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SYDNEY BOYS HIGH SCHOOL
HOORE PARK, SURRY HILLS

2008

TRIAL HIGHER SCHOOL
CERTIFICATE EXAMINATION

Mathematics  Extension 2

Total Marks - 120 Marks
e Attempt questions 1 -8

General Instructions
¢ Reading time — 5 minutes.
¢ Working time — 180 minutes. | e All questions are of equal value.
s  Write using black or blue pen.
 Pencil may be used for diagrams.
e  Board approved calculators may be -
used, -
s  All necessary working should be shown
in every question if full marks are to be Examiner:  E. Choy
- awarded.
e  Marks may NOT be awarded for messy
or badly an'énged work. :-
¢  Start cach NEW question in a separate

answer hooklet.

This is an assessment task only and does not necessarily reflect the
content or format of the Higher School Certificate.
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Total marks — 120
Attempt Questions 1 -8
All questions are of equal value

Aanswer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks)

(2)

(®)

(©)

(d)

(e

(i)

M

(i)

Use a SEPARATE writing booklet

x
2
Find J sin xcos® x dx

0

Find f L
lj-cost9-51n9

Using the technique of integration by parts; evaluate j _]ggz_g:_ dx.
P X

7x-4 P + O
2x2~-3x-2 2x+1 x-2°

Find real constants P and @ such that

Hence find J -———;'E:ﬁ—v—dx
2y -3x-2 .

bon

x . .

Let {1, _:J ———dx , where n is an integer and n > 0.
o X" +1

.

n—

Showthat I, +1 , =

Evaluate I,.

Marks




Question 2 (15 marks) - Use a SEPARATE writing booklet

(a)
6y
(i)
(i)
(iv)
(b)
ey
(i)
(c)

®

(i)

Let w=-5+7i

Sketch on a single Argénd diagram w, W, and —w.

Find % in the form of x+ iy, where x and vy are real numbers,

On a separate Argand diagram, sketch the locus of arg{z—w) = 774-[- .
On a separate Argand diagram, sketch the locus of Re{z—w)>0.
Let z=+/3+i

Express z in modulus-argument form.

Show that 7’ +64z=0.

Suppose z,, z, and z, are three complex numbers such that

2] =z =]23|=1}

2t2,+2,=0
Suppose also that z is a complex number, such that Iz[ =3
Show |z—z[ =10—(Z +72,) .

Show |z—z,|2 +[z:—22]2+|z—2:3|2 =30.

Marks
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Question 3 (15 marks) Use a SEPARATE writing booklet Marks

(@)

(b)

0]

(i)

(iii)

(iv)

Gs

Consider the relation defined by 242 txy—yi=0,

Find the values of zx_y and 1Y atthe point (2, 4).

dxi’

The graph below is that of y = f{x)

-2

There is a maximum turning point at (—2, 0) and a minimum turning point at

(0,—2). The curve crosses the x-axis at (2,0).

Sketch the following on separate diagrams, showing all essential features.

y=f(2x) | 1
1
i) 2

zy 3

——— e« e




Question 4 (15 marks) ' UseaSEPARATE writing booklet Marks

(a) Tt is known that 2~ is a zero of the polynomial p(x), where
p(x)=x"-2x -2 +2x+10
Express p(x) asaproduct of real quadratic factors. 3
() Given p(x)=2x"~3x*—36X%+ 2k , where k is real. 3

By considering turning p'oints, prd\}e that the equation p(x) =0 has three real
and distinct roots if —22 <k <40+.

()  Find all the complex roots of the equation z° —1=0 in modulus and argument
(c) form.

(i) Show that ~2259=30 _; ¢t any anglc 4. 2
: cos@+isind
(i) 1f ?—Z =cos@-+isiné , prove that z= itang 2
-z
(d) 3

Using (¢) (i) and (c) (iii), find ali the complex roots of the equation
5 5 . )
(t+z) =(1-z) in modulus and argument form..
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Question 5 (15 marks) Use a SEPARATE writing booklet

(a)

(b)

(i

(ii)

(iii)

¢

i)
(iii)

Let &, # and ¥ be the roots of x’—x* +2x~1=0.

Show that o+ f# =1—v and hence find a polynomial equation with roots
—(a+p), - (B+y) and —(y+a).

Find a polynomial equation with roots %’, — and —1-
7

Evaluate —!--}~i+l.
a f 7

The diagram below shows two tangents PT and PS drawn to a circle from a
point P, exterior to the circle.

S

Through T, a chord TA is drawn parallel to the tangent PS. The secant PA
meets the circle at E and TE produced meets PS at F.

Prove AEFP || APFT .

Hence show that PF? =TF X EF .

Hence, or otherwise, prove that F is the midpoint of PS.

A
; '-Ta

Marks
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Question 6 (15 marks) ~ Use a SEPARATE writing booklet

(a)

(b

@

(i)

(i)

The flower pot from the home of a Mathematics Teacher is shown below. It

has a circular base and top, and is cut from a cone.

‘T he internal radius is 16 cm at the base and 26 cm at the top.
The depth of the pot is 40 cm.
The diagram below shows that any cross section parallel to the base is a circle.

[PN— - 26 111 ¢t

40 c¢cm

By considering a cross-sectional slice of radius r cm at / cm above the base,
show that

r:}—l+16
4

Hence, find the volume of the flower pot.

A wedge is cut from a right circular cylinder of radius r by two planes, one
perpendicular to the axis of the cylinder, while the second makes an angle o
with the first and intersects it at the centre of the cylinder. Find the volume of
the wedge.

The region under the curve y= x(x— 2)2 and between the x- intercepts is

rotated about the y - axis. Find the volume of the solid by the cylindrical
shells method.

Question 6 continues on page 9

Marks



Question 6 (continued) Marks

(c) Given f(x) =sin"'( 2x .
- 1+x? ‘ .
: 2 )
_.Z.,le < 1 . .

@ Provethat f/(x)={ 1*% | 2
1wy shi>1

(ii) Discuss the behaviour of the function and its derivative at and around the point 1

x=1. .
(ifi) Sketch the curve y = f(x). ' 2
End of Question 6
( o )
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Question 7 (15 marks) -~  Use a SEPARATE writing booklet Marks

(@)

(b

Y

(i)

(iii)

@

Some years ago, there was correspondence in the Sydney Mormning Herald
about driving a shaft through the centre of the Earth and allowing a lift to fall
freely through to the other side.

In one model of the motion, we treat the Earth as an object with all its mass
concentrated at the centre. Then, Newton’s Law of Gravitation gives the -
equation of motion as '
dv GM
V—=——
dr -y

where r is the distance of the lift from the centre of the Earth, M is the mass of

the Earth and G is a gravitational constant.

If the lift falls from rest at the surface i.e. at r = R, show that the velocity of 3

the lift is given by
p=— ’2GM (i—i)
r R
Show that the time, T, taken for the lift to go from one side of the Earth to the 4
other is given by '
: . 3
T=nr R
2GM
Evaluate 7, correct to 4 significant figures, if G =6-6x10" Mm? kg, 1

M =5-98%x10* kgand R=6-37x10° m

A second model for the motion of a lift falling through the centre of the Earth

assumes that the density of the Earth is constant throughout.
Then, according to Newton’s Law, the gravitational force at a distance r, from
the centre of the earth, is due to the mass within that radius only,

3
i.e. a fraction [é} of the total mass, and the equation of motion is
dv (GM )
V—=—|= r

dr R
Show that the velocity of the lift at a distance r from the centre of the earth is 3

. given by

assuming that the lift falls from rest at the surface.

Question 7 continues on page 11 -
( 1
L 10}
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Question 7 (continved) - CT Marks

(b) (i) By means of further integration, show that the time taken, from side to side is 4

3
V2T , where T was defined in (ii) of (a) above i.e. 7, / ;M :

End of Question 7
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Question 8§ (15 marks) Use a SEPARATE writing booklet : Marks
(a) How many arrangements of six zeros, five 1s, and four 2s are there in which:
(i) The first zero precedes the first 1 ? _ 2
(i) The first zero precedes the first 1 which precedes the first 2 ? ‘ 2
(b) How many ways are there, on six successive nights, to invite one of three 3
different friends over for dinner, so that no friend is invited more than three
times?
(c) Let m and » be two positive integers withm > n _
]
0! (2 2
. B +1}Y.
Show that z[ " }: 2
—\ntr
(ii) By considering the coefficient of x* in (1+x)" [1 +1J , show that 2
) X

'”z"‘:‘ m ny {m+n
K+ Ar n+k

~ (iii) A and B have (n+1) and n fair coins respectively and they toss their coins

where m—n<k<m.

simmitancously.
{c) Show that the probability that B gets r heads (r =0,1,2,.., n) is given A

1{n
by — .

()  Hence, find the probability that A will obtain X more heads than B, 2
where 1<k<n+1. '

(7)  Show that the probability that A will obtain more heads than B is % 1 |

End of paper.




STANDARD INTEGRALS
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1 ]

X'de=——x"™ n£-1, x20,fn<0
J nt+l

la’x =Inzx, x>0
J X

(- 1 '
e“dx=—e", a#0
a
1.
cosaxdx=—singx, a#0
a

[ . 1
sinaxdx=——cosax, a#0
a

f 1
sec’ axdy=—tanax, a#0
J a

[ 1
secartanaxdy =-—secax, a#{
a

i 1. =
(ﬁaﬂx=—tan 2, a#0
Ja +x a a

1 X
dx—sm o a>0, —a<x<a

gy = (x+\/x —a ), x>a>0
\/l—drnln(x%—\/x +a’ ’

NO’I‘E: lnx=log, x, x>0
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2008 Trial HSC Mathematics Extension 2:
Solutions— Question 1

&
2
1. (a) Find f sinz cos® z d
0

. .
a2
Solutions I = f —costzdcos,
0 x

- H

5 0
- %(—O -+ 1))

T B

. dd
(b) Find / 1—cosf —sind

Solution: Putt = tan,

dt = Se(jgflﬂ,

2dt
df = —.

14 odi
I=

1-2 2 Y
2 —
(1“)(1 116 1+t2)
24t
15 —1+e—2
dt

I
B —

tHt—1 .
. ( B)
Now if

1 —
tt—1) ¢t t=1
putt =0, A=-1,
t=1 B=1L
1 1 “
= In{t—1)—Int+e, - - :
= ln(tan~1¢ — 1) ~ Intan~t £ 4-c.

(c) Using the technique of integration by parts, evaluate /
1

Solution: w=la o =%
f_. 1 - _1
uw = s dr v= —




Te—4 P Q

(d) (i) Find real constants P and ¢ such that b —3m—9 " ST L

Solution: 72 — 4= Pz —2)+Q(2x +1).
Putx = 2, 10 = 5Q), = ()=
Put ¢ = -, —Ta= —~§2£, =P =

(i) Hence find [ 5 w4

——
22853

3dxn /‘Zd:c

Solution: I = f%_]_ 7 et
In(2z + 1)+ 2In(z — 2) + ¢

3

1

1
(e) Let I,, = /0 :B% dz, where 1 is an integer and n 2 0.

1
1

(i) Show that I, + In..g = PR

Solution: " = g" *(z?+1) —a" 2
t

5 i T1x—~2
. _ b . h
--I'."L'_"/[;a’ G{"L /(; m2+1(i$1
mn—l 1
= — 1:! - qu%
T 1 0
L+, 2= PR

(ii} Evaluate 14

Solution: [y + L = %




CUUESTION 2

Qw) "al-w)
(&) | N ~5 <]
~§ +7¢ -5 ="
- 5~ 7L y
25 + 49
= -5 S0
. Tit Tif
CY T
| 0—4‘3 ('z. —-WB = =
o emfz-col-m
: figw\(z)
1)

=

v

' GV) Ke (z.-wr) >o

Qe‘(9c+i‘&5_+§'-7i) >0
A2 Qe[(xﬁ“) +i_[5—7):] >0 2

NS X4+5 o

7 —

|
i
5~ 0 L
|
]

(i) Using [zl

Jotz=xsy|

=30 —[ZCOD'

ey z2J3+L
(.|) I'z, ‘ = ' r__(ﬁ)t'i” (‘)1- =7 :
|
= I ;
a,mj 2z | |

2 zZ= QCJsIE

G‘*') 2,7 + b=
(2 s 1(1::>7 + by (20'5 %)

T .
1 cis 1T 4 64(1)""‘51’—-;
[

-
-—

e e -

H

28fis L + 5T )
A &

| . LB .L.]
12¢ [*E "y v ta
o

—

4

1}

-+

B

—
-

(C.) (Ma/wj wauls)

.27 +-town)

l
|

ugftle props.
lz,-2.|1 = Cz“zi)éf?ls 3 |
Cz-—z,) Ci-—il)

2Z - Z.EI “zl%' +?Ial .
|z|*- (23, + Z2.)+. 12

d"‘ - (ZZ‘-{-E’Zq\ + 1

i

It

10 —(2Z, +Z=)

I

(“) {z- 2,"‘
lz"'zn_[" !
[z-25\"= Jo -~ (27, 4 22;)

Ado\»ij colomn uise =P

(3

0 - (2%, + 2%
jo - Ca'z",,a, _Ez—.,)

w—
s

usivg ()

3

2o
o]

-—

lz-20 "+ [2-2:( lz- 25
30~ [z(i. £ 7 134 2(2, 4204 23)]

230 ._1[2,_(2. +2a '+z,,):‘; i(o)]

' . Z( |

=30
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lef £PTF=2 | S .
LTAP = % (thﬁ K a Aot e sisz)

CLEPF=x (adh 45, PS[ITR)

In AS EFP & PFT

A i%)"_ N

B S

LEPF= LPTF = 3¢ . L e
'_ ATFP IS Lo e ¥

S AEFPUIS PPT Ce?wmguiw)

-

o‘r PF | - gF o (a_vorr’.__si‘dl;s”{‘a S rcd-i'&) B L o
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FS™ TFxEF (WM v mgi o vt of) T

U UUES=PE
D i 2 c?tf’of .f’f Ps



2008 Trial HSC Mathematics Extension 2;
Solutions— Question 6

6. (a) The flower pot from the home of a Mathematics Teacher is shown below.

It has a circular base and top and is cut from a cone.

The internal radiug is 16 cmn at the base and 26 cm at the top.

The depth of the pot is 40 cm.

The diagram below.shows that any cross-section parallel to the base is a circle.

~——26 cir—>

40cm

“—16 ¢m—

(i) By considering a cross-sectional slice of radius r cm at i cm above the base,

show that

h
7= Z 4+ 16
Solution: 1 k = E,
h ﬁO
—3 Z_
40 h
= 16-f~i.

(i) Hence find the volume of the flower pot.

40 h 2
Solution: V=7 / (16+Z) dh,

T 0 40

= — [ (64+h)*dh,
16 J,

_ow [(64+ AP

- 5[5,

- %(1 124864 — 262 144),
53 020%

3
i.e, The volume is 56 465 cm®.




(b) (i) A wedge is cut from a right circular cylinder of radins r by two planes, one
perpendicular to the axis of the cylinder, while the second makes an angle ¢
with the first and intersects it at the centre of the cylinder, Find the volume

of the wedge.

Solution: Using triangular slices orthogonal to the y-axis—
Area = 1 X /72 —y? X tanay/r? — 32,

2t T
Volume = = / (r* — %) dy,
0 .

2 -
= tana [sz - y_}

3 0’
3

— tanadr® - = b,
3

= %7‘3 tan o

Solution: Using rectangulayr slices orthogonal to the z-axis—
Area = ztana X 24/7% — 22,
T
Volume = 2 ta,no:f aVr? — 2 de.

1]
Put z = rsinu,

dx = rcosudu,
whenz = 0, u=0,
Z=7 U=

kil
z
Volunte = 2tana / reinuy/r2 — r2sin® w.r cos u du,
0 kil

2
= 2r¥tan ¢ f cos® 4 sin u du,
4]

wtan o

= 2ritanc ,

3
= 2rtana {0},
2r¥tan .

x
—cos® u] 2

g

|




(ii) The region under the curve y = &{w — 2)* and between the z-intercepts is
rotated about the y-axis. Find the volume of the solid by the cylindrical

shells method.

Solution:

Areg = 27z X w(m . 2)2'
2

Volume = 27rf (3}'4'—4333+4;1;2) dﬂ?,
2'35 dz37*
=g et
2 2
= 2%{3—h16+%—0}
_ s
ST
(c) Given f(z)=sin~ + )
2
L ] < 1
(i) Prove that f'(z) = +
1 jo| > 1
Solution: Puty = sin~lu, W= 2 -

14z
(14 22).2 — 2.2z

T3 a2 if Jz| > 1,

dy 1 du
du 1—w dx (1 .|_3,2)2 '
2+ 22% — 42
RS2
2 — 22
d (1— . %4_9:2)2
Y 1 2 T
Then T 1 = (1_1_3;2)2,
T (et
2(1 — %)
\/1-1-2:1;24»3:4 Az2, (l-i—a?)
o 2(1-2%)
= =0t )’
T+ 22 if || <1, (note 1+ 2? > 0)

(note 1 —2* < 0)




(i) Discuss the behaviour of the function and its derivative at and around the
point 2 =1

Solution: lim & =1, lim —= = -1,
w1 do a-s1t d

-, there I8 a cusp pointing upwards at (1, sin™'(1)) = (1, T).
Also, as f(x) = —f(—x), the function is odd.

—_—

(iif)

Sketch the curve y = f(z).

Solution:




(%

(2 Qi)) V-Gl

am ]

r=Ryv= 0=>c—~—R— (J
1.2 GM GM
V=
r R

Taking the dlrection toward(hjcentre of the Earth as negative then:

v—HJm—Mj
C(ii)) s

r(R—r)
_1 (R 2)).—R]- ,S;;,,
2: Rr-r* |
i (R-2) R } -
ISR DR

_\/23;_@ J, - J L/}; - J(g)"nle(x--%)z]dr (@
\/2_‘}}?] di = J'L(/i'f:) J(A)Z_R(r_g)’}lr

2

The time taken {o go from the Surface to the centre 1s doubie that of going
from surface to surface,

T [sm (=2 O
/ JMT R[SmII sin” (1)) = R {")

FJ“ ©

e e S




(6-37x10°)
. 2% 667300 x 107" %598 %x10™
~1.788 % 10° seconds
= (- 4966 hours

G=6-67300x10™" m’kg’s?

G =6-6x10" Mm*/kg, M =5-98x10™ kg and R=6-37%10°m

-
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