)

)

N
20

i
|6 TRIAL H5C
EXAMINATION

Student Number;/

KAMBA LA

Mathematics

General Instructions

Reading fime — 5 minutes
Working time — 3 hours

Write using black pen
Board-approved calculators may
be used

A reference sheet is provided at
the back of this paper

I Questions 11-16, show

relevant mathematical reasoning -

andfor calcufations

‘Fotal Marks — 100

Pages 2-3
10 marks )
+  Attempt Questions 1-10
+ Allow about 15 minutes for this section

GHon I Pges 49

90 marks-
* Attempt Questions 11-16

Section I

10 marks

Attempt Questions 1-10

Alow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 What is the value of (9.8 % 107 — (2.3 x 1047

(A) 15x10° B 75x10° (C) 97977 x 10° (Dj 9.7977 x 107
- P R
2 What is the value of Z(ul)kkz?
k=1
(A} -30 B) —10 © 10 ) 30
3 Which of the following quadratic expressions is posifive definite?
B) F+5x+4 (C) ¥+5:+6 @) P+5c+8

(A) P+5c+2

+ Allow about 2 hours 45 minutes for this section ~

4 Which of the f?llowi ng trigonometric expressions is equivalent to tan (§ —x)?

(A) tanx 4B}, cotx (Cy —tanx M) ~cotx
5 What is the range of the function f{x) = v1—x* ¢ . -
(A) 0<y<l ‘@B 0sys1 © -l<y<l M) -1=y<1

6 orand ffare the roots of the equation 2” — 8x + 5 = 0. What is the value of o + 57

@ 5 ® 8 © 54 ®) 64
: s

7 What is the value of _[72 |x_]dx?
@) 0 @4 © 6 ®), 8

e




; 8 What s the amplitude and period of the function f{x) = 2 — sin 2x7
{A) Amplitude = 1,Period=x {B) Amplitude = 1, Period =21

{C) -Amplitude =2, Period = 7 (D) Amplitude = 2, Period = 25

9 Which of the following is an expression for %{e" tan x]7

(A) 26" tanx @) & sec’s ©) 28 +tany) (D) &5 +tan 2

Section IT

90 marks

Attempt Quesfions 11-16

Allow abount 2 hours and 45 minutes for this section’

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions }1-16, your responses should include relevant mathematical reasoning andfor
calculations.

10 '\Vhat is the number of real rootg of the equation x(x -~ 2) log,x =07
| !

@» 0 ®) 1, o2 @3

Question 11 (15 marks) Use the Question 11 Writing Booklet
(2) Bxpand and simplify (3 — 242 . g
{b) Solve the quadratic equation 2x* - 5x—3=0. 2 )

() Differénﬁate each of the following with respect to x.

@ sin(x—m) 1
(i) xlogx o : 2
- (@) Find the e;]uatioﬁ of the tangent to the curve y= ﬁ at the point (2,2) on the curve. 3
(e) Evaluate the integral Jj YT“a’x Give your answer i;l simplest exact form. 3 ‘
)
() "The region bound by the curve y= ﬁf and the x axis betweenx=0andx=1 3

" is rotated about the x-axis to form a solid. Find the volume of the solid of revolution,
(ive your answer in exact form.




Question 12 (15 marks) Use the Question 12 Writing Booklet Question 13 (15 marks) . Use the Question 13 Writing Booklet
(a)- Find _[secx(cosx+sccx) dx . 2 (&) The gradient function of a curve y = f{x) is given by f'(z) = %+ % The curve passes 3
. x
through the point (4,5). Find the equation of the curve,
(b) Show that the curve y = x* — 32% + 6x has a point of inflexion at (1.4). 3

(b) The diagram below shows the parabolas y = 4x-- x* and y = x* — 2. The graphs intersect
at the origin O and the point A. ’
() A parabola has equation 8y =x" — 6x + 1. & P
¥ =x2_
(i) Write the equation in the form (x — ) = da(y — ). 1 y=x"-2x

(if) Find the coordinates of the vertex and the focal length of the parabola. 2

(ifi) Draw a large, neat sketch of the parabola. Give the coordinates of the focus and the 2
equation of the directrix of the parabela on your sketch,

(d) Find the values of x for which the function y = x—»* is decreasing. 2 o X
) = 2
@ The 8th term of an arithmetic progression is 23. The 11th term is four times the 3rd term. 3 : z y=dx-x
Find the first term and the common difference of the arithmetic progression.
(i) Find the coordinates of the point A. 1
(if) Find the arca of the shaded region bound by the two parabolas and the x-axis. 3

{c) A ship §is 280 km west of a lighthouse L. It travels a distance of 130 knion a bearing
of 064° to a position P, as shown in the diagram below.

ey
S,
)
"

280 km
() Caloulate the distance from the lighthouse to the ship's position at P. 2
(if) Find the bearing of P from the lighthouse L. 2
(d) Use Simpson's rule with 5 function values to approximate J;g (log, x)* dx. Give your 4

answer cortect to 2 significant figures.




Question 15 {15 marks) Use the Question 15 Writing Booklet

Question 14 (15 marks) Use the Question 14 Writing Bookiet
(a) Inthe diagram be Disa paral[elogram The equation of side ABis x 2y -3 =0. 2} Find the valus of a3 2c
The equation of si e@@ 2r y 16 0. Vertex D has coordinates (—1,3). (&) Find the value o L' ¢

h y .
: (b} Solve the equation: 2 log,v~ log,{x + 4) =1

(c) A point P moves so that its distance from A(3,0) is twice the distance from B(0,3).

Notto i
. Scale ) - . .
(i) Show that the equation of the locus of Pis x* + 2x+y* - 8y +9=10.
5 (i) Show that this locus is a circle and write down its centre and radius,
X
® Shov.'r that ABCD is 2 recta'ngle 5 (d) () Solve the equation sinx=cosx for 0 <x =< 27,
. T . {il) On the same diagram, sketch the graphs of the curves y=sin xand y = cos x
(ii) Find the coordinates of vertex C. 3! for the domain 0 = x < 2. Clearly show the i intercepts on the coordinate axes.
(h) The population of a colony of laboratory rats is modelled using the equation (i) Find the area of the region bounded by the curves y = sin x and y = cos x in the
PPt domain 0 < x < 271. Give your answer in exact form,
where k is a constant, ¢ is the nme (in weeks) and P, is the initial population of the colony.
(i) A populanon ‘of 20 rats increases to 100 rats after 6 wceks Calcutate the valueof k. 2
Give your answer correct to 4 decimal places,
(ii) How long will it take for the population of the colony to reach 500 rats? 2
(¢} In AABC,AC = BC and ZBCA is aright angle. In ACDE, DC = EC and £ECD is a right
angle. DA and BE intersect at F. CA and BE intersect at X. CF and AD intersect at ¥,
(i) Copy the diagram into your writing booklet.
!
(i) Prove that ABCE = AACD. 3
3.

(i) Show that DA is perpendicular to BE.
7




Question 16 (15 marks} Use the Question 16 Writing Booklet

(a) Inthe diagram below, AABC is a triangle with #ABC =90°. AB = B(' = 6 cm and

L CAB = 72: r;dians. PB is an arc of a circle with centre A and radius AB.

(i) Find the exact area of sector ABP,

(ii) Find the exact aréa of the shaded portion BPC.

X
FCRIE

(b) Determine an expression for the limiting sum of the series &,
e

L

{c) A cylindrical container, closed at both ends, is to be made from thin sheet metal,
The container is to have a radius of  cm and a height of % em. Its volume is 20005z cm®,

(i) Show that the area of sheet metal required to make the container is

40007
[21172 + chi,
() Find the radius required so thit area of sheet metal requiréd to make the container
is minimised. '

(i) Hencefind the minimum area of sheet metal required to make the container.

. 2
{d) - Consider the equation £+g_+_ =2 (witha#0and x# -1).
a x+1
(i) Show thatx*+x(1 - 2a) + a>=0.

(i) Find the greatest integer a for which xis real and rational.

End of paper




2 UNIT MATHEMATICS
2016 TRIAL HSC EXAMINATION

SECTION |

1 (98%10%-(23 x 10% = 97977 000

=9.7977 x 10V

4
2 DD =1 % (7 + [P % 2 + =10 x 3] + (1) x @Y

" =[=lx 1]+l 4]+ [-1 x 9]+ [1 x 18]
=CED+4+(-9)+ 16
=10

An expression is posifive definite when @ > 0 and A< 0.
Each expression takes the form 22 + 5x + £.
- We need;
b —4ac <0
(5)* - 4(D(k) <0
25-4k <2
~4k < -25
k>6%
-» Only the expression 3* + 5x + 8 is posilive definite.

tan {§ —x) =tan (90 —x)
=cofx

For the domain:
1-x*=0
(E+x)(l-x) =0

~l=<x=]
SA)= A1 -(-1p?
=f[-1
=0
RO = 4ll-(0p
=4/i-0
=1
D ==
= Aff~1
=0
2 Ronge: {» 0<y=<1}
6 a+f = —:—?
_ -8
T

i

8

19

£
G’ﬁ ='(—I-
=3
1
=5
o+ B (a7 - 208
=@ ~2(5
=64 -10
=54

The expression f _21 |t| dx represents the area under the graph y = [x[ from
x=-2tox=2.

Amplitude = 1
Period = ?ZE
=g

d .
E[elx tanx] =™ x sec’x + tan x x 26>

= e"(sec’s + 2 tan 1)

=& (1 + tan’x + 2 tan x)
= e (fan’x+ Zian x+ 1)
= &"(tan x + 1)

Make each factor equal 0,
Therefore:

x=0
or:

However, In x is only defined for x> 0.
= x={is not a valid selution.
- There are onty 2 real roots of the equation.

1¢




SECTION I

QUESTION 1+

(&) B-220 =F-2x3x 22 +2A2)
=9-1242 +4x2
= 17— 1242

b)) 2%2-5x-3=0
(2x+ D(x-3)y=0
Therefore:
2x+1=0
2x=-]
-
or:
x-3=0
x=3
-~ Solutionis x=-% or3

(© ® y=sin@x-m
d—ﬁ:ms(x—-n)
() y=xlnx
b :x.l-t-ln.x.l

dx x
=1+Inx

& y=—7.

&
A, 5= o

2. Gradient of tangent to curve at (2,2) =—1
<. Bquation of tangent to curve is:
Y=y =mx -
¥-2=-I(x-2)
y-2m-—x12
r+y—-4=0

! %
R |
= | l+—dx
x
2
= [x+Inx];
=[2+2]-[1+In 1}
=2+In2-1-Inl
=1+1n2

(f) Equation of curve is:

Y2kl

“(2r+D)”

¥y =(2x+ n?

Volume = i [ ; Qx+D 7 de

= a-4@xr)y],
=al-32(1) + )T - al-120) + 1]
=32 + 1)) - A-3(0 + 1]
=al-33y") —al-4(1)"]
:71‘[—-%)( §]-R—% ® i]
=—%+ 5
= % cubic units

QUESTION 12

() _rsecx(cosx +secx)dy = fsecxcosx+sec1x dx

1 cosx

= f % +sec’ x dx
cosx 1

= f 1+sec’x de

=x+lanx+ C

(B) y=x-32406x
dy .
ol 38 -6x+6
2
g% =616
di
For points of inflection, Z = {Fand changes sign on either stde of the point.
6r-6=0
6x=6
x=1
Whenx=1,y=4




(©)

@

(e

d’y
Whenx=09, —5 =-06<0
c d_}z

Whenx = 1.1, %:0.&0
~ Point of inflection at (1,4)

(i) Equation of the parabola is:
By=x*—6x+1
x* —6x =8y -1
A6 +9a8y-149

(x—3P =8y +3
(x-3)" =8(y +1)
(x =3 =42.(y+1)

(i} Vertex is (3,-1)

Focal length is 2 units

(iii)
J
Pocus
B
‘\_./ ¥
Vertex
(3:'“1)
v Ditectiix
y=-3

Focus is -(3,1)
Equation of directiix is y =-3

y=x—-2
dy
E =1 —2’:

. . dy
Curve is decreasing when I5 < 0

1-2x <0

~2x <=1
x=%

<. Curve is decreasing when x> &

We have:
T, =23
a+(B~-d =23
a+ld=23
and:
T, =47
at+(l1-1)d =4dja+(3 -1)d]
a+10d =4[a+2d]
a+10d =4a+8d4
3a-2d=0

Solving simuitaneously:
a+Td=23
{3{1 -2d =0
2a+14d = 46
{21(1 ~14d =0
23a =46
a=2
Substituting:
247d=23
Td=21
d=3

=, The first term of the arithmetic progression is 2 and the common difference is 3.

The sequenceis 2, 5, 8, ...

QUESTION 13

4
@ S=7+
=derdyt
fo =8t c

2
=%+81/;+C

The curve passes through (4,5).
2
—“‘2 +8Jd £ C =5

%6+sx2+0=5

4416+ C =5
20+C =5
C=-15
2
x

= +24x ~ 15

(b) (i) Solving for coordinates of A:
¥ eyt 2y
y=4x-x*

X —2x=dx -3
25 ~6x =0
2x(x-3) =0
x=0andx=3
Whenx=0,y=0
Whenx=3,y=3
. A=(33)




(B () Area= fjx’HZxdx+f: Ax - dx

3 4
= [%:c3 sz] +[2.1c2 —%xs]
2 3

= 1500 - BV] - [5(2) - 201 + [2(4) - $(4P) - [2(3)* - 1(3)"]

=[9-9]-[23 -4]+[32~21L] ~[18-9]
=0—-(¢i)+104-9
=3 square units

& @

130 km

.................................... L
3 280 %an

Using the cosine rule;
PL w1307 +280° ~2 x 130 3 280 x cos26°
=29867.79343
PIL=1728230119
~173 km

-~ The ship is approximately 173 km from the lighthouse.
(i)

Using the sine rule:
130 173
sinZPLS ~ sin26°
173sin ZPLS = 130sin26°

SINZPLS = 130sin26

= 03294118444
LPLY =19.23308874
=19°
.. Bearing of P from L is 289°.

(d) Using Stmpson's rule:

S

0.0000
1.2069
2.5903
3.7866
4.8278

0.0000
48278
5.1806
15.1463
48218

L=l B
R 1D R ke

29.9825 |

Therefore:

flg (Inx)’ dy =L x ki xsum

=4 x2x29.9825
=19.9883
=20

QUESTION 14

@ o

(ii)

ABCD is a parallelogram (given)

AB=DC (opp sides of parallelogram)
AD=BC {opp sides of parallelogram)
Gradient of AB =

Gradient of BC =

Mgy XMlpe =L x -2
=-1
. Al iz perpendicular to BC
ABI DC {opp sides of parallelogram)
7 BC is perpendicular to CD
ADIBC (opp sides of parallelogram)
< CD is perpendicular to AD
. ABCD is a rectangle (all angles are 90°)
Equation of BCis 2x +y-16=0
Gradient of AB = 4
Now CD is paralfel to AB and passes through (~13)
Egquation of CD is:
Y=y =mx-x)
y-3=1{x+)
y-3={x+3
tx-y+21=0
x-2y+7=0




By ©

Now, solving for coordinates of C:
2x+y—-16=0
{ x-2y+7=0
2x+y-16=0
2x -4y +14 =0
5y-30=0
S5y =30
y=6
Substituting:
2x+6-16=0
2x-10<=0
2x=10

x=5
s C=(56)

P =Py
When =90, let P=20.
20 = Py x e
20=F,xe’
By =20
o P=20eM
When =6, P = 100.
100 =204
5 - gﬁi
5 =Ine™
6k =In5
ns
k=%

={0.2682
oo P =200

(i) When P = 500,

500 = 206"
25 - e&?é&t
In25 = Ing™*®

026821 =In25
[n25

0.2682
=12.00£77414

* The population of the colony will reach 500 after approximately 12 weeks.

@

B
D
B c A -

(ii) Letx=/ACE
LBCE=90+x (adjacent angles)
LACD=x+90 {adjacent angles)
o £BCE= L ACD
BC=AC (given)
CE=CD (given)
~ ABCE = AACD (SAS)

(fii) AECD is anisosceles right angled triangle
LCDE=LCED=45° (equal angles opp equal sides)
In AFED:

LFED = /FEY + LYED (adjacent angles)
=/ FEY +45°
= LBEC +45°
LBEC = LFED —45°
and;
LCDE « £.CDY + LFDE (adjacent angles)
45° = LCDY + LFDE
LCDY =45 ~ LFDE
LCDA=45°- LFDE
Now:
£LBEC = LACD {corr angles in cong triangles)
LFED-45° = 45° - LFDE
LFED =90 -/ FDE
LFED+ LTDE <90°
Therefore:
LFED+ LEDF + ADFE = 180° (angle sum of A)
90°+ LDFE - 180°
£DFE =90°

. DA is perpendicular to BE

10




QUESTION 15

(a) J-cl'naeh de = [%e.z_‘]lua

= _é_eﬁ:hlﬂ) 1AM
- _%e[na’ H%eu

— _;_eln9_%
=1(9) -4

=4

)
2log, x ~log,(x+4) =1
log, x* ~log,(x +4) =1
x!
IOg‘L m‘] =1
Using the definition of the logarithm;
1_ %"
x4
2x+4y=x*
2x48=xt
X -2x-§=0
(x =AYz +2) =0
sx=dorx=-2
But log,x is onty defined for x> 0.
& Solution isx =4

(¢} (i) LetP(X,Y)be one position of the variable point,
Now: .
PA=2PB

PA® = (2PBY
PA® = 4PB*
(X3 + (¥ ~0)* =4[(X -0 £ (¥ - 3)7]
X wBX 49+ Y wd[X* 4+ Y7 — 6Y +9]
X 6X49+Y" 24X +4¥* _24Y +30
3X* 46X +3Y ~24Y +27 20
X +2X+ ¥ -8Y +9) =0
X e2X Y-8 +9=0
< The equation of the locus of Pisx®+ 2x + ¥ — 8y + 9= 0.
(it} Completing the square:
F42x 4y’ -8y+9=0
122 +y* -8y =9
22 42x+1+y* -8y +16=-9+1+16
(x+D%+(y-4y =8

.. The locus of P is & circle with centre (-1 4} aud radius 8 unite.

11

@ o

(i)

(i)

sinx =cosx
sinx
CO3X
tany =1
x =45°or225°

=

— & o A%
=4ory

X

Y
Solviug for points of intersection:
¥y =sinx
¥ =cosx
sinx =cosx
sin;
S

cosx
tanx =1

=& gr &Y
x=%or<

Now:
Area = J‘:— sinx. dx - ff cosx dy
= [—cosx]’: - [sinx}if
= [[Hcos%} - [~c05-§]] - [[siu =]- {sin{—,‘-}]
(-1 -] - [t - 141]
-1 -{- 3~ ]

1

1

[
R[]
-t
~htE
= 42
-4
=242 square units

12




QUESTION 16

(@) () Areaofsector ABP= 4770
. =1x6*x%
= 2 square units
(i) Area AABC = Lph
=4x%6x6

= 18 square units
Area ABP =18 - &
= 322 square units

(b} Fimstterm=£
Common ratio =§+k
k1

=N

ek

=

Limiting sum = ——

(¢) (i) The volume of the cylinder is 20007 em?,
Therefore:
m°h = 20005
1 = 2000

2000
he—y

e
Now let § be the surface area of sheet metal required to make the contaitier,
S = 2m® 4 2rh

~2m? 42 ?Oﬂ)

2
r
{22, 7500)
¥
2t s 400?5:4'
-
4000,
-

2wt +

13

@iy §=2m"+ 4000

a = 4ar - 4000m7
dr
¥

iy .
ok 47z 4 80003

2
For minimum area, we need fﬁ_ ={ and -‘—i—f- >0,
dr dr
470 — 400007 =0
4000
4ar - ———=
-

4000
l'z
4m® = 40005
# =1000
r=1I0

4m =

When r=10,
d’s 8600
a0y
wdzs 8000x
L1000
=dgy 8
=1
=0
.~ The minimum area of sheet metal required occurs when the radius ts 10 cm,
(iii) Whenr= 10,

5= 2a(10)° +

=200r+ 400
=000
< The minimum area of sheet metal required is 6007 em?,

4000x

@ ®

e )
a x+l
x(x+1) N ala+?)
alx+1) " alx+1)
x+D+a(a+2)
alx+1)
#a+D+ala+2) =2a(x +1)
Frx+at+2a=2ax+2q
Pix+a’ =2ax
Yex-2ax+at =0
X +(-2a)x+q" =0

14




(ii} For the discriminant,
A=b—dac
= (1 -2a)" ~4(I)a")
=1-4a+4a* - 44
=l-da
For real and rational roots, A= 0 and Ais a perfect square,
Therefore: )
l1-4a=0
—da=-1
. ast .
Since a is an integer and a # 0, we have a = 1, -2, -3, ..
We also need Ato be a perfect square,
Whena=-1,A=1-4(-1)
=144
=35, wlich is not a perfect square,
Whena=-2,A=1-4(-2)
=1+8
=9, which is a perfect square,
.~ The greatest value for g is -2.

15




(i} For the discriminant,
A=b*-dac
={1-2a)" - 4(1)(a”)
=1-4a+4a® -4q*
=1-4a
For real and rational roots, A» 0 and Als a perfect square.
Therefore:
1-4a=0
—daw-1
. asg :
Since a is an integer and a = 0, we have a = -1,-2,-3, ..
We also need Ato be a perfect square.
Whena=~1,A=1-4(-1)
=] +4
== 5, which is not a perfect square.
Whena=-2,A=1-4(-2)
=1+8
=9, which is a perfect square.
.. The greatest value for « js —2.




