SECTION A

Question 1

(a8 Letwy =~8+ 3iand w, = 5 — 2{, Find w, — W,.
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General Instructions Total Marks — 83
*  Reading Time - 5 Minutes *  Aftempt questions 1-6 ‘ " (d) 27x3 — 36x + k = 0 has a double root. Find the possible values of k.
o  Working time — 2 hours ®  Start each new section of a separate answer
booklet
e Write using black or blue pen. Pencil may
be used for diagrams.
s  Board approved calculators maybe used.
o Each Section is to be returned in a separate
bundle. .
s Marks may NOT be awarded for messy or
badly arranged work.
o All necessary working should be shown in Examiner: D.McQuillan

every question.

s Answer must be given in simplest exact
form, )




Question 2

(a) In how many ways can 5 mathematics books and 3 science books be arranged
on a shelf so that the books of each subject come together?

0 .
(b) In the expansion of (2362 - 3) what is the term independent of x?

(c) Onan Mgmd diagram, shade the region specified by both the conditions
Re(z) < 4andlz—4+ 5i <3
(d) The points 4 and B in the complex plane coneépond to complex numbers z;

and z, respectively. Both triangle OAP and OB( are right-angled isosceles
triangles.

(i) Explain why P corresponds to the complex number (1 + i)z,.

(if) Let M be the midpoint of PQ. What comﬁ)lex number corresponds to
M?

END OF SECTION

Start each SECTION in a NEW writing BOOKLET
SECTION B
Question 3

(a) A golfball is hit with a velocity of 40 m/s at an angle of 38° to the horizontal.
If it just clears a tree 20 metres away, find the height of the tree to two
decimal places.

(b) Sketch the graphs of the following functions for —27 < x < 2m.
@ y=sinx+:

(i) y=xsinx
sinx

(i) y =22

(c)-Consider the polynomial equation x* + ax® + bx? + cx +d = 0, where a,
b, c and d are all integers. Suppose the equation has a root of the form X,
where ks real, and k=0 . '

(i)  State why the conjugate —ki is also a root.
(i) Show that ¢ = #a.
(iil) Show that ¢?+ a’d = abe.

(iv) If2is also aroot of the equation, and b = 0, show that ¢ is even.




Start each SECTION in a NEW writing BOOKLET
Question 4 :

. ) SECTION C
(a) The probability that a missile will hit a target is = What is the probability that

the target will be hit at least twice if 4 missiles are fired in quick succession? 2 Question 5

) (a) There are 3 pairs of socks in a drawer. Each pair is a different colour. If two

(b) 3 ’ socks are selected at random, what is the probability that they are a matching
(i) Find the least positive integer & such that cos (47") +isin (47“) isa pair?

solution of z% = 1, n
’ (b) By considering (x + 1)" = Z (B)=*.
(ii) Show that if the complex number w is a solution of z" = 1, then so is k=0

w™, where m and r are arbitrary integers. (i) Show that

(3 + )+ G = )+ () + -+ (2™ )
(c) Abody of mass one kilogram is projected vertically upwards from the ground ’ m m
with an initial speed of 20 metres per second. The body is subject to both

gravity of 10 m/s” and air resistance of E% where v is the body’s velocity at - (if) Show that
that time. 7 n n n
' | (n)+Q+£2—)+ + () it
(i) While the body is travelling upwards, the equation of motion is 0 2 3 n+1 n+1

o v2
= — (10 + :5)
(1) Using&=v Z_::’ calculate the greatest height reached by the

body. ©

()  Show that cos(4 — B) — cos(4 + B) = 2sin A sin B.
(2) Using® = %, calculate the time taken to reach the greatest

height. . (if) Hence show that cosnf — cos(n + 1)8 = 2 sin (n + -;—) 0 sin %.'
(ii) After reaching its greatest height, the body falls back to its starting
point. The body is still affected by gravity and air resistance. (i) Showthatl+z+z%+. 42" =
(1) Write the equation of motion of the body as is falls,

1—gntl

,Z # 1.

1-z

(iv) Letz=cosf +1isind, 0 < 8 < 2m. By consider the real parts of
(2) Find the speed of the bOdy when it returns to its startlng ) the expression in (111)’ show that

point. .

; 1
1+cosé +c0526 + - + cosnd =_;_+51f1[(n+7)9]

2sin ¢
@ : 3 ' p)
(i) Find the remainder when x2 + 6 is divided by x2 4 x — 6. : '

c 2
x2+6
dx.
x2tx—-6 .

(ii) Hence, find

END OF SECTION




Question 6
(a) Let I, = ff(loge ) dx.
(i) Showthatl, =e—nl, 4 forn=1273,..

(ii) Hence evaluate 1.

(b) Show that the sum of the x- and y-intercepts of any tangent line to the curve

Vx + .y =+/cis equal to c.
C q
(c) Let @, B and y be the roots of x3 + gx + r = 0. Define 5, = a™ + ™ + "
forn=1,2,3,..
(i) Explain why s; = 0 and show that s, = —2q.
(i) By considering that @® + qa + r = 0 show that s; = —3r.

(ili) Show that 55 = 5qr.

END OF EXAM
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2011 Extension 2 Mathematics Task 2:
Solutions— Section B

3. (&) A golf ball is hit with a velocity of 40m/s at an angle of 38° to the horizontal.
If it just clears a tree 20 metres away, find the height of the tree to two decimal

places.
Solution:
40m/s
38°
0 20m

=0, ij = —10, (taking g = 10m/s?)

& = 40cos38°, y = 408in 38° — 10t,

z = 40cos 38°¢, y = 40sin 38°t — 5t2.

1 40 s8in 38° 5
When z = 20, ¢ = 200s38°"  °YT Dcos3ss T dcos?3se
=~ 13.61m.

(Or y =~ 13.65m, if using g = 9.8 m/s2.)

(b) Sketch the graphs of the following functions for —2r < z < 2m:

. . 1
(i) y=sinz+ o

Solution: Y

(il) y ==zsinz,

Solution:
T
(i) y = sinz
—
Solution:
_Wh‘—

(c) Consider the polynomial equation z* + az® + bz? + cx + d = 0, where a, b, ¢,

and d are all integers. Suppose the equation has a root of the form ki, where k
ig real and k # 0.

(i) State why the conjugate, —ki, is also a root.

Solution: If a polynomial has real coefficients, any complex roots occur
in conjugate pairs.

(ii) Show that ¢ = k?%a.

Solution: Method 1—
P(z) = z*+az®+bs® + ez + d,
P(ki) = k* — iak® — bk? +ick + d = 0.
—ak® + ck = 0, (equating imaginary coefficients)
ie., c= ak*




Solution: Method 2—
P(z) = z*+az®+b2? +cz+d,
P(ki) = k* —iak® ~ 0k® +ick+d=0,....
P(ki) = k* +iak® —bk® —ick+d=0,....
(1)-(2): - 2iak® + 2ick = 0,

i.e., c= ak?’.

(=)

(iif) Show that ¢? -+ a?d = abe.

Solution: Method 1—
Equating real coefficients of P(ki),
kt—bk2+d = 0,
-z—z - % +d = 0, (substituting k* = £)
¢ —abc+a%d = 0,
coabe = ¢+ a’d.

Solution: Method 2—
2k* - 2bk? +2d = 0, {1]+(2] (from part (ii) above)
C—Z b +d =0, (substituting k* = £)
a2 a
¢ —abc +a’d = 0,
c.abe = c®+a?d

(iv) If 2 is also a root of the equation and b = 0, show that c is even.

Solution: P(2) =16+ 8a+2c+d =0, so d is even,
From pert (iii), if b = 0 then ¢ = —a?d.
Hence ¢? is even, and thus c is even.

2
4. (a) The probability that a missile will hit a target is —. What is the probability that

the target will be hit at least twice if 4 missiles are fired in quick succession?

Y (Y 2 (3Y
5 1 5 5

1_814-216

298 625

i

Solution: P(hit > 2)

Il

(b) (i) Find the least positive integer & such that cos (%) +isin (%) is a
solution of zF = 1.

Solution: (cos (4) + isin (47"))’c = 1= cos(2nm) +isin{2nr), n € J,

4
AT o,

7
pe
2)

= 7 whenn = 2.

(ii) Show that if the complex number w is a solution of 2" = 1, then so is w™,
where m and n are arbitrary integers.

Solution: w™ = 1, (as w is a solution of 2" = 1)
m
now (w") = 1M =1,
wﬂm F— 1 = ,wmn,
(w™)™ = 17,
so w™ = 1, which establishes the result.

(c) A body of mass one kilogram is projected vertically upwards from the ground
with an initial speed of 20 metres per sgcond. The body is subjected to both

gravity of 10m/s? and air resistance of % where v is the body’s velocity at that
time.
(i) While the body is travelling upwards, the equation of motion is

2

. v
r=— (104—&)




(a) Using = vj—z, calculate the greatest height reached by the body.

Solution:

viiﬁ _ _400+v2
dr 40
h 0 20 x 2v
de = — dv,
_/0 20 400 + v?
A 0
a:] = —20[1n(400+v2)} ,
0 20
400
h= —20In ‘8‘66,

201n2,

&~ 13.9m (3 sig. fig.)

(#) Using & = %, calculate the time taken to reach the greatest height.

Solution:

dv 400+
dt 40 '

¢ 0
dv
~fa=2w [ 2
/0 0/20 20% 4 v?’
¢ 1 »1°
— = 4 — -1
]o 0X20 [tan QOLO’
~t= 2tan~10—2tan~'1,
= I
- H

2
~ 1.57s (3 sig. fig.)

(i) After reaching its greatest height, the body falls back to its starting point.
The body is still affected by gravity and air resistance.
() Write the equation of motion of the body as it falls.

Solution:

/40 2

w10 Y
T =10 0"

10

(@ @

() Find the speed of the body when it returns to its starting point.

S _ 400 — ?
dz 40 °

/u —40p dy ]201n2 p
— — s z,
b 400—o%

v 201n2
—20 [1n(400 - vz)] = ] ,
0 0

)
—201n (400 i ) = 201n2 -0,

Solution:

400
400 -2 1
400 2
v? = 400 — 200,
v = v/200 (taking downwards +ve),
10v2,

Qi

14.1m/s (3 sig. fig.).

Find the remainder when z? + 6 is divided by 2% + z — 6.

Solution: 1
2*+z-6) z? +6
—a'—z +6
—z+12
So the remainder is 12 — x.

46 Pz -6-z+12

Al tively: =
ernatively P :v2+:v1~6 ,
= 1+_ﬂ2__.
. 2+ 1—6
So again the remainder is 12 — z.
2
Hence find / 1v——i_ﬁ—dav.
2 +z—-6
2246 12—
Solution: ———dz = B
olution /m2+m—6dw /’{1+m2+m—6}dx'
12—~z A n B
2245—-6 3 -2’

T+ T
12—z = A(z—2)+ B(z +3),
putz=2, 10=5B = B=2,
r==3, 15 = —54 = A= -3

22+ 6 3 2
LA S o s
/z2+$—6$ /{1 :1:+3+z—2}dz’

=z —3In(z+3)+2In(z —2) +c.
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