2009

TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION

Mathematics Extension 2

General Instructions Total marks (120)

o Attempt Questions 1-8
Reading Time- 5 minutes o All questions are of equal value
Working Time ~ 3 hours

‘Write using a black or blue pen

Approved calculators may be used

O O 0O O O

A table of standard integrals is
provided at the back of this paper.

o All necessary working should be
shown for every question.

o Begin each question on a fresh !
sheet of paper.

STANDARD INTEGRALS
[ A — 1 i1+l . :
J,t dx _.rl+1't , N#E-L x#0,ifn<g

1
j{‘i" =hx, x>0
axy 1 ax
dx =—£%, az%#0
a
1
cOR AN dY =Esinax, az0 .

1
sinaxdx == cosax, a=0

1
secax tanaxdy = secar, a0

_ln(x+w‘1 —-a ), xX>ax>0

\\' '—(l

J
Js
J
J
J
Ja
f
7=
e

=1n(x+- x2+a?‘)

NOTE : lax=log,x, x>0
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Total Marks — 120
Attempt Questions 1-8

Mathematics — Extension 2

Question 2 (15 marks) Begin a NEW sheet of paper. Marks

All Questions are of equal value
Begin each question on a NEW SHEET of paper, writing your name and a) Given 4=3—4i and B= \/5 +i.
question number at the top of the page. Extra paper is available. ) .

i) Find 4B in x+iy form 1
Question 1 (15 marks) Begin a NEW sheet of paper. Marks 4

i) Find = in x+7y form 1
a) By using the method of partial fractions, show that 4 B

ii) Find V4 in x+7y form 3

-1 . . .
de 1 =In x_l +c iv)  Find B in modulus- argument form 2
x5~ x+ '

v)  Hence find B* in x+iy form 1

b) By making a suitable trigonometric substitution, evaluate 4

b)  Onseparate Argand diagrams sketch the following loci:
J~1 \/1_:_36_2 5 i) 22z>21 1
’ ii) 3 >argz > 1
4 8 4

iiiy 32ReZ20and 32ImZ =1

¢) If I'=|e"sinxdx 4 2
Find 7 using the method of integration by parts. c)  Onthe Argand diagram shown OABC is a rectangle with
the length OA being twice OC.
OC represents the complex number x + iy .
d) Evaluate 3 Find the complex number represented by
‘[%cosxsin3xdx B
0 iy OA 1
ii)y OB A 1
ifiy BC .
Cey
End of Question 1
S *

End of Question 2
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Question 3 (15 marks) Begin a NEW sheet of paper.

a) A sequence of numbers u, is given by u, =3,u, =21
and u, = Tu, , ~10u,_, for n>3. Use mathematical

induction to show that u, =5" —2" for n>1.
b) i) Show that the area enclosed by a parabola of focal

8 2
length a and its latus rectum is given by A = —;l—
units?,

if) A solid is formed such that its base is a semicircle of
radius Imetre. Vertical sections parallel to the
diameter are parabolas with each latus rectum being
a chord of the semicircle parallel to the diameter. By
using the result from i) and the technique of slicing,
find the volume of this solid.

) Shown are two circles centres H and K which touch at M .

PQ and RM are common tangents.

P

i) Show that quadrilaterals HPRM and MRQK are

cyclic.

ii)  Prove that triangles PRM and MK(Q are similar.

End of Question 3

4~

Mathematics - Extension 2

Marks
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Mathematics — Extension 2

Question 4 (15 marks) Begin a NEW sheet of paper.

2)

b)

d)

Given that a,b,c, and d represent positive integers and

that a + b+ ¢ =3d. Show that 100g 4105 + ¢ is divisible
by 3.

The roots of x* +3px+q=0 are &, f and 7, (none of
which are equal to 0).

) Find the monic equation with roots &,% and

ap

—, giving the coefficients in terms of p and gq.
e

iy  Deduce thatif y =af then (3p—¢g)*+¢q=0

Determine the values of @ and b given that (x + 1)2 isa

factor of P(x)=x" +2x* +ax+b.

i) Solve Z° =1 over the complex field giving your
answers in modulus-argument form.

iy  Hence write Z° —1 as the product of linear and

quadratic factors.

End of Question 4

_5-

Marks
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Mathematics — Extension 2
Question 5 (15 marks) Begin a NEW sheet of paper. Marks
a) B a)
8
X
o
A4 5cm C 3 cm D

On the above sketch ZCDB =90°, AC =5cm,

CD=3cm and BD=xcm.

Also ZBAC =« and ZABC =0

i) Determine the value x which will maximise &. 4

if) Determine the maximum value of & (nearest 1

minute).
P

b)  The diagram shows a mass of

lkg at R joined by two

strings to a vertical rod at 4m

P and Q where b)

PR=4mand QR =3 m, 5m

The mass is rotating r

horizontally with an angular k

velocity of 37 rad s in

horizontal circle im

(g =10ms™)

Q

i) Show that the radius of the rotation is 2+4m. 2 5

if) Calculate the tension in each string. 4

iliy At what angular velocity would the tension in QR 2

be zero?

¢)  For the curve with equation x* +3xy — y* =13, determine 2

the gradient of the tangent at the point (2, 3) on the curve.

End of Question 5

-6-

Question 6 (15 marks) Begin a NEW sheet of paper.

A mass of 1kg is falling under gravity (g) through a
medium in which the resistance to the motion is

proportional to the square of the velocity. (k = constant of
proportionality)

i) Draw a sketch showing all forces acting,.
ii) ~ Write an equation for the acceleration of this mass.

iif)  Show that the mass reaches a terminal velocity

given by v= g

k

iv)  Show that the distance it has fallen when it reaches

. o 1 g
a velocity v m/s is given by x =—1In
N S (g—kvzj

i) Show that the recurrence (reduction)formula for
I,= Jlsec" xdx

. 1 . n-2
is I, =——tanxsec"  x +——1 ,
n—1 n—1
z
. 4
if)  Hence evaluate jsec“ xdx
0

A cubic equation in z has all real coefficients. If two of the
roots are 3 and 247 determine the equation.

End of Question 6

-

Marks
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Question 7 (15 marks) Begin a NEW sheet of paper. Marks
a) v Question 7 continued. Marks
[ p
b) i)  Byletting Z =cos@+isind show that .
1
. Z"+—=2cosnd.
Zn
8 - ) ii)  Hence express cos’ @ in terms of cosn6 3
A
End of Question 7
y

2 2
The sketch shows the hyperbola % - %2— =1 and the circle
a

x* +y* =a® with a,b>0. T lies on the circle where
LTOX =8 and 08 < % The tangent at T meets OX at
M and MP is perpendicular to OX with P on the hyperbola.

i) Find the equation of the tangent TM and hence the 3
coordinates of M.

ii) Hence show that the coordinates of P are 1
(asecd,btan8)

iii)  If O(asec B, btan f3) is another point on the 3
hypetbola, where 8+ =% and 6 # %, show that
the equation of PQ is ay = b(cosf +sinf)x—ab.

iv)  Every such chord PQ passes through a fixed point, 2
find its coordinates.

v)  Show that as 8 approaches %, PQ approaches a line 2

parallel to an asymptote.

Question 7 continues on page 9.

-8- -9-
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Question 8 (15 marks) Begin a NEW sheet of paper.

A particle is projected to just clear two poles of height A
metres at distances of b and ¢ metres from the point of
projection, If'y is the velocity of the projection at an angle
6 to the hotizontal:

a)

b)

2
Show that v* = (b+c)gsec” O
2tan@
Hence or otherwise show that tan@ = M
c

Also find an expression in terms of &, b and ¢, for
the greatest height the particle reaches.

The sketch shows a circuit with components 4, B and C
each, with a probability of being defective of p. If a
component is defective current will not pass the
component.

)

ii)

Show that the probability of current not flowing
fromPto Qis p*(2- p).

A more complex circuit is created using repetitions
of the basic circuit in part i). Find the probability
that current cannot flow from M to K.

Question 8 continues on page 12.

-10-
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Marks

Question 8 continued.

c)

Consider the word EXTENSION.

i) How many distinct arrangements can be made of all
the letters?

ii) Inhow many of these arrangements will the first
and last letters be N?

iii) In how many of these arrangements will the vowels
be grouped together?

End of Examination

A11-

Marks
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SOLUTIONS

Question 1 Trial HSC Examination- Mathematics | 2009
Extension 2
Part | Solution Marks | Comment
a
@ Let A + B _ 21 .
x+1 x-1 x"-1
s A(x=1)+B(x+1)=1
If x=1 2B =1
_1
2 Any method to
Ifx_:__l 2A=—1 ﬁndAandB
2
dx 1 1 1
2 Z_J. - dx 1
x =1 2Jx-1 x+1
. -1 1 1 1
. j —E[n(x—-l)— n(x+ ):1+C No mark for C
___11 (x—lj c 1
2 x+1
=In x~1+c Total =4
x+1




Question 1 Trial HSC Examination- Mathematics | 2009
Extension 2
Part | Solution Marks | Comment
@ ” z
1 2 May be done by
2 . 3 . 4
.[cosxsm x dx=|—sin" x 1 a substitution of
4 0 u=sinx
1 . 47 . =
= sintl Z | —gin® (0) 1 du=cosx dx
4 2
1
==[1-0]
4
_1 1
- Z Total =3

Question 1 Trial HSC Examination- Mathematics | 2009
Extension 2
Part | Solution Marks | Comment
® When x=1 6=0 Can use
Let x=cosf 1 alternate
dx = —sinOd6 x=0 6== methods
2 ie x=sinf
1
o [ == E\h ~cos” 0 (~sin0db)
0
2
0
- I —sin® 6d0 1
1 0
== L (cos20-1)d0
2 2
0
=l[lsin29—9} |
212 z
2
-1 (0)- (0 _ Zf_j
2 2
4
Total = 4
© I = |e&*sinxdx
=e"sinx— .[e" cos xdx 1
=e"sinx— (e cosx— J-ex [—sinx]dx) 1
=e'sinx—e" cosx—1
2] =¢e*(sinx—cosx)+C 1
=%(sinx—cosx)+c 1 Total = 4




Question 2
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[ 2009

Part

Solution

Marks

Comment

@O

4B =(3-41)(\3+i)
=3J§+4+(3—4J§y

(iD)

4_(3-4) [(¥3-i)
2 (E) (87
:3J§—4+C4J§-ﬂi

4 4

(i)

x+iy =3~4i(x+ yreal)
SxE =Y+ 2xyi=3—4i

Squaringx* —2x?? + y* =9, 4x23? =16
xt+2x7y" 4+ yt =25
(" + y")" =125
X4 P =5, )
Adding (@ +7)2x" =8
x=42
sy=7l
sS4 =121

Other methods
okay

Total =3

()

B=J§+z‘

1 for
mod

1 for arg

Total =2

Question 2 | Trial ISC Examination- Mathematics Extension 2 [ 2009
Part | Solution Marks | Comment
™ 1
B*=2* (c:osZ + isinz)
6 6
= 16(008375 + isinz—”)
3 3
——8+ 8\/§i 1 Total =2
(&) @ 1
1
(i)
1
(i)
1
©O | 04=2(-y+ix) !
(i) OB=0A4+ AB
==2y+2ix+x+iy
=(x-2y)+(2x+y)i 1
@) | BC=-04
=2y —2xi 1




Question 3 | Trial HSC Examination- Mathematics Extension 2 [ 2009
Part | Solution Marks | Comment
@ |y =5"-2"
uy=5-2=3
~True forn=1 1
Assume this is true for n=%
ie u =5-2°
Foru,,, =7u, —10u,,
=7(5* -2F)-10(5*" - 2*™)
=7.5"-72" 2.5 +52*
=55 22" 5
— 5k+l _2k+1 k > 2
~If true for n=k also true for n=k+1
Hence by induction true for positive integers n
1 Total =4

S, =5"=2" fornz1

(b
®

[\

Q

Q
=

s

g frmmmmm e

Consider parabola x> = 4ay
Length of latus rectum = 4q units
Required area is area of rectangle ABCD

minus area under curve between x = —2aq and x = 2a

2a 9
Area=4da.a- .[x—a’x
dq

-2a

8a> .
Area= % unit?

Total =3




(i)

Let semicircle be as shown with equation

x*+yh =1 ;20

VAR TIEE
[ Y )

-1 h 1

Let slice bemadeaty =k
with thickness &k
Wheny =k,
x=$J1-f
. Length of latus rectum = 21— k>
4a=21-F

_AN1=F

2

From (i)

2

2
AreaofSection=§[ 1-k ]
3 2

_2@—H
=

—

2(1-%)

Volume of'slice = —T—Sk
2 1

Volume of solid = 3 J

Oﬁ—ﬁy%
1
zz[k_zi]
30 3],

Students
do not
need to
use k

Total =4

©
0]

In HPRM

ZHPR = ZRMH =90° (Angle between radius and tangent)
. HPRM is a cyclic quadrilateral

(Opposite angles supplementary)

Similarly for MROK

Total =2

@i

Join PM and QM.

in APRM and MOK

ZLPRM = £ZMKQ(Exterior angle of cyclic quad MRQOK)
PR = RM (Tangent from external point)

KM = KQ(radii)

.. Triangle isoseles.

~ ZRPM = ZRMP = ZKMQ

- APRM /1] AMQOK (Equiangular)

Total =2
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Question 4

| Trial HSC Examination- Mathematics Extension 2

[ 2009

Part

Solution

Marks

Comment

Part

Solution

Marks

Comment

®

100a+10b+c=99a+9b+atbtc
=9(11a+b)+3d
=3(3[11at+b]+d)

Which is divisible by 3.

1

Total =2

(®)
®

From x’ +3px+g=0

a+pf+y=0,af+o+py+=3p affy=—q

LBy ar aB _(By)+(ay) +(ap)
a By afy

_By+ay+af) —2Aopy’ +of’y +a’ By)

—_

afy
_Brray+ap)’ —2apfy(a+p+y)

ofy

_(Bp)Y+2¢(0) __9p°

—q q

Br oy oy of PBr ob

a BBy« y

=(r+a+p) -2Aap+ay+py)
=0-23p

=—6p
br ar
a B

=y’ +at+ 2

B_
e
=—q

2
. Required equation is x* + 9—p—x2 —6px+q=0
q

Total =4

(b)
(ii)

Fory=apf
ﬁﬂ—=1isaroo’£
Y
A142P

2

~-6p+g=0

q+9p* —6pg+q* =0
~@Bp-q)Y+q=0

Total =2

©

Let P(x)=x"+2x"+ax+b
If (x+1)* is a factor P(~1)=P'(-1)=0
SP(D)==-142—-a+b=0
So—a+b=-1
P(x)=5x"+4x+a
P(-)=5-4+a=0

a=-1

sbh=-2

Total =3

@

Let Z =cisO

7’ =cis50

s c0850+isin56=0
2n 4n 6m 87

0=0,—,—,—,—
5757575

2n 4w 4w 2w

e—O,—,"———,——
5°5 5 5

Z3=cis4—7r
5

~.Rootsare Z; =1, Z,= cisz?ﬂ,

Z,= cis(-—4?ﬂ)

|
|

Il

W
¥

Total =2
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Part | Solution Marks | Comment
© |2 -1
ii)

=(z-z)(z-2)z-2z )z~ 2z )z~ z,)

:(Z_Zl)(z2 —(z, +Zzzs)(zz —(z;+2,)z+2,2,) 1

=(z-1)(Z* —2zcosz—7r+l)(z2 —22c0s4—”+1) 1

5 5 Total =2

Part

Solution

Marks

Comment

®
)

Z£BCD = ¢ + @(Exterior £ of A ABC)

b
tano =—

tan(c + ) = -’33

.x _ tana+tand

"3 1-tanatand
x—xtanatand =3tana +3tand

x—x.—{tan9=§—zc—+3tan9
8 8

x* S5x
S(—+3)tanf=—
(8 ) 8

5x 8
Stand = —x—
8 x"+24

S5x
x’ +24
Differentiate both sides

tanf =

sec® Bd0 = (x2 +24)5-5x.2x
(x* +24)°
dx (x2 _|_24)2 ’

For maximum &4, a9 =0

dx
6+90° - 120~5x* =0

=24 x=-24=2J6

- x=2/6cm gives the maximumvalueof 8

Test x \/E 2\/3 3\/5
dae
dx

+ 0 -

.o max

Any
method

Total =4




Question 5
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Part

Solution

Marks

Comment

Question 5

| Trial HSC Examination- Mathematics Extension 2

@
(if)

5% \/ﬁ
24+24
8 =27°2 is maximum value.

tan@ =

1

®
®

Let centre for rotation be S

Let PS=x

S SO=5-x

~xt+rt =16

5-x+r*=9

x'=25+10x-x" =7
10x=32

x=3.2
(3.2 +r =16
sr=2.4

Total =2

(b)
(i)

Let tension in PR = T;(N)and in QR =T, (N)
Let ZQPR=c and ZPQR=f

Resolving forces at R

Vertically T cosax =T,cos S+ g
~“Tcosx—T,cos f=g

. 4 3
1.e.ng——5~T2 =10 (1)

Horizontally T, sin & + T'sin 8 = mrw’
ie. %Tl + %TZ =24(37) )

Solving simultaneously gives 7; =135.9 Newtons(1dp)
and 7, =164.5 Newtons(1dp)

Total = 4

[ 2009

Part | Solution Marks | Comment
(bg In (1) above when 7, =0
11

ﬂ]} =10

5

7,=12.5 1

.*. Substitute in (2)

%x 12.5=2.4%"

sow'=3.125

w=1.77 (2dp)

. T, =0 when angular velocity 1.77 rad s~ ! Total =2

© | x> +3xy—-y* =13
dy dy
2x+3y+3x.—-2y.—==0
7 dx 4 dx

dy 1

—Bx-2y)=—(2x+3

—, B%~2y) =—=(2x+3y)

& _—@x+3y)

dc  (3x-2y)

soat (2,3) _C_ZIX=_M

dx 6-6

.. Gradient infinite

. : : 1

.. Tangent is vertical Total =2
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Part

Solution

Marks

Comment

Question 6 | Trial HSC Examination- Mathematics Extension 2 [ 2009
Part | Solution Marks | Comment
@ 1
®
kv
'y
mg =g
@ =g —jv? 1
@ |FT8
Egl_)_) Whenk =0 1
111
g=h’
_ \/E
k
@ .d 1
(i) x5(5v2)=g kv’
_d 1, 2
—=g—kv
dv 2 ) !
dv
=y = g —fv?
% o g
LAy gk’ 1
ok Vv
dx v
v g—hk’
1
=——In(g—k*)+
X=—or (g )+e 1
Whenx=0v=0
=— ln
ok 8
1
= Lin(g—m?)+ L1
2 n(g ) S ne
= _1 Total =4
2k n( —kvz) 1

®)
)

I, = .[sec" xdx
= jsec""zx.secz xdx
= tan x.sec” " X — J.(n —2)sec”” x.tan x. sec x tan xdy
= tan xsec”

x—(n-2) |sec”” x.tan® xdx

=tanxsec”” x—(n—2) |sec”>x.(sec’ x —1)dx

=tanxsec” x—(n—2) j(sec" x~sec” x)dx

P x—m-)I,+n-2)I
I, +(n-2)I, x+(n-2)I,,

=tanxsec
=(n-1)1, =tanxsec
-2

1 _
I, =— tanxsec™ 2 x+—=J
n-1 n-1

Total =4

(b)
(i)

J.Esec xdx =I, [;tanxsec2x+%jseczx}4

0

[1 ; T
“tanxsec® x + =tanx
3 3

(
o

4
3

0

tanf—sec —+ 2 tan ﬂ] ltamOsec2 0+—2-tan0)
3 4 3 3

wl»——A W |

xIx2+-= xl) 0

Total =
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Part | Solution Marks | Comment
(©) | If one rootis 2 +1i, another is 2 —i
w(z=(2+0))(z-(2-1))(z-3)=0 1
(z=2-i)(z-2+1)(z-3)=0
(2 —4z+5)(z-3)=0
2272 +172-15=0 1
Total =2

Question 7

| Trial HSC Examination- Mathematics Extension 2

| 2009

Part

Solution

Marks

Comment

(@
®

Coordinates of T are (acosé,asin @)
x2 + y2 — aZ

2x+2ygx)—)—=0

B x

s 5
wrd__es0
dx siné

. Equation TM
cosé

sin
xcosf+ysind =g

y—asinf =—

(x—acos8)

When y =0 x=asecl

.. Coordinates M are (asecd,0)

Total =3

@
@D

2 2
Onx—z—zz—=lwhenx=ase00
a b

zseczé’_y_z_l
“ a Bt
2
Z—zzsec20——l

2
—;;7 =tan’ 0

S y=btand
Coordinates of P are (asec,btand)




@

ii)

T
asecff = asec(z— 8)
=qcosec

btanﬂ=btan(—§—«9)

=hcotl
Gradient PO = bcot@ —-btand
acosecl —asect
cosH_sinH
_blsing cosh
al 1 1
sinf cosf

. hY
cos? @ —sin* 0

b sinfcosh L
al cos@—sinf

sinfcosb
_ é(cos2 6 —sin* @

al cos@—sind

= é(cosa + sin@)
a
.. Equation PQ is

y—btané =é(cose+sin0)(x—asecﬁ)
a
y—btan@=é(cosﬁ-ksinﬁ)x—bcosé?secﬁ~bsin93ec€
a

y—btan«9=2(cos¢9+sint9)x—b—btan9
a

y=é-(cos€+sin9)x—b
a

ay =b(cosO +sinf)x—ab

Total =3

(@
™

o

Equations of Asymptotes are y =+—x

Q

o~

Gradients of asymptotes are m =+ —
a

As 9—)11-2— the equation of PQ —)ay=b(0+1)x—ab

.. Gradient of PO — b
a

.. PQ approaches a line which is parallel to an asymptote.

Total =2
_(;3) z=cosf+isinf
1
l= T =cosf~isind
z
By De Moivres Theorem
z" =cosnf +isinnf
z " =cosnf —isinnb
Z" +z" =cosnb +isinn@+ cosnl —isinnf
z" +—17=2cosn9
z
4
i (z+lj =z4+4z31+6zz—17+4zi3+i4
z z z z z
=(z4+i4j+4(z2+%)+6
z z
(2c0s6)" =2c0s 40+ 4(2c0526) +6
2% cos* @ =2cos46 +8cos26 +6
cos4H=—1§cos49+%00520+§ Total =3

@
(iv)

All of the lines have the same y intercept.
ie.y=-b
. The fixed point is the intercept (0,—b)

Total =2




Question 8

Trial HSC Examination- Mathematics
Extension 2

2009

Part

Solution

Marks

Comment

@
)

Equation of trajectory is
2
gx 2
=xtanf —<--.sec* @
Y 2?

Passes through (b, 4) and (c, k)
2

h=btanf-52 gb sec’ @ )

2v?
2
and 1 =ctan@ -5 _gec? 6 )
2y
2

2
.'.btan@—g—bzseczé =ctan6?—g—czsec2 g
v v

(b—c)tanf =(p* —¢ ) 5-Sec 20
tanf = (b +c)—2:)7sec2 0

2 (b+c)gsec® O
2tanéd

Total =

®
(iD)

Substitute result into (1)
h=btan€—gbzsec20 2tané
2 (b+c)gsec’ 6

_ b*tané

b+c
h(b+ c) = <b2 +bc)t::1n6’——b2 tanf

=bctan

h(b + c)

be

h=btan@

Stand =

Total =2

Question § Trial HSC Examination- Mathematics 2009
Extension 2 )
Part | Solution Marks | Comment
(a)
(i) | Greatest height at x = b_-;g
2 2
» =(b+cjtan9—(b+cj _gsec 9.2tan2¢9 )
2 2 2(b + c)gsec g
=(b+c) ( +C)tan¢9
2 4
_(b+c)
Y=\ 4
b b + c
y=
B b + c) 1 Total =2
= 4bc
(p) No current if failure of A and (B or C or B and C) 1
O | . P(Failure) = pl:p(l -p)+ (1 - p)p + p.p:l )
=p(p-p*+p-p*+p*)
=p(2p-p*)
= p2 (2_p) 1 Total =
831)) Let g = p2 (2—p)
P(Failure)=g* (2-9) 1
2
=[r*(2-p)] [2-P*(2-1)]
2 /-
=p'(2-p) (P3_2P2+2) 1 Total = 2
(c) 9! 1
O YT
© |7 1
(if) 2—' =2520
(© 1 6! 4l 1
(iif) 2—'x—2—— =4320




