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2017 Higher School Cerfificate
Examination Paper
Mathematics Extension 2

- Sectiom [
10 marks Attempt Questions 1-1¢  Allow about 15 minutes for this section

i The complex number z is chosen so that 1,z,...,z° form the vertices of the regular polygon
shown.

I

Which polynomial equation has all of these complex numbers as roots?

(A)  x —1=0 B x'+1=0
© x-1=0 D) xF+1=0

2 Suppose [ is a line and § is a point NOT on /.

The point P moves so that the distance from P to S is half the perpendicular distance from
Ptol,

Which conic best describes the locus of P?

(A)  Acircle (B)  Anellipse

(C) A parabola (D) A hyperbola
3 Which complex number lies in the region 2 < Iz —l| <37

(A)  1++/3i B)  1+3i

€ 2+i D) 3-i
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4 The graph of the function y = f(x) is shown.

¥

A second graph is obtained from the function y = f'(x).

¥

-1 a 2
‘Which equation best represents the second graph?

(&) y=4f(x) B) V' =rf(x)
© y=[r7 ®  y=r(x)

5 The polynomial p{x)=x’—-2x+2 has roots &, fand 7.

What is the value of & + §* + 977

(A) -10 BY -6
< 2 D) 0

6 It is given that z =2+ is a root of z +az’ ~7z+15=0, where ais a real number.

What is the value of a?
G B) 1
(S N (D) -7
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Tt is given that f(x) is a non-zero even function and g(x) is a non-zero odd function.

a

Which expression is equal to j f(x)+g(x)dx?

(A) 2]0 f(x)dx ® 2f g(x)dx
(C) fﬂg(x)dx B (D) 2 :f(x)+g(x)dx?

Suppose that f(x) is a non-zero odd function.

Which of the functions below is also odd?
(A)  f(x")eosx ®  f{f(x)

(C)  f(x")sinx D) f&)-S(x)

A particle is travelling on the circle with equation x*+y” =16.
dx
It is given that ~—=y.
g i y
Which statement about the motion of the particle is true?

(A) % = x and the particle iravels clockwise

(B) i x and the particle travels anticlockwise

dt
{C) %j;_ = —x and the particle travels clockwise
(D) | %— = —x and the particle travels anticlockwise
+ f{b
Suppose f(x)is a differentiable function such that Jﬂz—ﬁu 2 f (a ij, for all & and b.

Which statement is always true?

@w [ dxzf(O);f () ® [/ Y (0);Lf (1)
© f’[l}o (D) f’[l]<0
2 2]
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Section I
90 marks Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

In Questions 1116, responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks)

(1) Let z=1-+3i and w=1+i.

(0 Find the exact value of the argument of z. 1
(i)  Find the exact value of the argument of z 2
w
xz 2
(b}  An asymptote to the hyperbola o % =1 makes an angle o with the positive 2

x —axis, as shown.

X
Find the value of .
(c) Sketch the region in the Argand diagram where —% <argz <0 and 12 -1+ i| <l. 2
375
3
(d)  Using the substitution ¢ = tang, or otherwise, evaluate J ! do. 3
2 o 1+cos8
(¢)  The region bounded by the lines y =3—x,y =2x and the x—axis is rotated about 2
the x —axis.
=X

Use the method of cylindrical shells to find an integral whose value is the volume of the solid
of revolution formed. Do NOT evaluate the integral.

© MANSW 2018 Page 79



2017 High School Cerfificate

1
2
()  Using the substitution x = sin® @, or otherwise, evaluate J.o T_x_x . 3
Question 12 (15. marks)
| ()  Consider the function f(x) = ex—l .
e"+1
(i) Show that f(x) is increasing for alt x. 1
(i) ~ Show that f'(x) is an odd function. 1
(iii)  Describe the behaviour of £ (x) for large positive values of x. 1
(iv)  Hence sketch the graph of f(x)= ex: . 1
€
(v)  Hence, or otherwise, sketch the graph of y = f—é—; 1
x
olve the quadratic equation z" +{2+ i)z {1+3i) =0, giving your answers
b Solve th drati i 2 4(243 1+3i)=0, givi 3
in the form a+ bi, where a and b are real numbers.
(¢)  Find I x tan™ x dx. 3
(d)  Let P(x) beapolynomial.
(i)  Given that (x——o:)2 is a factor of P(x)show that P{er)= Pa)=0. 2
(i)  Given that the polynomial P(x)= x* —3%° + x* +4 has a factor {x— 05)2 , 2
find the value of o.
Question 13 (15 marks)
() Showthatfm;—szﬁ for 20 and 5 >0. 1
(6)  Let a,b and cbe real numbers. Suppose that P(x)=x"+ax +bx" +cx+1 has roots
(x,—lm,ﬁ,l, where >0 and 8>0.
a  p
(1) Prove that a =c. 2
(i)  Using the inequality in part (a), show that b= 6. . 2
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Mathematics Extension 2

A particle is projected upwards from ground level with initial velocity Lt ms”, 4

k
where gis the acceleration due to gravity and % is a positive constant, The particle moves

through the air with speed v ms™ and experiences a resistive force.

The acceleration of the particle is given by % =—g — kv’ ms™. Do NOT prove this.

The particle reaches a maximum height, #, before returning to the ground.

Using X zv@, or otherwise, show that A :imlogg 2 metres.
dx 2k 4

The trapezium whose vertices are 4(0,—1),58(0,1),C(4,3) and D{4,-3) forms 4
the base of a solid.

Lach cross-section perpendicular to the x —axis is an isosceles triangle. The height of the
isosceles triangle ABE with base 4B, is 1. The height of the isosceles triangle DCF with base

DC, is 2. The cross-section through the point (x, 0} is the isosceles triangle POR, where R
lies on the line EF', as shown in the diagram.

Find the volume of the solid.

The points A, B, C and D on the Argand diagram represent the complex numbers 2
a, b, ¢ and d respectively. The points form a square as shown on the diagram.

Wl \

N

A

By using vectors, or otherwise, show that ¢ = (1 + i )d - ia.
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Question 14 (15 marks)
(8)  Itis given that x*+4=(x" +2x+2)(x2 ~2x+2).
() Find A and B sothat 0 = A¥E_, B2 1
x*44 X" +2x+2 x"-2x+2
(ii)  Hence, or otherwise, show that for any real number m, 2
2
| 16 ot F2ME 20 g tan (1) + 2 tan” (m—1).
0 x"+4 m —2m+2
. — m 16
(iii)  Find the limiting value as m — o of _[ -t 1
°x"+4
() Two circles C,and C,, intersect at the points 4 and B. Point C is chosen on the
arc AB of C, as shown in the diagram.
The line segment AC produced meets C, at D.
The line segment BC produced meets C, at E.
The line segment £4 produced meets C,at F.
The line segment FC produced meets the line segment ED at G.
iE
Cy/
(i)  State why LEAD = ZEBD. 1
(ii) Show that ZEDA = ZAFC. 1
(iii) Hence, or otherwise, show that B, C, G and D are concyclic points. 3
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c A smooth double cone with semi-vertical angle & < 2 is rotating about its axis with
g 7 g

constant angular velocity w.

T'wo particles, each of mass m, are sitting on the cone as it rotates, as shown in the diagram.

Particle 1 is inside the cone at vertical distance % above the apex, 4, and moves in a horizontal
circle of radius r.

Particle 2 is attached to the apex 4 by a light inextensible string so that it sits on the cone at
vertical distance % below the apex. Particle 2 also moves in a horizontal circle of radius r.

The acceleration due to gravity is g.

Particle |

mg

(i)  The normal reaction force on Particle 1 is R. 2

By resolving R into vertical and horizontal components, or otherwise,

show that w* = gﬁ?
v
(if) The normal reaction force on Particle 2 is N and the tension in the string is 7' 2

By considering horizonial and vertical forces, or otherwise, show that

N = mg[sinﬁ—ﬁcos 9)
r

(i) Show that 0> %. 2
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Question 15 (15 marks)

1
(a) Let Inmfox"\fl~x2 dx, for n=0,1,2, ...

(i)  Find the value of 1. 1
(i) Using integration by parts, or otherwise, show that forn > 2 3
], :{H—IJIM.
n+2
(iii) Find the value of .. 1

(b)  Consider the curve N \/; =+la, for x>0 and y =0, where a is a positive constant.

(i)  Show that the equation of the tangent to the curve at the point P(e, d} is given 2

by y%+xﬁ=dﬁ+c@.

(iiy The tangent to the curve at the point P meets the x and y axesat 4 and B 3
respectively. Show that O4+ OB = a, where O is the origin,

2 2
(¢)  The ellipse with equation x_z + ;:—2 =1, where a> b, has eccentricity e.
a

2 2
The hyperbola with equation x_z - % =1, has eccentricity E.
c

The value of ¢ is chosen so that the hyperbola and the ellipse meet at P{x,,y,), as shown

in the diagram.

; %P dd (6° +d)
(i)  Show that v = (az_cz)x i

(i) If the two conics have the same foci, show that their tangents at P are perpendicular. 3
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Question 16 (15 marks)

(a) Let ox=cos@+isin @, where 0 << 27.
() Showthat a*+a™ =2cosk@, for any integer k. 1

Let C=a"+..+a +1+a+...+ ", where n is a positive integer.

o +o _(a,n+l + a—(m—l))

(i) By summing the series, prove that C = — 3
(1-a)(1-a)
(iii) Deduce, from parts (i) and (ii), that 2
g +1)0
1+2(cos@+c0s 28 +...+ cosnb) = cos 6 -0 (+1)
1-cos @
(iv) Show that cos 7 +cos £ +otoos - s independent of ». 1
n n "

(b)  The hyperbola with equation 2

2 2

£ L
a b

has eccentricity 2.
The distance from one of the foci to one of the vertices is 1.

What are the possible values of a?
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Page 86

A 2 by » grid is made up of two rows of zsquare tiles, as shown.
It

The tiles of the 2 by # grid are to be painted so that tiles sharing an edge are painted
using different colours, There are x different colours available, where x22.

It is NOT necessary to use all the colouss.

Consider the case of the 2 by 2 grid with tiles labelled 4, B, C and D, as shown.

A C

B D

There are x(x—1) ways to choose colours for the first column containing tiles A4 and
B. Do NOT prove this.

(i) Assume the colours for tiles 4 and B have been chosen. There are two cases to 2

consider when choosing colours for the second column, Either tile C is the same
colour as tile B, ortile C is a different colour from tile B.

By considering these two cases, show that the number of ways of choosing
colours for the second column is

x2=3x+3.

(ii)  Prove by mathematical induction that the number of ways in which the 2 by n 2

-1
grid can be painted is Jc(xml)(x2 —3x+3) , for n21.

(iii)  In how many ways can a 2 by 5 grid be painted if 3 colours are available and each 2
colour must now be used at least once?

End of paper
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Solutions
Mathematics Extension 2

Section |
Muitiple Choice Summary

1 C 2 B 3 D 4 C 5 B
6 A 7 A 8§ B 9 C |10 B

Multiple Choice Solutions

1. C
It has 8 roots so it is either (C) or (D). Must be (C) because 1 is a root.

2. B
PS=ePM but e= % , so it must be an ellipse since 0 <e<1.

3. D
Note that |(3—i)—1|=2~=v4+1 = /5 which is between 2 and 3

3_i is the only point that lies between the two circles.

4. C
All single roots became double roots for y = U(x)] 2 and all original x-intercepts of y = f(x)

become minimum turning points. y = [£(x)]? is always non-negative.

5. B
o =22
A=2p8-2
¥ =2y-2
o+ Y =2a+f+y)-6
= 2(0)-6
=-6
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A

Since the coefficients are real one other rootis 2—i Let ¥ be the third root.

Method 1
Using the product:
offy=-15
Q+2-iyy=-135
(4-)yy=-15
S5y=-15
¥ =3
Using the sum:
a+p+y=-a
Q+)+(2-)~-3=-a
4-3=—q

a=-1

A
[LFG)+e(]ds=[ () de+ [g(x) ds
_T f(x)ds= ZT f(x) dxsince f(x) is even

I g(x)dx=0 since g(x) is odd

—a

@ g0l ds=2] ()

(!}

B

Now f(-x)=-f(x)
so, f(f(=x)) =/ (-f(x))

Method 2
Same as Method 1 to find y =-3.

Then substitute ¥ =—3 into original equation
and solve for a:
(-3)° +a(-3)" - 7(-3)+15=0
—27+9a+21+15=0
9a=-9
and hence a=—1.

=—f(f(x)) since f(x) is an odd function.

Thus /' ( f(x)) is itself odd.

Note: In a multiple choice situation, we can substitute any odd function and see which solution

works. Bg. f(x)=x" then f{f(x))= (xs )5 = x* which is an odd function.
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9. C
Method 1
x+yt =16
Differentiating implicitly w.r.t. £:
dx dy

2x——+2y——=10
dt ydt

2xy+2y§yw;30

dy
2y x+—=[=0
y(x dJ

Thus @ =X

. (typically y #0)

Method 2
x*+y' =16
Differentiating tmplicitly w.r.t. x:
dy
2x+2y—=0
d dx
X
“Ew
dc di dc dt di
SO Q—;_@_x_d_x_—_-j.xy:—x
dt dx dt y

Now choose any known point on the original circle, e.g. x=0, y =4, where % = 4 which is a

clockwise direction of motion since it is moving in a positive x-direction.

16. B

Consider the diagram below. We note that

atb
1%

x =b. Since

f(a);f(b) > f

fla) +f(b)

2

7@

M—f (@) ; /() is the mid-point of the chord and

J is the value of the function f(x) at the mid-point of the interval from x=a to

[%é) , we know that f(x) must be concave-up.

/

f)

1
Letting a=0 and b=1, J f(x)dx represents the area under the graph, which is less than the
0

area of the trapezium. Therefore the answer must be B.
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Section |l

Question 11 Imz

(@ @

From the diagram
& = arg(z)

-

(ii)
arg(w) = ’ca‘n"1 GJ

7T

4
arg {ij =arg(z)—arg(w)
w

T

)

Iz
12

b))  a=V12=23,p=2

The equations of the asymptotes are y = i-éx = i%x = i% X
a
Now since the gradient is positive then tan o = :71_5 > o= %

.‘

iz —(1- i)[ <1 represents the area inside the circle, centred on 1—i with radius 1.

¥4 . . T .
“ <argz <0 represents the area above the line with argument e below the real axis,
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(&) Method 1 fethod 2
Since ¢ = tan 9
2
1,0 Lo cd
dt——sec2—d6' js 1 Xl—cosé?dg:.[a 1—cost9d9
2 o licosf 1-cosé o sin’*é
df=—1~(1+r2)d9 =z
2 =j csc’ @—cscheot@do
_ 2dt 0
= 2
1+1 =[~cotf+csch)
0 P2
0=0 = t=tan—=0 RN
; N
2 =3
5 fuidds
Hzl = t=tan——3—tan£=\/§
2 3
Now:
or 3
J NPT ! ( 2 ]dz
, l+cosé 1= (1= 1+
—— + e
o142 )\ 1+f
3
1 2
- ( P J[mﬁ]d’
o1+
I
= | ldt
v
S
=3
(e) First, construct a horizontal strip of thickness dy and rotate that about the x-axis. The
cylindrical shell will be oriented such that the axis of symmetry is horizontal. The height of the
3
cylinder is the difference of the x coordinates, whichis A=x,—x, =(3-y) —2)2— =3 ) y.
The radius is just the y coordinate of any point on the strip, which is just y.
W)}
<% X
N
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Hence, the volume can be given by

&V =2my(h)Sy

o3 )0

V:Zﬂ‘J.y(S—%y]dy
0

2
=37 y(2-y)dy
0

(f) When x=0, =0 and when xzé, 6=%

Compute the differential term dx = 2sin&cosFd8.

G a2y
=j —Mstin@wsﬁdQ
o V1-sin® @

:j4 siné x2sin@cos@dE
o cosd

i
zzj sin® 0 d9
0

1 08 28 d6

Al
‘—w

0

= 8- lsm 26’}
2

0

G

bl
2

Qiuestion 12

* -1
o 95
0 Fi(x)= (e"—l—l)—ex(e —1)
(ex+1)
_ e~ tet
(e‘“+1)2
:( 2e” )2 >0 for all x since e” > 0 and (e"-i«])2 >0
e +1
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()  f(-0)= :: ;ix[—]

_1-€
1+&*
_ el
e’ +1
—1 (3
Therefore f(x) is an odd function.
i)  Method 1 Method 2
e -1 et +1-2 2
li =i Now, =1- :
lim f(x) = lim——- == po
=lim l—e” Thus, as x — oo,f(x) — 17, since 0.
R
=1
(iv) )
b4
< : : 2 X
-6 4 -2 2 4 6
. !
(by Method 1 Method 2
(2431 EyJ(2430) -4 (143
(23 (143) =0 @ Al
N2
24 (2430)z (“31) _ (2+31) ~(14+34) 2344120497 —4-12i
2
( 2+3z} 4+121 13 2-3i9
2
L 2+3iY —2-3id3i
2
=1, —1-3i
z+ =4
2
3. 243 3, 2+43i
g=—j—— —=i-
2 2 2 2
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(¢) Use integration by parts:

u=tan" x dv=xdx
du = dx2 v=—]—x2
14 x
| X
I==x"tan” x ——
J-1-1-152
== x"tan 1Jc~—l [1-—~ IQ]dx
1+x

=lx2 tan‘lx——l—(x—i:an‘l x)+C
2 2

= —;?(xz tan™ (x)—x+tan™ (x))+C

@ @ P(x)=(x—a) 4(x) where 4(x)isa polynomial of degree two less than dogree of P(x).
Hence P(or)=0
P(x)=2(x—a) d(x)+(x~a) 4(x)
=(x~a’)[2/1(x)+(x—0:) A’(x)]
Hence P'(2)=0

So Pla)=P'(a)=0

() PE)=x"-3x"+x*+4
P(x) =4x" —-9x" + 2x
mx(4x2 -9x+2)
=x(4x-1)(x-2)

Solving this, and using (1), the possible multiple roots are 0,%, 2.

Since P(x) is monic, try x = 2.

P2)=2"-3(2) +2*+4
=16-24-+4+4
=0

Hence ¢ =2
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Guestion 13

@) («/F~—x/§)220

F—Z\/ZS_"I"SZO
r+5220rs
I‘+S>\/—
® @ Px)=x"t+a’ +bx* +ex+d
Sum of roots 1 atatime:a+l+ﬁ+l=—a
o B
Sumofroots3atatime—ozlﬂ+f3L irlm+ﬁ————
o Jii Ba = fo
1 1
= fratr—t—=—
B i

s.a=c asrequired.

(ii) Note that using part (a), the sum of any positive number and its reciprocal = 2:

Fts>20rs

E+b>2f—2:2
b a b a

Surmn of roots 2 at a time

b=a— +ﬁmﬁ—+aﬁ+ﬁ + ,13+ll

il

b=1+1+(g+ﬁj+(aﬁ+—}
B« o7

22+2J%—§+2J0{ﬁ%ﬁ using (a}

> 24+ 241+ 24/1

> 6 as required
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In(g+kv*)=-2kx+C

Butatsz,Vﬂ—l— -4 80,
2V F

i

In [g-%k(%\/%J ]z—Zk(O)-kC’

g
Inl g+k=2|=C
[g 4;()

C=In (2«5’_)
4
2 Sg
Therefore, In(g+ k") =—2kx + m(TJ

2hx :m[%g—]—ln(g+fcv2)

x= ih’l -iz !
2k Mgtk i
Now at maximum height v=0 and x=H |

Thus, H = iln [—Sg—%—]

2k \ A(g +E(0))
_L In (é] as required.
2k A4
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(d)  Let the third (vertical axis) be z. Then the equations of BC and EF by inspection are:

BC:y=%x+1 and EF:z=%x+1

Consider an element of volume of a cross-section of the solid, &V through (x,0).

oV = % Ox = yzdx
Hence

5V=é—(x+2)-}(x+4)5x

2
_x +6x+85x
8
‘e v6x+8 . 1o Y304 2
Thus V=I——*—‘dx=— 2435t 4 8x | =——=12—
! 8 8l 3 . 24 3
€ Method 1 Method 2
DC = DA rotated clockwise 90° AD=d-a=BC
ced =(a—d)yx—i AB =i AD = i(d—a)=DC
c=—ai+di+d but_iﬁazc—-—d
=—qi+d(i+1) soc—d =id—ia
=(1+i)d ~ia .‘.c:d+id——ia:(1+i)d—~ia
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Question 14

(a) (i)  Cross multiply and equate numerators.
16 = (A+2x)(x" —2x+2)+(B~2x)(x* +2x+2)

Equate the constant term.

24+28=16
A+B=8

By symmetry, 4 and B must both be 4.

Or, alternatively substitute a value for x into the equation above and solve simultaneously,
Eg. let x=1, then
16=(A+2)(1-24+2)+(B-2)(1+2+2)
16=A+4+2+5(5~-2)
A+5B=24
Solving simultaneously with 4+ B =8 gives A=4 and B =4.

(ii)
jm o _,[m 4+ 2x 4 4-2x
o x*+16 0 X 4+2x+2 x*—2x+2
. n 2+2x T 2 dx—J-m 2x**4 dx
O X +2x+2  xP+2x+2 0 x* —2x+2 ,
" 22x+2 N 2 de'—J.m 22)6—2 3 2 zdx
O X +2x42 14 (x+1) O x*=2x+2 14(x-1)

m
0

= [ln(x2 +- 2x+2] +2tan™ (x+1):| - [111 (xz —2x+ 2) ~2tan™ (x~ 1)}:

2
| 22 o (1) 2tan (m=1) 42—l 242] Z 42 -
m —2m+2 4 4
2
=1In iﬁ;ﬂi—% +2tan" (m+1)+2tan™ (m~1) as required.
m —2m+2

(iti) Each inverse tan term becomes 2><~§« =z and the inside of the log function approaches 1,

hence the entire log function approaches zero.

Therefore the limit is 2.

(b) (i) They are both angles subtended from the same arc £D in circle C,.

(ii) We know that £EDA = ZEBA for the same reason as (i), but with arc E4. Now looking
at circle C,, we can see that arc AC subtends both Z4BC and ZAFC.

Hence ZEDA = ZEBA=/ZCBA= ZAFC.
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(iii)

@ @O

(i)

(i)

Let £FEAD =8, which means, from part (i) ZEBD =0.

from (ii), we can deduce that AFDG is a cyclic quadrilateral (angles Z4FG(= 24 FC)
and £4DG(= ZEDA) subtended by the same chord (4G} are equal). Hence,
/FAD = /FGD (angles subtended by the same arc are equal).

But ZFAD =z -8 (angles on the straight line EF) therefore ZFGD =7 —0. So now we
have ZCGD+ /CBD =7 —8+6 = z,showing that BCGD is a cyclic quadrilateral

(opposite angles are supplementary).

Resolving Horizontally:  Rcos8 =mra

Resolving Vertically: Rsinf=mg
Dividing both: ~ond _ 8
Rcos@ mrw
tan @ = %
r@

From the diagram tan &= %, so by equating these:

r__&
horat
. _gh
Thus @ ==5-.
v
Resolving Horizontally:  7'sin@—Ncosé = mra’ {1
Resolving Vertically: Tcos@+ Nsin@ =mg ..(2)

Using the elimination method (2)xsin&—(1)xcos&:
N(sin"’ 6+ cos” 6’) = mg sin 6 —mra’ cos &

7
N =mg [sin@—zﬁ—({—cosQJ
g

= mg[sin. B—E(:os BJ ... from part (1)
r

For their to be a reaction force on Particle 2, we need N 2 0.

mg[sin@-—fl—cosﬁ] >( and since mg # 0, sinﬂzﬁcosé’
¥ ¥

Thus, tanf = fi

¥
> L ... since taru?:E
tan& r
tan 6>1
7T
tan@ =1 Hence sz
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Guestion 15

@ O

(i)

Page 100

:—l_(l—xz)%:}l
3— 0
-3/ F (-0
3.,.
:—-1-><—1
3
_1
3
u=x"" dv=xvl1-x*dx
du=(n-1)x"" __1(1_ 2)%
H—=[n X V= 3 X

Using integration by parts:

1
: :{—%x”'l(l——xz)él+r%l 2 (1) d

Rearrange to make 7, the subject.

3

= (1)1, ~(s-1)1,
(n+2)fn

(n—l)I.'PZ
;on-t
n+2

i

In—Z

h
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Mathematics Extension 2

e . 1 .
(i) ~ From part (i), we know that I, = 5 Using the recurrence we get:

n--1
l,=—_7
S

Repeating this process:

1oL
® (@ x?+y?=a* andimplicitly differentiating w.r.t. x,

L 1
lx 2+1y 2@:
2 2 dx
LSS
Wx 24y dx
dy _ 2y
de 2x
- 1Y
X

Hence, the gradient of the tangent at P is m = —\E .
¢

Use the point-gradient formula to find the equation of the tangent;

y—d=H\E(x—C)

y\[E—d\/_z—x\/E+C\/Z
X d+y\/_:d\/5+c\/g
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(c)

(ii)

(M
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The intercept of the tangent 1s:

md\/gﬁ-c\/g
-V
:\/E+c

OA

Similarly, the y intercept is OB = Jed +d. Now we can add them:

OA+OBEQ\/E+c+d
=(x/5+\/3)2
:(\/E)z ...(sinceP lies on vx +4/y :\/E)

=q

Plies on both the ellipse and hyperbola. Hence, we have two equations.

%2 yz
#2+b—12 1
L
e
Thus
12 J’12 _xi }"12
a b oFd
1 1 1 1
sl
2 C"“'az _ 2 b2+d2
X e =W b2’
x_f: (b2+d2) (02—a2)
ylz bzdz azcz

2017 High School Certificate
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(ii) The tangent has the following gradient at P

ﬁ_Fﬂ(d_y):O

at b \dx)
E’L[d_y}_gﬁ
b* \ dx a’
d_ U
e 'y

2
Similarly, the hyperbola has gradient @y = d—zﬁ»
dx ¢y

2 2 2 32 Z
: . . d b*d
Multiply their gradients to get mym, = — ble X le =—— X—Jﬁ;
ay, oy ac  n

If the two conics have the same foci, then ae; = ce,, and hence a® ~b* =¢ +d°, since

& =a* —b* inanellipse and ¢*¢® =c” +d* in the hyperbola,

Substitute into (i)

B> et (b2 + dz)
. e (a2 _ cz) 2>
b +d

=—— '...(sinceaz—b2=(32+d2]
a’~c

mm, =

——1. Therefore the two gradients are perpendicular.

Question 16
(a) (i) Standard result.
o +o* =cis (k@) +cis{—k8)
=2 Re(cis(£6))
=2cos(k0)

(i) The series is a sum of a GP. Note that L. cis(-0)=2.
o
o (1_a2n+1) ~ o (1_a2n+l )(1__05—1)
- (l-a)(t-@)
_ (a—n __anﬂ)(l_a—l)
C (1-a)(1-a)

a—n _a—n-l "__am-l +(Z"

C=

(i-a)(1-a)
) a+o" _(anﬂ _I_a,—(m-l})
(1-o)(1-2)

e 10
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(iif) Substitute in (i) repeatedly to the series definition of C.
C=1+{a+a™)+(a? +a)+..+(a" +a ™)

=142cos@+2cos28+,

2008 no

Now substitute into the closed form for C in (ii).

C=

((x” +a" ) - (05”“ o) )

(1-a)(1-a)
_ 2cosnf—2cos(n+1)6

I-(o+8)+a@
_ 2cosn@-2cos(n+1)0

1-(2Rea)+1
_2cosnf—2cos(n+1)0

2—-2cosd
_ cosnf—cos(n+1)6

l—cos @

Equate the two expressions and we acquire the result.

(iv) Re-arrange the result in (iii) to get

1+ 2cos@+2cos280+...+2cosnb =

cos@+cosZ¢9+...+cosn9=é~[

Let g=2
I
[n) [2xj (nx) 1
Cos| — |+cos] — |+...+¢cos| — |=—
n n n 2
_1
2
_1
2
=

And this is independent of 7.
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cosnf—cos(n+1)0
1—cos®
cosn@-cos(n+1)8
1-cosé

;

[mr] {n+1 )
cos| — |~—cos| —— 7
n n
!
l—COS[EJ
n

)
—l—cos| T+~
"/

]1- COS[EJ
n

—1+cos(£]
N (V|
I- cos[ﬁ)

n

© MANSW 2018




Mathematics Extension 2

(b)

©

We are given that e=2 and |a|ex|a|=1, so solving for a yields
|alei |a‘ =1
la|(e£1) =1

(i)

a=x= or g=*1

Ll | —

Case #1: Tile C is the same colour as B.

A B

B ?

Tile D can be anything except the colour of B, so therefore there are (x —1) possibilities.

Case #2: Tile C is a different colour to B.

A 7

B ?

Tile C can be anything except 4 or B’s colour, so it has (x ~2) possibilities. Similarly,

tile D can be anything except B or C’s colour, so it also has (x—2) possibilities.

Hence, the total is (;31:—2)2 +(x—1)=x* —3x+3 possibilities.
Base Case: n=1

We have a 2x1 grid, which has x(x—1) possibilities (given), which matches the formula

for n=1.

Inductive Hvpothesis: n=%

A 2xk grid will have x(x—1) (x2 —3x+ B)H possible colourings.

Inductive Step: n=k =>n=k+1
Consider a 2x(k+1} grid, which is basically a slight extension of the grid in the

inductive hypothesis. Use the resuit from (i) here.
Before the extension, we had x(x—1) (x2 —3x+ 3)k—1 possible colourings. By throwing on

the extra two tiles, we multiply in the result by the number of possibilities in (i), which is
(x2 —3x+ 3) . Hence, we have

x(x—l)(x2 ~m3;c+3)kfl><(x2 w3x+3) :)c(xml)(xz—Bx-H);c

and the induction is complete.
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(iii) Substitute x =3 into (ii) to get 486. But this will include a number of ‘bad” cases because

Page 106

the equation in (ii) was constructed under the assumption that not all colours have to be
used. :

However, in this question, we must use all colours at least once, So we will manually
subtract the ‘bad’ case where we use only two colours (note that we can’t use one colour
only).

3
Choose 3 out of 2 colours to be used in (ZJ ways. But once we pick the two colours, we

have only two possible colourings that zig-zag across the grid in an alternating manner.

3
Hence, there are 2>{2j =6 bad cases.

Therefore, the total number of colourings is 486 —6 = 480 possible colourings.

End of Mathematics Extension 2 solutions
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