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1 Whatis —14+74y/3 expressed in modufus-argument form?
(A) 2 (:0's£+.!'sinr7E
(cos= 3
(B) 2(c052—ﬂ+isin?£) )‘
3 3
() N {cos Z visin E)
3 3
Dy \/f(cosz—ﬂd-i singj—{)
3 3
What is the equation of the conic whose foci are (3, 0)and directrices are v =+127
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Which of the following is an expression for J. o
X+

de?

(A xdtanxde

B)  x—tan'xte

(€  r+2tanx+e

D)  x—2tan'x+c

The polynomial equation P(x) =0 hasrootsar, £ and 7.
What are the roots of P(2x —~3) = 0?

i 3 3
A A TV
(&) a2,ﬁ272

®  2a-3,28-3,2y-3

© 243 8,573
) 2 gy
™) a+3 f+3 y+3

Which of the following is an expression for J xsin2xdx?

(A) —£0032x+%sin2x+c

®) ~Xcos 2x~isin'2x+c
2 4

(Cy  2vcos2x+dsin2y+e

D) 2xcos2x —4sin2x+c¢

The graph of y= f(x) is shown below.
)l

What is the best representation of the graph of y
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The diagram shows vectors representing the complex numbers z and w.
y

i

Y
w

z
In the diagram below, which vector best represents the complex number - 7

y
k
) A
B
11
9 . =
\ D
C ”
A od ’
®) OB
© oc
19)] oD

10

A patticle of mass m falls from rest under gravity and the resistance to its motion is mkv?,
where v is its velocity and £ is a positive constant.

" Which of the following is the correct expression for the distance, x, fallen from rest?

A o (log,— " —+log, 2
( ) 2k engVZ geg
I g
—(fog —&
®) 2k( OB gk )
I v y
C -, (fog, ——~log, )
( ) 2k g—.lﬂfz g
g—k’
2

1
)] E(loge )

}

If four socks are chosen from a drawer containing five different pairs of socks, what is the
probability that no socks match?

8 6 4
A Ix— —X—
W Ixgxg 7
111
B)  Ixoxoxo
X9X8X7
©  1x2x87
098 |,
g 6 4 .
Iy
B xpxgxy

Find the nurmber of solutions to the equationtan™ x+tan ™" 2x =tan™' 3.

A 1°
® 2
< 3
B 4
End of Section I
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Section Il

20 :-uarks
Attempt Questions 11-16
Allow about 2 hours and 45 minetes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or

calculations,

Question 11 {15 marks) Use a SEPARATE writing booklet.

@

(®)

@

(i)  Find values for @ and & so that {a+i8)* = 16+ 304,

(ii) Hence or otherwise, solve the equation z* ~(I+Nz—{(4+7)=0,

! 2e”
o€ +2e" +1

2 2
Sketch the hyperbola ;—6 - % =1 shéwing its foci, directrices and asymptotes.

s,

=

Let P(x)=x"+ax’ +36x" ~35x+5, where a and & are real constants,

Given that x=5 and x= 3 are zeros of P(x),

{i)  explain why x* —x+1 must be a factor of P(x).

(iiy findwand b

End of Question 11

]

Question 12 (15 marks) Use a SEPARATE writing booklet.

(@) The diagram shows the graph of y = f(x).

Draw separate one-third page diagrams for each of the following functions.

s 1

()] =
)

@ =7

() y=xf(x) -

P . 5 -
(® (@) Findtherootsof z°+1=0in modulus-arguinent form and show these rools on an

Argand diagram, showing all essential features,

(i)  Express 23 +1as a product of real linear and quadratic factors.

. . .
© () I x,yand zare positive numbers, skow that ¥ + 32 422 > x4 374 2.

(i) Hence, or otherwise, prove that x> -+ LS =3xyz.

End of Question 12




Question 13 (15 marks) Use a SEPARATE writing booklet

()  Theregion bounded by the curve 3 =x+6x”, the y-axis and the line y=22 is rotated

abouf the y-axis.

Use the methed of cylindrical shells to calculate the volume of the resultant sohd Give

your answer correct to 3 significant figures,

{b) P represents a complex number z, where z satisfies the condition that lz-2}=2.

() Sketch the locus of P on an Argand diagram.,

(i)  Hence or otherwise, find the value of k given that arfi(z —2) = k(arg(z* - 22)).

‘
(© Let o, fand yhe the roots of v” — 7x* +18x—7=0.

3] Find a cubic equation with integer coefficients that has roots
I+a®,1+ 4% and 1452

(ify  Henee, or otherwise, find the value of (1+a2)(1+ A7)t +52).

Question 13 continues on page 10

Question 13 {continued)

@

In the diagram, PQ is a diameter of the circle. The chords QX and PS intersect at X,

The point C lies on PQ such that XC is perpendicular to PQ. The point B is the
intersection of PR produced and CX produced.

Copy or trace the diagram into your writing booklet,

Q
s

@  Showthat /PBC=/PQR.
(ify  Show that SBRY is a cyclic quadrilateral.

(iii) ~ Show that the points B, §and Q arc collinear.

AS

¥nd of Question 13
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Question 14 (15 marks) Use a SEPARATE writing booklet. Question 14 continued

{c) A carof mass m travels af a constant speed of v around z circular irack of radius R.
(8)  The equation 3 = (2¢cos6)x —1 has complex roots @ and J, The frack is banked at an angle & to the horizontal, The car is subject to a gravitational
force img, a normal reaction force Nand a frictional force I parallel to the track, as

shown in the diagram,

iy Find ccand g 2
(i) Hence show that o® + §° =2c0s68. - 2
3

(b)  The base of a solid is the region bounded by z circle whose equation is 3 - y* =4,
Vertical cross-sections of the solid perpendicular to the x-axis are equilateral iriangles as
shown in the diagram.

Not to scate

(i) By resoivmg forces vertically and horizontally at P show that

¥eyi=4
—m(—cosé' gsiné).

-
-2 ) .
. (i} What speed must the driver mainfain in order for the car to experience no sideways
frictional force, given that R=130m, §=9"and g=10ms™.
Find the volume of the solid. : ) z
: . ) ’ (@ Let] = [ x"cosxdv where nz0.
0
“w e ” : -
Question 14 continues on page 12 (@  Showthat J, = (“2') —nn-DI,, forn=2.
¢ = ¢
‘ (i) Hence find the value of J x*cosxdk,
i)
End of Question 14
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Question 15 (15 marks) Use a SEPARATE writing booklet.

(@

)

()

(d)

Use mathematical induction o prove that n!> 2" forall integers n> 4.

You are given thatsin A +sin B = 2sin( A;

B) cos ).

Hence, or otherwise, solve sinx+sin2x +sin3x +sindxr=0for 0<x <27

A—-B
¢ 2

E 1 @1
(i) Show that x2 +(by)? =h2 where b > 0 is a monotonic decreasing function for all

values of x in its domain,

1 1o
(fiy Sketch the curve x2 +{by)? =52 where 5> 0,

1 11
(iify Hence sketch |x|? +(by)? =5? where b> 0.

2 2
Consider the ellipse ‘—2 + —2’7 =1where 2> 5>0.
a

Not to scale

(i)  Show that the equation of the tangent at P{azcos#,bsin8) is
bxcosd +aysinf —ab=0.

{ii)  Show that &’ cos’ @+a” sin’ 6= o’ (1 " cos’ &).

(iii) Perpendicular lines from the foci § and S meet the tangent at P in the
points T and 7' respectively.

Show that STxS'T' =4

End of Question 15

13

Question 16 (15 marks) Use a SEPARATE writing booklet.

@

®

A class consisting of 3x students is to be divided into three groups made up of
x-2,x and x+2 students.

1
(i)  Show that the number of ways that this can be done is given by ~——~(L
xl(x—-Dix+2)!

(i) Suppose that the three groups have been chosen.
In how many ways can the 3x students be arranged around a circular fable if the

students in each group are to be seated together.

A body whose mass is [kg is projected vertically from a point on level ground with
veloeity of 50 ms?, :
The forces acting on the bady are gravity and air resistance of g Newtons where v is the

velocity of the body. Use g= 10 ms?,

(i}  Show that the equation of motion of the body is ¥ = ——EG;—V).

(i) Find the maximum height reached by the body.

(iii) Find the time taken for the body fo reach its maximum height.

w

Question 16 confinues on page 15
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Question 16 continued

{¢)  The diagram shows the graph of y=log, x and (;7—1} steips of equal width from v =1

fo x=n.

y=log,x

-

log, 1+log, 2 + log,2+log, 3 ot log,(n—1)+log, n

3 5 <L log, x

(i)  Show that

)
. en 2
(ii) Hence deduce that »! <"

eﬂ

End of paper
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CATHOLIC SECONDARY SCHOOLS ASSOCIATION OF NSW
2017 TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION
MATHEMATICS EXTENSION 2 - MARKING GUIDELINES

Seetion I

10 ms;l'l(s

Questions 1-10 (1 mark each)
Question 1 (1 mark)

Ountcones Assessed: E3
Targeted Perforimance Bands: E2

Solution Mark

z=—1+13
[z[=2

2n
arg(z) =——

3 I
z= 2(c053]£+isin—2£) ’
3 3 .
Hence (B) ;
1
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Question 2 {1 maik)
Outcotnes Assessed: E4

Quesfion 4 (1 mark)
Oufcomes Assessed: E4
Targeted Performance Bands: EX/3

Solution

Mark

Put 2x 3=«
c+3
2
Hence (D)

xX=

Question 5 (1 mark)
Quitcomes Assessed: E8

Targeted Performance Bands: E3
: Solution

Maric

Targeted Performance Bands: E2/3
Solution Mark
Foci are between the directrices, so the conic is an ellipse.
qe=3 > a =-3—
e

—=12
e

3
S22

el
=t

4
et 1
2
a=6
P =a1-¢")
1
=36(1——
‘ ( 4)
=27
1_2 y2
. Equation of conic is —+=—=1
quation o %627

Hence (B)
Question 3 (1 mark) *

Qufcomes Assessed: E8
Targeted Performance Bands: E2/3

Ivdu = :w—Iudv

y=x di =sin2x

dv=1 u=—lcosz_~c
2
. 1 1
J'xsm2xdx =--—xcos2x+—_[c052.t dy
2 2

= 41.‘4 cos2x +—1—si112x+C
2 4

Hence (A)

Solution

Mark

Question 6 (1 mark)
Oufcones Assessed: E7
Targefed Performance Bands: E2/3

2+l

- a2

41

=x—2an Fx+c
Hence (D)

Solution

Mark

By inspection, {A)

Question 7 (1 mark)
Outcomes Assessed: E3
Targeted Performance Bands: E2/3

Solution

Mark

2
DISCLAWER
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z
arg( -} = arg(2) —arg(w)
Hence, by inspection (C)

3
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Question 8 (I mark)
Outcomes Assessed: ES
Targeted Performance Bands: E3/4

Solution Mark

The equation of motion is given by m¥ = mg — nikv?,

¥=g—k’

iii_ v
v g—h?

1
. | ~k+C
ey og,(g—-kv') i

1
When x =0,v=0, C=-—Ilog,
enx=0,v Sk g, 8

1 1
Sx=—] ——1 -k
v rlog, g—op og, (g )
- g
ok )

g—kv’
Hence (B)

log,{

Question 9(1 mark)
Outcomes Assessed: E2 .
Targeted Performance Bands: E3/A4

Solution ~ Mark

Represent the pairs of socks by as, bb,ce,dd,ee
Select the first sock (say a) with probability 1

. 8
Probability that second sock is different =

Question 10 (1 mark)
Outcomes Assessed: E2 ]
Targeted Performance Banids: E3/4

tan~' 3=tan! X
1257

3k

\
But tan™(~1) and tan™"(-2) are negative and tan~'(3) is positive so x =1
cannot be a solution. '

Hence (A).

Solution Mark
Letd=tan'x,B=tan™2x
fanA=x, tan B=2x
tan( A+ B} = M
1—tan Atan B
__xt 2x
1-xx2x
_ 3x
1-2x%
A+B=tan™" X
1-2x%
sotan x+tan 2x = tan™ (~3x—
- 1-2%° 1

9
Probability that third sock is different = g ! i
Probability that third sock is different= ;
Hence (A)
4
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Section II
90 marks

Question 11 {15 marks)

11 (a) (i} (2 marks)
Ontcomes Assessed: E3
Targeted Performance Bands: E2/3

Criteria Marks

* Correct solution
* Equates correctly imaginary and reat parts

Sample Answer:
(a+iby’ =16+30i

a* +2abi—b* =16+30 1

at-b? =16
ab=15 —)b=-li
a

a —2—255—=16
a
at 160> -225=0
{a' -25)(a* +9)=0
a=zx3
- Whena=5,b=3and whene¢=-5, b=-3.

6
DSOLAVER ) ) §
Tha Fermfion ootaned In Eis donumerd b nerdad for ba protessiond assstence of tading 27 B s rotoorstirs aidos 1 stderts Pt B b nol fn Tierfen of GR54 1
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Question 11 (continued)

11 (a) (ii} (2 marks)

Ouiconies Assessed: E3

Targeted Performance Bands: E2/3

‘ Criteria Marks
* Correct solution 2
* Substitutes comrectly into quadratic equation 1
Sample Anssver:
2= (l4+Dz—(4+7)=0
. L+ D) £ JI-(+ DT +4(4+71)
2
_ 4+ 1420+ +16+28]
= 5 7
_{+d+ J16+307
- 2
(D) EG+3D)
B 2
_6+4 A-2i
27 2
-~ Solutions are 3+2f and -2/,
A4
7
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Question 11 {confinued)

11 (b) (3 marks)

Ouicomes Assessed: E8

Targeted Perforinance Bands: E2/3

Criteria Marks

¥ Correct solution
* Finds the correct integral 2
* Changes limifs correctly fromx to #

Sample Answer:
1 2e°
=] ———dr
'[0 e’ +2e* +1
= Il—ze -dx
0(e"+1)
Put 4 =e* +1 l
du=¢e"dx
Whenx =1,z =e+1
Whenx=0,n=2
e+l 1
~I= 2[ —5du
It

2

= 2_“;! w ' du

8
n et doo_ i Trtenaserd Fr B provssional assstanca of teactin; 137, I Goes nob covatiess aion o sirderts. Futher It is rod e bntertion of CSSA b
Tre Iforrion cordsTed h B9s dooumend & Tries gaaiocal sssstanca g 5187, L | 2 t " ket £
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Question 11 {(continned)

11 (¢} (4 marks)

Ountcomes assessed: E3

Targeted Perforuce Bands: E23

* Finds correct value of ¢

Criteria Marks
* Correct solution 4
* Demonstrates significant progress towards answer 3
* Finds correct value of e along with either directrices or foci 2
1

xZ y2

16 9
B =a’(e* -1)
2.9
13
o=
16

e==

4
Faci: (£5,0)

Directrices: x :i?

Asymptotes: y = i%‘f

IESCLANER
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Question 11 (continued) Question 12

11 (d)(i) (2 marks)
Ouicomes Assessed: B4
Targeted Performance Bonds: E2/3

12 {a)(i) (2 marks)

Outcomes Assessed: E6
Criteria Marks Targeted Performaice Bands: £2/3
¥ Correct solution 2 Critevia Marks

* Correctly states either co-efficients of P(x) are real or finds only the conjugate factor 1 # Correct graph
* Demonstrates some correct working - 1

Sample Answer:
Sample Answer:

Since the coefficients of P{x) are reat, thenx = 1—%_31 is also a root.
1-+f31 . 143

Sum of roots =
2 2 . y =

Product of roots =

1—J§fx1+J§f
2 2
=1

-, Quadratic factor is x* —x+1

11 (d)(ii) (2 marks)
Oufcones Assessed: E4
Targeted Performance Bands: E2/3

Criteria Marks

* Correct solution .
* Tinds correctly cither g or & * .

Sample Answer:

Plx)={x—5)(x" ~x+D(x—a) ;
=t ~(6+a)x® +6(1+ee)x’ - (5-+6a)x +5e .
Equate coefficients of 1 6(1+a) =136 ,
a=5 ' ’
Equate coefficients of x* 1 —(6+a)=a
a=-—11

Equate constants : b=5a
' b=125

10 ' 11
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Question 12 (continned)

12 (a) (ii) (2 marks)

Ouicomes Assessed: E6

Targeted Performance Bands: E2/3

Criteria Marks
* Correct graph 2
* Demonstrates some correct working 1

Sample Answer:

12

DiSCLAMNER

The Ifarmation cocaired In 17 dooament ks bitsrded Br £ grovessond ass'stencs of leaching sl R 0463 fol onsTids atiice to studeris. Furfer i ks not @ Inisndon of C‘,SSJ« n
froie specs rarking cutoumes B @ posstis Trd HSC srsaers. Refer e puposa b b prevtda beaters wih nenrzien o fal figy o betier rpiore, trkiratand and epgly HSC

Imarking req.rements, &5 establshed by e HESA. M garadze or womerds & mads of frpied wih eyt bo e 2pphcaton or uss of C3SA Mabing Guditres by

refafon b &7y specfc

P eramqeston or arawsr, T O58A sssres o FabTty of resporstinly bor e scorary, compledersss of Lsetiness of ary Warving Giidstres prodikd fr B TR HSC papers.

ptmdds speciic maring Qutnees Tt )

Question 12 {continued)

12 (a) (iii) (2 marks)

Quicomes Assessed: E6

Targeted Performance Bands: E2/3

Criteria

Marks
* Correct graph 2
* Demonstrates some correct working 1

Sample Answer:

i
SENC) f
!
| : L 4
; !
t

t

1 13

)

i

1 | 2

\

1

\

\ +1 y=xf(x}
v —
A - e
4+ } S 4 el ¥ 4 + = 5— Lo
a3 2 /1o 1 2 3 P
1—F
. ~
;
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Question 12 (continued)

12 (b} (i) (3 marks)
Outcomes Assessed: E3

Targeted Performance Bands: E2/3
Criteria Marks
* Correct solution and graph 3
2

* Tinds all five fifth roots of -1
* Demonsirates some correct working

Sample Auswer:
. +8& , 2k

Roots of z°* +1 =0 are given by z, = cos(zlm—) +i sm(—;;—w-) where k=0,11,£2,8 =,
Hence roots are

when k=0, z, = cos£+isin£

5 5
when k=1, z, = cos§£+is'm§£
5 5
when £ =2, z, = cosz +ising =-1
when &k =—1, z; =cos(~ %) + isin(f%)
., 3
when & =-2, z;= ces(—:%r) -+ ism(——g)
Y
- & '
1 3i )
i
% 1 -t
o i
1 I3
5 %
Z5
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Question 12 {confinued})

12 (b) (ii) (2 marks)

Outcomes Assessed: 3

Targeted Performance Bands: E2/3

Criteria

Marks

* Correct solution
| * Demonstrates some correct working

2
1

Sample Answer:
2 +l=(z-2,)(z -z Nz—z)z—2,)(z— 2z5)

={z+0)z* ~2cos§z +1)(z* —20053?”2 +)

12(c}) (i) (2 marks)
Outcomes Assessed: E6
Targeted Performance Bands: E2/3

Criteria

* Correct solution
* Shows 37 + 37 = 2xp

‘ Marks !

Stumple Auswer:

(x—-pP=z0

¥y = 2xy

Similarly

¥z 22xz

Vi+zielyz

Adding these results, 5
227+ 2y +22° 22y 4 2xz 4+ 2y
Hencex’ +y* + 22 2 xy+ xz+ yz
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Question 12 (continued)

12(c) (ii) (2 marks)

Orutcontes Assessed: E6

Targeted Performance Bands: E3

Criteria Ma l'lé
2
1

* Correct solution
* Demonstrates some correct working

Sample Auswer:

From (i}, x +y2+z?'—xy-xz—y220

Muitiply by x+ y+ =z

Harxp?+xa? —xty -z axty+ 4yt - n? ~xpz—ylz+xlzryie v+ —xyr—-xzt - yzt 20
x +y3+z3~3.‘g'220

x3+yj+z3 =3xyz2 l
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Question 13 (15 marks)

13 {a) (3 marks)

Quiconnes Assessed: E7

Targeted Performance Bands: E3

Criferia Marks
* Correct solution 3
* Finds integral of solid correctly 2
* Finds correctly height of sirip 1

Sample Answer:

Consider a typical strip of the region
Height of strip = 24/2 — (x + 6x*)

=22 x4

Let thickness of strip be §x
Volume of shell =~ 27x(24/2 —x—6x")5x

-
Volune of solid = 2:?_[0 Tx(242 —x 637 )dx

DSCLAVER

Ji
=27 [ ? (2V2x - 57 6x*)dx

g
[2\.’5}&'1 X 6x5:| 2
R e

35,

=2rr[\/i(l@)’ —1(%’—5<£>’]

2 3
Y

52

g e ]

N AR
=27 AJ_E.H.J_i._ﬂ_?_
2 127 20
~2.3695

#2.37 to 3 significant figures,
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Question 13 (continued)

13 (b} (i) (1 mark)

Outcomes Assessed: E3

Targeted Performance Bands: E2/3

Criteria Marks
* Correct solution 1
Sample Answer:
The point representing z lies
on a circle with centre at (2,0) 4
and radius 2.
g s - x
o 2
13 (b) (ii) (2 marks)
Outcomes Assessed: E3
Targeted Performarice Bands: E3/4
Criteria Marks
* Correct solution 2
* Shows correctly arg(z—2) = k(arg(z) +-arg{z-2)) 1

From (i), arg(z —2) =« and arg{z) = 5. .
sarg(z—2)=2arg(z)  (angle at centre equals twice angle at circumference)
Given arg(z —2) = k{arg(z" —22))

arg(z - 2) = k(arg(z(z - 2)))

arp(z — 2) = k(arp(z) + arg(z—2))
arg(z—2) =karg(z)+ karg(z —2) .
arg(z—2) —karg(z—2) = karg(z) ’
(1-kyarg(z—2) = karg(2)

gz~ 2) = ——arg(?)

From line 2, ke =2
1-k

k=2-2k

k=2
3
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Quaestion 13 (continued)

13 (¢} (1) (3 marks)

Outcomes Assessed: E4

Targeted Performance Bands: E3

Criferia Marks

* Correct solution
* Demonstrates significant progress towards answer 2

* Obtains (Vx—1) —7(¥x—1)* +18(/x~1)~7 =0 1

Sample Answer:

Letr=1+a?, @=Jr—1 ‘

Since « is a root of the polynomial replace x by -1

(W —1P 71 4 18(x—1)=7=0

Jx=I((x—1)? +18) = (x=1)+7 ' _
Je=1(e+17)=Tx ' ' }
Square both sides:
W=D+ = (1)

(x - 1)(x? +34x +289) = 495

x #3457 +289x — X7 —~34x ~ 289 4937 = 0

.~ Required equation is ¥’ —16x* +235x—-289 =0

13 (c) (ii} (I mark)
Ouicomes Assessed: E4
Targeted Performance Bands: E3*

Criteria Marks
* Carrect solution T 1

Sample Anuswer: ,
(L+oh)(1+ A1+ 7*) represents the product of the roots of * —16x? +235x - 289 =0,

QU ) ==

=289
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Question 13 (continued)

13 (d)(i) (1 mark)

Outcones Assessed: E9

Targeted Performance Bands: E2/3

Criteria Marks
* Correct solution 1
Smmnple Answer:?
g
S
Flc

P

In triangles BCP and PRQ

/PR =90°(angle in a semicircle is a rightangle)

ZBPC is a common angle ) ‘

~ ABCP || APRQ (equiangular) .
= /PBC=/PQR (matching angles in similar triangles) )

13 (d)(if) (2 marks)
Qutcoines Assessed: E9
Targeted Performance Bands: E2/3

Criferia Marks
* Correct sotution 9
* Demonstrates some correct work 1
Sample Answer:
Join SR.

ZRSP = ZRQP (angles at the circumfere‘nce standing on same arc RP)

ZRBC = £RSP (both equal to ZRQP)
. SBRX is a cyclic quadrilateral (angles al circumference are equal)
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Questior 13 (continued)

13 (d)(iii) (2 marks)

Outcomes Assessed: E9

Targeted Performance Bands: E2/3

Criteria Marks
* Correct solution 2
* Demonstrafes some correct working 1
Sauiple Answer:
Join BS and SQ

ZPS0 =90°(angle in a semicircle is a rightangle)
£PRY = ZBSX (exterior angle of cyelic quadrilateral equals interior opposite angle)
Since ZPRX =90° then £BSX =90°
£ BSQ = /BSX + £X8C
=90°+90°
=180°
AsZBSQisa straight angle then B, 5 and O are collinear.
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Question 14 (15 marks)

14 (a) (i) (2 marks})

Outconies Assessed: E3

Targeted Performanice Bands: E3

Criteria Marks

* Correct solution
* Applies quadratic formula 1

Sample Answer:
¥’ =(2cosP)x—1
1 —(2cosx+1=0
 2cosdEy4cos’ -4
B 2
_ 2cosfk24cos’ A1
= - 2 l
_2cosfL2 —sin? 8
B 2
_ 2cos#+2ising

2
sa=cosf+isinf, f=cosf—ising

14 (a) (ii) (2 marks)
Orntcomes Assessed: E3
Targeted Performance Bands: E3

! Criteria Marks
* Correct solution 2
+ Applies De Moirve’s theorem to both roots v 1

Sumple Answer:
& =(cosf+ising)’
= cos 60 +1isin G4
" g% =(cosf-isingy
=c05 66 —isin 66
noab + % = cos 60 +1sin 660 +cos 66— isin 68
=2cos 66, as required.
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Question 14 {continued)

14 (b} (3 marks)

Oufcomes Assessed: E7

Targefed Performance Bands: E3

* Finds area of cross section

Criteria Marks
* Correct solution 3
* Finds correct expression for volume 2
1

Sample Answer:
¥
day=4 77 | I §
|
-2 t
17 P
i
|
e ] .
F+yi=4
y=tyd—x?
.. Base of cross-section (b) =24 -x
Area of cross-section = —;—bl 5in 60°
~Lofa Ty V3
2 2
=3(-x")
. Volume =+/3 J‘: (4—xD)dx
=2V3f (4-x")ax
3 2
=23 4r- %
3 1]
8
=238 =
23D
3243
3
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Question 14 (continued)
14 {c) (i) (3 marks)
Oufcoies Assessed: ES
Targeted Performance Bands: E3/4

Criferia Marks
* Correct sofution 3
* Demonsirates significant progress towards solution 2
# Finds either sum of forces horizontally or vertically 1

Sample Answer:

my’
Horizontally: Sum of forces = <
2
Nsmchosa:f% e D)
Vertically: Sum of forces =0
Neosd—Fsingd—-mg=0 v
Ncosd-Fsind=mg cenens{Z)
Eliminate ¥ to find F )
2
(1) xcosd N5h180036‘+Fc0526=£%—c056
{2)xsind Ncosfsing—Fsin’ 8= mgsind
1
F(cos* @ +sin’ #) :E}:—cosgﬁmgSMH
vl
F= m(—}-{cos #—gsind), as required.
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Question 14 (confinued)

14 (¢} (ii} (1 mark)

Outcomes Assessed: ES

Targeted Performance Bands: E3

Criteria Marks

* Caorrect solution in either m/s or km/h 1

Sample Auswer:

2
Using F=m(—%cosﬂ—gsiﬂ€) with F=0, R =130, 8=9°, g=10

2
0=m(I%cos9°—lﬂsi119°)

vZ
——cos9” =105in9°
130 08 10sin9

v ,13005in 9°
cos9°
=14.35mfs
=52 ken/h

2
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Question 14 (continued)

14 (d) (i) (3 marks}

Outcomes Assessed: E8

Targefed Performance Bands: E3/4

Criteria Marks
* (Comect solution 3
*  Demonstrates significant progress towards solution 2
* Applies integration by parts correctly once 1
Saniple Answer:
x
1, :Jlolx"cosxdv,nzﬂ Ivdu—uv—judv
- - v=x" du=cosx
N . 7 FPLE I _ .
ﬁ[x smx]: —anx sinx dy P —— 4 =sinx
x
Tye RS BN ) '
={— —n[2x"sinydy .
(2) .fa y=x""T du=sinx

Using integration by parts again

. Tin e 5 — 7 -2
I"—(E) —n [ X cosx]02+(n l)jnzx cosxdx

LIV PPN .

_(2) n| (n I)J.a ¥ cosxdx

= (%)” —n{n—1){, ,, n=2 as required,
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Quesfion 14 (continued)

14 {d) (ii) (1 mark)

Outcomes Assessed: E§

Targefed Perforutance Bands: E3/4

Criteria

Marks

* Cogrect solution

1

Sample Answer:

L;x" cosxdv =1,

4
Fig
1, Z[EJ —121,
. 2
(2] 24
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Question 15 {15 marks)

15 (a) (3 marks)
Oufcomes Assessed: E4

Targeted Performance Bands: E3/4
Criteria Marks
* Correct solution 3
* Demonstrates significant progress towards solution 2
* Shows it s true forn=4 1

Sample Answer:
Let P(x) be the proposition that #1>2" forn> 4.

Whenn=4, #!=24 and 2" =16.
o P(n) istrue forn=4.

Assume that P(n) is true for # = k. l
ie assume that k1> 2*

Need to show that P(n) is tue forn =k +1.

je Need to show that (k-+E}l > 2"

From assumption, k!> 2%

Multiplying both sides by (¥ +1) does not change the inequality
(k+Dxkl> (k+D)x2*

(k+D1>(2+k—-D=2"

(F+ 11> 2% 28 +(k—1)2*

(k+1)1> 29 4 (k132"

Hence (k+1)!> 2 as required..

o IE P(r) is true for =k with & = 4, then P{#x) is true for n =k +1.
Hence by mathematical induction: P(n) is true for all i,nteger's nz4.

7
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Quesfion 15 (confinued)

15 (b) (3 marks)

Ouicones Assessed: E4 )
Targeted Performance Bands: E3/4

Criteria Marks

* Correct solution
* Demonstrates significant progress towards solution 2

* (Obtains 4cosxcos£sin£= 1
2 2

Sample Answver:
sinx+sin2x+sin3x+sindx =0

Re-arranging and using the given result
LHS = sin3x+sinx+sin4x+sin2x
=2sin2xcosx+2sin3xcosx . 1
=2¢0sx(sin Ix+sin2x)
=2(:()sx:-cZSinﬁ'-cos£
2 2
x . 5x
=4cosxcos—sin—
2 2

.. Equation becomes 4cosx cos'—;- sinsz—x =0

Hence cosx = O,C()s% = O,S'm% =0for 0 x<27.

When cosx=0and 0<x <27, x;%,%r

When cos£=0and05.1'53,£=£u9x=7r .
2 2 2 .
When Sin-s—x-=0 and OS£SSK,'5—£=0,JT,2?T,3JT,4K,SH _)Izg,_gﬁ’ﬁ’_éi,ﬁ, T
2 2 5°5°5°5
.~ Solutions are G,E,E!ﬂ,ﬁ,ﬁ,}_ﬂ,&’ P
525 5 2°5
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Question 15 (continued)
15 (c) (i) (2 marks)
Onicomes Assessed: E6

Targeted Performance Bands: E3/4
Criteria Marks
* Correct solution 2
* Pinds correct] Q
i Jeis 1

Samiple Answer:
1 1 [

¥ +(by)Y =b?

12 iy Ly
—x T4bi—y t—=—=0
2 2} dx

1
& _[i)f
dx bx
d L 101
As :il <0, ¥ +(by)? = b? is a monofonic decreasing function
X

15 {c) (i) (1 mark}
Outeoines Assessed: E6

Targeted Performance Bands: E3/4
Criteria Marks
* Correct solution 1
Sample Answer:
¥y
1
1 1 ’
xt+(by)? =b?
X ‘
o) b
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Question 15 (continued)

15 (e} (iii) (! mark)

Ouaicomes Assessed: E6

Targeted Performance Bands: E3/4

Criteria P
* Comect solution Mﬁ[lks
Sample Answer:
Y
! oo
|xP -+ =2
% o b ¥
/
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15 (d) (i} (2 marks})
Outcontes Assessed: E3
Targeted Performance Bands: E3/4

Criteria Marks

* Correct solution

* TFinds correctly % 1 J

Sample Auswer:
fz_ery;- =]
b
20,2 &y _
a B de
dy  2x _b_l_
& a2y |
Px

@y
dy _ blacosd
@ albsing

__bcosd

"~ asing
Equation of tangent at P is

bcosz (x—acos8)

AtP,

y—bsing=—
aysind —-absin’ & =—bxcosf +abcos’ @

brcosf+aysin @ —ab(sin® & +cos” 8) =0
. bxcosf+aysind —ab =4, as required.
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Question 15 (continued)

1S (d} i} (1 mark)
Outcontes Assessed: E3
Targeted Performance Bands: E3/4

Criteria Marks
* Correct solution 1

Sample Answer:
b’ cos” @ +a’sin® 0 = b? cos’ @+ a* (1 - cos® 6)

=t cos? B+a’ —acos’ O

=a + (b ~a’)cos’ §
From b* = a*(1-¢€%), b* —a” =—a’e’
Abrcos? B+ atsinf =g —aPe cost @ ,

=q*(l -’ cos’ 6)
15 (d) (iii) (2 marks)
Oufcones Assessed: E3
Targeted Performance Bands: E3/4

Criteria Marks
* Correct solution 2
* Finds perpendicular distance ST l

Sauiple Answer:
§=(ae,0), §'=(~ae,0)
Using formula for distance from a point to a line,
|abecos8—ab| . | ~abecos@—ab|
VB cos? B+a’sin?@ VB cos? +alsin’ @
Using the result from (fi),
|abecos@—ab|x o | —abecosd—ab |
Jai(1—e’cos? 8) \/az(l —e’ cos’ B)
_ | —ab(l—ecos )| x| —ab(l+ecos8)|
&’ (1~ cos’ 0)
_ |[-ab(l - ecos @)]x[-ab(l + e cos AT |
a*{l—e cos* 0)
_ a’b*(1--ecosB)x(l+ecosd)
- a’(l—e’ cos’ 0)
_a’b(l-e’cos’ &)
T a'(1-e% cos* 0)

= 4%, as required.

STx8'T'=

STxS'T'=
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Question 16 (15 marks)

16 (2)(1) (2 marks)

Ouftcomes Assessed: B4

Targeted Performance Bands: E3/4

Criteria Marks
* Correct solution 2
* Finds number of ways of placing in a group (x —2), x and (x -+ 2) ways 1

Samnple Answer:

There are **C,_, ways of placing students in a group of (x - 2) students.

Then there are ***?C, ways of placing students in a group of x students,

The remaining (x +2) students are placed only one way in a group of (x +2) students.

_3x

Hence, total number of ways = >C_, x **7C, x|
G0 Qxe2)
G-IEvr)! !l f 1
_ (3x}H!
X - )l

16 {a)(ii) (2 marks)
Outcomes Assessed: E4
Targeted Perforinance Bands: E3/4

Criteria Marks
* Correct solution 2
* Demonstrates some correct working 1

Sample Answer:

There are (3—1)!= 2 ways of arranging the three grdups in‘a circlo.
There are {(x—2)], x! and (x+2)! ways of arranging the students in each group.
Hence the total number of ways is 2x!(x+2)I(x-2)] o
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Question 16 (continued)

16 (b)(i) (I mark)

Outeomes Assessed: ES

Targeied Performance Bands: E3/4

Criteria Marks
* Correct solution 1
Sample Answer:

mi=-mg—R

In this case, Jn:l,g:lO,R:%

nE=—10-2
5

_ =50~y
=
50+v

5

=)
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16 (b)(ii) (3 marks)
Oufcomes Assessed: ES
Targeied Performance Bands: E3/4

Criteria Marks
* Correct solution 3
* Demonstrates significant progress towards solution 2
* Finds correct expression for x 1
Sample Answer:
dv 50+v
Y= —
- dy ¢ 5 )
av_ (5 0+ v)
dx Sv
& 5 ¥
dy 50+y
E__5(50+v—50) ‘
50+v
Sl 50 )

50+v

x =-5(v—50log,(50+v)) +c

Whenx=0,v=>50.

¢ =5(50-50log, 100}

x =5(50—50log, 100) - 5(v — 5010g, (50 ¥)

At maximum height, v=0. -

x=250-250log,100+2501og, 50
=250-250(log, 100 —log, 50)
=250(1—log, 2}
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Question 16 {continued)

16 (b)(iil) (2 marks)

Ouitcomes Assessed: E5

Targeted Performance Bands: E3/4

Criteria Marks
2
1

* Correct solution
* QObtains correct expression for time

Samiple Answer:

v (50+v)

dt 5

ar 5

& S0+v

t=-5log,(50+v)+¢

When {=0,v =50

¢=>5log, 100

S t=5log, 100-5log,(50+v)

At maximum height, v =0,

~£=>5log, 100-5log, 50
=5(log, 100 -log, 50} ~
=5log, 2.

16 (c) {i} (2 marks)
Quitcomes Assessed: E4
Targeted Performance Bands: E4 .

Criteria Marks

* Correct solution .
* Demonstrates some correct working '

Sample Answer: i

.d? 1 . . .
Since -&x—f = —— and is always negative, the curve is concave down for all x.
Hence, the sum of the areas of the trapeziwms is less than the area under the curve

y=log, x fromx=1ltox=n

Area of first trapezium is %(log‘ I+log,2) fomx=1tox=2

Area of second trapezium is %(log‘, 2+log,3) fromx=2fox=3

and so on,
Hence log, 1+1°g"2+ log,2+10ge3+"m : log,(n—1)+log, n <rlog21'dx
2 2 L
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Question 16 (continued)
16 (c) (ii) (3 marks)
Outcomes Assessed: B4

Targeted Performance Bands: E4
Criteria Marks
* Correct solution 3
* Demonstrates significant progress towards solution 2
* Uses integration by parts correctly to find integral 1
Sample Anuswer:
2 - n
From (0, log,1+log, 2 + log,2+log,3 N log,(n—b+log, n <_{ log, xdx
2 2 2 ¢
LHS = log, 2+log, +......+log, (1 —1) +%Iog, »
=log, 24log, 3+....... log, (1) +log, nr-%log‘ n

= log‘,(n!)¥%logg n
RHS = Ln log, x dx
=[xlog, x]' —Lnxxldr using integration by parts
X
=nlog, n—[x]’

=nlog, n—n+l

Hence loge(n!)H%log, n<nlog, n—n+l
log,(nt) <nlog, n+%log¢ n—-n+l
log,(nl) < (n+%)[0g, n—n+l ’

i

log,(n!) <log, nloptl
3

log,(nl}<log,n 2 ~nlog, e+log, e
1

log,(n!) <log, n E —log,e" +log, e
et

2
log,(nt) <log, enﬂ
€

!H-l-

éen
Hence pl<———
en
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