueforx =1

Assume true for x = k

kP -4k 14k 4320

= k(k? -4k +4)+320

= k(k-2)2+320

Whenx =k +1
LHS = (k+1)(k+1-2)% +3
=(k+Dk-1)% +3
Now, (k~1)2 20
andk+1>0
S (k+DE-D2 4320
Since true when x = 1, must also be true when

x=2, 3 and so on. So the statement is true for all
positive integer values of x.

Question 6 (d) (e)

Criteria
¢ (d) One for determining number of ways B and C can sit, one for simplification
® (&) One for second derivative, one for x = -1/4 or -2, one for simplification
Answer:
(d) Sit A down first. B can sit in two positions.

(e) P(x)=2x"+9x" +6x —20x~24 has a triple root
P'(x)=8x"+27x* +12x-20 has a double root
P*(x)=24x" +54x+12 has a 1 fold root,

Women C can sit in 3 positions. Remaining 3

people can be seated in 3! ways.

L] [ ]
L1 L]

Thus total number of ways= 2(3)(3)=36

5 24x2 +54x 412 =0
4x% +9x+2=0
(4x+1)(x+2)=0

.'.x=—l or -2
4

Substituting x=~2,

P(-2)=2(-2)" +9(-2)’ +6(-2)" —20(-2)-24 =0
. x=-2 is the triple root and by inspection,
P(x)= (x+2)3 (2x-3)
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ANSWERS QUESTION 7

Question 7 (a) (i) (ii) (b)

Criteria

e (i) One for completing the square, one for simplification (i) One for gradient of tangent = 4(p——}2’h) ,one for

4p=2h)
q-
coordinates at 4, one for simplification

finding (¢? ~1) =

, one for simplification. (b) One for finding focus at F;, one for finding

Answer
@
@) 4x* ~16hx—y* +2hy = 4a° - 1547

4(x2 —4hx)—(y2 —2hy) =4a? — 15K
completing thesquare

4(x? ~hx + 41 ) ~(y* ~2hp+ 1)
=4g" ~15K +161% - K?

4(x-2h) =(y-h) =4a®

(roanf -2

2
~.of the form%— - Zz— =1..ahyperbola
a b

(ii) To find the gradient of the tangent

dw.rtx
2(x-2n) 2{y~h) dy
L Y SV AP ¢
@ 4q* dx
dy _4(x-2h)
a y-h
4(p-2h)

~.at(p,q)gradient of tangentis ;

giveny = (e2 —1)x .. gradient is(e2 —l)
(e2 —1) =%.‘..A

2

b xt 2
2 _ Y
nowe” =1 +;2~for the hyperbola— o 1

subinto A
4o Hp=2h)
q-h
4g—-4h=4p-8h
g—h=p-2h
p-q=h

®)

h
% 12h

(x=28) (y-h)’

=1..B
& 44

2 2
isahyperbola x_2 - 4})—2 =1translated 2h to theright and hunits up
a a

2 2
The focus ofx—z—y—2 =lisat (iJ:;?, 0)
a® 4o

the fociat translated hyperbolaisat 7 (\/g a+2h, h) and Gy (—\/g a+2h, h)
At x=15+2h

subinto B

(Js_a+2h—2h)2 (-}

- =1

162 =(y- h)2
y=4a+h
.. 4, has coordinates (\/ga +2h,da+ h)

+h-]
gradient A\ G, is dath-h =

2
(\/§+2h)—(—«/§+2h) N3
Thusequation of 4G, is
y—h=72—5.—(x—-(—\/§a+2h))
\/g(y—h)=2x+2\/§a—4h
50 =2x—\/§y+2\/§a+(\/§—4)h
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Question 7 (c) (d)

Criteria

® (c) One finding equations at A and B, one for finding equation at E, one for simplification. (d) One for
finding equation of tangent to hyperbola, one for 5a2m? = 3642, one for gradient of asymptote =2, one for

simplification.
Answer
© (d)
B s (x—Zh)2 _(y—h)2 _
@ B =1
2 2 2,2 a 4a
bixx;—a’yy =a’b 2 42
i Y

b2y B equation of tangent to—;- -~ z =1when (x1 W )
y= —ZL X = A L . a

an N isin1st quadrant is

istheequationin y = mx + cform
By
m=—— 1,
ah
squaring both sides
- B2
m"=—73
an

4.2 _ 242
b'x*=m"a"y"..C

..B

PO

2
point x, on the hyperbola => % )

sub Dinto C
2
ba? Ll + -J;T} =m?a’y?

42,322 2 _ 2 6 2
bra”+b*a‘y =ma y

)’12 (mzaz —b2)=b4

4
2 b 2242
W =———— wherem"a® -5 >0
T onRd? -
2
SN =ib—....E
Jmla® —p?
sub Band E into 4
»2
y=mxi———b2
m*a® —b*

Ly=mxtmta - b

If (xl N ) isin quadrantsland 2, then y — intercept is negative

ny=mx—m*a® —b?

If (x;, ) isin quadrants 3and 4, then y —intercept is positive

sy =mx+Nma® - b

y=mx-Vm’a® - b
.equation of tangent to the hyperbola is

yh=m(x-2h)~vm?a? -5

sub (% +2h, h)

—2—"3ﬂ— (m2 —4)a2 =0

2am = (m2 —l’:)a2
3
40’ m? =94 (m2 -4)

5a%m* =364

2 36 6
m=—=m=—4,m>0
5 J5
2y b
asymptote of —-— e =1 with positive gradientis—
a a

. gradient of asymptote= 2a_ 2
a

using notation on graph,tan y =2,tan f = %

tan J—tan ¥
1+tan Stan ¥

anda = f—y —tan(f-x)=
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6
22
V5T _6-2J5_6-2/5 12-\5

Stano =
Leax B 12445 12445 12-45
NS

_82-3045
139
2(41-15V5)
tang = ——
139
2(41-155
na =tan‘1(7)

139

ANSWERS QUESTION 8

Question 8 (2) (i) (ii)

Criteria

o (i) One for correct answer (ii) One for forming all three inequalities, one for simplification

Answer:
(i) LHS-RHS = a2 + 52 ~2ab =(a~b)
2 () for all values of a and b.
ca® +52 > 2ab

Question 8 (b) (iii) (iv)

(i)

From part (i), it follows that
a® +b2 22ab

b2 +¢2 2 2pc

02 +a2 22ca

forallreal g, hand c.
Adding these three inequalities:

2a2 + 2b2 +2¢% 2 2ab+2bc+2ca

a2+ e 2ab+be+ca

for all real values of g, band .

Criteria

o (iii) One for 4% +b2 +¢c2 —ab~bc—ca >0, one for simplification, (iv) One for correct answer.

Answer:

i(iii) If 4, b and c are positive, then a+b+c>0.

also, from part (if), for all values of @, b and ¢,

02 +b2 +02 ~ab—bc—caz0

(iv) In the result in part (iif),
replace g with %/x— ,
replace b with 3fx and

replace ¢ with %/;c; .

.'.(a+b+c)(a2+b2 +cz——ab—bc—ca)20 LA b e ~3abe20 | nxp txp +x3 Z3X%X%X%

nd+b +¢ 2 3abe

L X +x) +x3 53
e S it B / x
3 *1x2%3

for positive values of x1, x2 and x3 .
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Question 8 (b) (i)
Criteria
1. |2 A .
e One —sin| — |, one for simplification
2 2"
Answer
1 2 1 o
sin —cos —— = —sin| — [=—
on an 2 oH 2 2n—1
Question 8 (b) (ii)
| Criteria |

*  One for correct answer.

Answer:

Rearranging cos 26 =2 cos? 6-1 gives cos 8= % + L cos 268

. }1 i 2
Jogf—tFt—cosa =./cos =Cos
2 2 y

Question 8 (b) (iii)

N[ R
[SRES

Criteria

simplification.

e One for area of triangle APB and sector APB, one for Area AAPB < Area sector APB < Area AAPC, one for

Answer:
AreaAAPB=%x1x1xsinx=%sinx
1 .2 1
Areasector APB=-—x1“xx==x
2 2
1 1
AreaAAPC:Exlxtanx=Etanx

Area AAPB < Area sector APB < Area AAPC

:lsmxslxsltanx
2 2 2

Question 8 (b) (iv)
Criteria
2 1 1 1 TV
o Onefor —< <————,oneforasn—»>w - = —, one for simplification
e o acos0 a
sin| — | ocos| — ocos| —
2" 2" 20
Answer:
n 1 a
1< A2 < ————replacing x with—
| @ a 2n
sin| cos| —
27 oh
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