Modular Arithmetic

Clock arithmetic and addition

In our counting system, the numbers go onindefinitely: 1,2, 3, 4, ... This set is an infiniiks
one. Howevey, some counting systems are not infinite,

Example 1
If we count around a clockface, the sequence of numbers is 1, 2, 3, 4,
.+« 12. The pattern is repeated after we get to 12, The set s finite,

For example, if we start at 8 on a clockface and add 7, we finish at 3.

in elock
agrithmetic,

Example 2
: Egg timers work in a similar way. Suppose the indicator on the dial is af
3 minutes, In a further 2 minutes it will be at 1. Thus in this system
s3Iy 34+2=1,
5 Assuming this indicator keeps going around, in 5 more minutes it will;
w2 beat2 Thatis, 1+5=2, ' '

_ Thisie an L
- addrtion table :

. A normal analogus clock
> Lsea mod 12 arfthmetic,

Exercise T17A Cloeck arithmefic and addifien
this addition table for a b minute dock. |

1 Copy and complete
T ﬂgﬁ: ®

" Ire mod B, there
are 5 numpers:
O, 2, 3, 4.

2 Use the mod 5 table in question 1 tostmplify the following.,
() 1+4 b)3+3 -y 2+4 B4+2
(&) 1+2+3: ) 3+24+1 (g) 4+4 h)2+2+2
@ 4+3+1) Gy (4+3)+1 BE+2+3 D 3+243)



d

. 3 The diagram shows a 3 minute clock. Use it to make an addition table 7
for mod 3 aritimetic. Then simplify the following, . 0
Aa) 2+1 (by2+2 (b 2+1+2 . - -
(D 1+2+2 (8 2+2+2 M 1+2+2+1 2
g2+1+2+1+2+1
4 Construct addition tables for the following modular arithmetics, and keep them for
future reference,

(a) mod 6 (b) mod 7 (¢} mod 8
5 Use the tubles you have constructed in question 4 to evaluate the following.
@ 5+3(med7y (b) 5 +4 (mod 6} (c) 4+7 (mod 10)
() 3+ 4 (mod 7)° (e) 9+ 8 (mod 11) ) 7+6(mod &)
(2)44+2+3(nod9)y - ME+6+7 @mod 10y (@ 4+4+4+4(modll)
6 If a 5 minute clock statts at 0, what will the indicatof show after:
(a) 11 mimztes? {b) 15 minufes?. . . (&) 23 minutes?
(D 1 hour? (e} 176 minuies? (f) 89 minutes?
7 If a 9 minunte clock staris at 0, what will the hand show after the clock has run for:
{a) 20 minufes? (b) 36 minmutes? (¢) 100 minutes?
(d) 23 minutes? (e) 86 minutes? - (£) 2 hours?

& Suppose the days of the week are placed on a 7 position dial, beginning with

Sunday.

(a) What number corresponds to Wednesday?-

(b} What muinber corresponds to Saturday?

{¢) What day is 34 days after Sunday?

(d) Whai day is 59 days after Tuesday? ’

(e} Anthony planted some tomato seeds on a Thursday, and 32 days later he
transplanted them. If he harvested them 54 days after they were transplanted, on
what day of the week were they harvested?

¢ Cheryl goes to the gymnasium every second day. The Sun

diagram gives a geometric pattern that iltustrates her

program. 7«?\\ Mon

{a) If she trains on Monday, what time will elapsg
before she trains on Monday again? L

{b) How many lines are found in this patiern?

(¢} How many times do you move around the clock
before atriving back at the starting point?

Sat

Fri

Thu Wed

16 Draw a pattern similar to the pattern in question 9 for a person who goes 1o the
gymmnasiurm:
A every day B every third day
" C every fourth day . I} every fifth day
For each pattern, answer the following questions.
(@ If tl‘}e %3(21'5011 traing on Monday, what time will efapse before training on Monday
again
(1) How many lines are fourid i the pattern?
lch How many times do you move around the clock before arriving back at the
starting point? : ) ,



11 State the modulus of the following,
(a) the months of the year - e b)) @ 3 minute egg timer
{¢} the days of the week {d) an analogue clock -

Residues and congruent integers

-
This clock uses mod 6 arithmetic. No matter how many times the pointer
moves around the dial, only the numbers 0, 1, 2, 3, 4, 5 will be indicated.

For example, if we set the dock at 0, after 49 minutes the pointer will
be at 1. That is,

The yemainder is T when
49=6x8 +® we divide 49 by 6.

The remainder is known, as the residue.

Residue
The residue of an integer i mod m is the remainder when # is divided by m.

All integers in mod 6 with the same remainder are said to be congruent in mod 6
arithmetic. For example,

2 19 and 37 both )
- ” have the remainder |
~ whet divided by . )

 =lsthe symizol

* (for s congruent to, 19 = 37 (mod 6) ,

Congruence

The integers x and y are said to be congruent mod m if they have the same residue
mod m. In this case we write x = y (imod m).

Exercise 178 Residves and congruemnd
infegers

1 (a) Write down the residues i mod 5 arithmetic.
(b} Wiite down the residnes in mod 7 avithmetic,

2 Write down the residues mod 5 for the following numbers.

@2 . (oo (¢} 17 @o (e) 11

(fy 83 gy 264 (h) 81 (). 4 ) 3217
3 White the residues of the following in mod 7.

(@34 . b)21 . (c} 88 (d} 94 ()5

& 170 (g) 131 (B 0 W4 i 4316
4 What are the residues of 50 in the following arithmetics?

(@) mod 7 (o) mod5 - (e mod 6 (d) wrod 11

5 Whrite 4 numbers congruent to:
(a) 1 {mod 7) (b} 3 {mod 5)- , (¢} 4 (mod 6)



6 Write true (T} or false (F) for the following statements.

(@ 5=3(med2) . (b) 17 = 2 (m0d 3) (e} 49 =37 (mod, 12)
() 16 = 3 (mod 7) (€ 32=0{mod5) @ 1233=1514 (med 11)
7 Find the smallest value for the pronumeral in each of:

(@) 17 = x (mod 5) by 20 =y (mod 7, () 33 =2 (mod 6)

() 65 = b (mod 3) (@) 47 = a (mod 4) () 101 = ¢ (mod 11)
Notation
The set of residues in mod 5 arithmetic is {0, 1, 2, 3, 4). This set is often referred to
asZs.

Simitarly, in mod 7 the residues are given byZ,={¢, 1, 2, ..., 6. 1

& Write each of the following as a set.

(Zs )Z, - (0} Zs
9 Wiite each of the numbers below as congruent to a4 (mod 5), where # is an element
of Z&- . . )
(a) 46 -{b) 83 {c) 109 I(d) 153 {e) 550
10 Pind the smallest value of m in the following.
{a) 7= 2 (mod m) (h) 7 = 3 {mod m) () 27 =5 (mod m)
E{ "!27 =2{mod m) (e) 81 =0 (mod m) £) }586 = 5 (mmod m)

1i Consider the question 22 + 34 (mod 5).
Approachl: 22+ 34 (mod 5) =2 +4 (mod 5)

=1 (mod 5)
Approach 2: 22 4 34 (mod 5) = 86 (mod 5)
=1 (mod 5)
Use both approaches to answer the following. |
(a) 7 + 12 (mod 5) Wby 14+ 11 (mod 7) (© 20 +19 (mod 7)
(d) 16 + 23 (mod 6) - () 5+4+6 (mod3)’ J) 21+ 23 + 25 fmod 4)
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» Riddlez  When visitors knock on your door,
what is the polite thing to do?
Match the letters with the answers to solve the riddle.
" A 6+ 11 (mod 12) M: 24 + 27 (mod 5)
E 344 +35 (mod 6) N: 22+ 15 (mod 7)
T: The number of elements inZ, -
V: The number of elements inZ,

. 7 I

1<) 0 7 5 1 0 2




: Challeaging problem Operation & i
% The operation © is defined as | ‘
aQb=2-b A
i where g, b are integers. ' i”g
! For example, BOA=2X5~4 3
=104 :

> :

¢ Answer the following. ;
| (@) Find: ;
! 403 N6OS8 @402 :
i (b} I8 6% 5 the same as 5 & 67 1:
F ] _g_::
i csedeiE iR ﬁ!";" I S T o T !.]

Opposites and subtraction
In normal arithmetic, the opposite of the integer 6 is the integer —6; that is, 6 + (-6) =0,
And the opposite of -3 is 3; again, -3+ 3 =0,

The sum of 2
oppnsltaa
is zero,

Another term
_ foropposite is
, additive inverge.

Opposites exist in modular arithmetic also. For example, 3 + 2 =0 (nod 5). Thus 3 is the
opposite of 2, and 2 is the opposite of 3, in mod 5.

Subiraction is an operation where we ‘add the opposite’, .
Examples -

L 3-4=3+1(mod 5 21-5=1+2{mod7)
=4 (mod b) , =3 (mod 7)

_ The oppostte of 5 |
v 1821 med7.

The oppostie of 4
i3 1 It tmod &,

Exevrcise 17C€ Opposites and sublrasifion
1 White down the opposites of the following in mod 3.
(a) 1 (b) 2 fe} O

2 Whrite down the followin g in fg
(a) -3 {b) —4 () ~1 {d) -2



- Riddle Who gets the sack every time he
- goes to work?

' Evaluate the following, then match the letters with the
. answeis 1o solve the riddle:

8 14 (mod 7) H: 34 -2 {mod 11)
- M5 -6 (mod 7) O 3+ 345 {mod 6)
o B =3 (mod 5) Pr =36 {mod 13)

. A: The opposite of 2 inZ,,
. Ty The apposite of 3in &y
N: The additive inverse of 6 inZ,

3 What numbers inZgare represented by:

{a) —6? (b} ~37 {c} =7¢ (d) 27
{e) —17 {f] -97 fg} —277 (h) ~162
4 Simplify,
(a) 2 — 3 (nmod 73 b} 2 ~ 4 (mod 53
(e} 4 -1 (mod 5) {d) 9 2 {mod 10}
(e} (% — 5) (rmed 10) @ 2+ 1~ 4 (mod 5)
g 3 — 23 (mod 4) g1 —4~3 (mod 5)
(@ 1 — (2= 4) (mod 5) B 4-7 - (mod 11)
5 In mod 4, stmplify the following,
@) 1432 (b)3=2-3
d1-{2~1) (d}2=(1-2)
e {1~2)+{2~3) & (1-2)—{2-3)
6 In what modular arithmetics would the following be trize?
(@) 1~3=2 (by1—3=5
€} 5-~7=8 (d)d-5=0
(e} 2 ~7F=3 £y 6—9=10
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Multiplication in modular arithmetic
Example 1

Zs Consider the multiplication table in mod 5
. Each entry belongs to 7, For example,
3x4=12=2 (mod 5)
and  4x2=8=23 (mod 5)

_&g M tJ;".“}:." -g Eo

RRT IS W P

1 -
gl
...:‘ .' . VH-?.;“.

HE
]

Brerelse 17D Mulilplication
1 Use the multiplication table inZsabove to evatuate the following,

(a) 3x4)x2 (by4x0 {) 2x2x2
() (2x3)x4 (e} 4 x4 n =

(g 2° (B} 1x2x3x0 L

B Zx3)+ (@ x4 (k) 2 = (3 x 4} 0 2743

2 Make nwultiplication tables for mod 2, mod 4, mod 6, wwd 7, med 8, wod 9, med 10 and
weod 12 arithmetics, and keep them for fimther reference,

5 Compute it med 4.

{a) 2 x3 (b} 2x3x2 (@ 2t
(@ 31 +2 (@} 3xn2+1x2 H 3
{g) 3 x 0 (h) 2% 4 32 )
4 Sionplify in 7, '
{a) 5x2 (b} 3 x2 x4 {c) B*
(d) 2° (e} 37 -4 (H 22 -4
(g ~4 x5 ' {a} 3* (i) 3%+ 42
G 22 3 () ~1 x 3 x 4 @) (-4
(m) {2 -3)3 -4 (m) 3(2 ~ 4) (o) 4
Example 2 -
Bvaluate (3 x 73 (mod B). A N
Solution: (3% 7F =35 (mod 6) S 7= 8 (inod 6)
= 3 (mod 6) .
5 Study Bxample 2, then evahuate, et
(a) {2 % 3Y (s0d 5) {B) (2 x 3)° (mod 43 &) Bx6 (mod 7)
(@) 7 x 8 (mod 10) (€} (4 x 57 (mod 10) (@ (3% 7 (mod 10)
{g) 3+ 422 {mod 8) (h} 5 - 3* + 42 (mod 6) (i 10° farod 9)
Y 10 (mod 12}
6 Eveluate x* if:
{2} x = 2 (mod 5) (b} x = 3 (mod 5} (¢} x =7 (mod 8)
(d} x =9 (mod 12) (e} x =3 (mod 7) (& x =8 (mod 10}
7 Evaluate x*+ 3x + 2 if:
(a} x =2 (mmod 5) (b} x =3 (mod 7) () x =5 (inod )

{d} x = 7 (mod 9) () x =7 {mod 18) ) x =79 {mod {2)



Example 3
Evaluate 17 %X 29 = g {(mod 7), where a is in 7
Approach 1: 17 % 29 = 493 (mod 7)

| thilgk aiﬁ]?maah 2
(s easier!

=3 {mod 7}
Approach 20 17 x29=3 x T {mod 7}
&3 {mod 7)
8 Study Example 3, then evaluate the fellowing where 7 is in Z;
{a) 9x 1l =g (mod 7) (bY 13 % 15 =g (mod 7) {0) 28 16=a(md7)
{d) 36 x 50 = ¢ (mod 7} (e} 5x 8x =g (nod 7) (f) 22 =a {mod 7}
9 Simplify the following in moed 5.
{a) 24 % 27 (b} 31 x 32 % 33 fe) 104 x 216
{d) 16* fe) 101 x 203 £y &1

Example 4

Consider this example in rod 5
1x1l=1{modB) and 4x4=1 (mod5}

We can conclude that the square roof of 1 in

mod 5 15 either 1 or 4.

The srjuars root of P
numyer x s The number
that whet multiplled by

10 {a) By considering the mwit'r%l;;atiun table in mod 5, find the square root(s) of 4,
(b} Does every element of Tshave a square rool? If not, which ones do?

11 Corsider Z;
{@) Indicate which numbers have a square root or roots, end write them down.
{b) Which numbers do not have a square root?

12 Investigate square 10015 By Feand Zx. Write down your conclusions.

. Chalienging problem Remainders
o {a) Find the remaimder when 7 is divided by 100,

{b} Hence or otherwise, find the remainder when 7%
is divided by 100.

. Riddie How can you build a
. sandcastie in 10 seconds?

" Fvaluate the following, then maich the letters
with the answers o solve the riddle.

mEsatiz

& N 4 {mmod 9) D 3% 7 (mod 11) :
H K 5% 4(mod7) A: 3%8 (mod 10)
= B 2% 3x5 (mod 7) E BEx3(mod 12) i
5 R 2%{med 9) U: 7 %5 (mod 10} ;
o G623 (mod 9) x 5x2 {mwod 9)

NS I N S A

5 2 8 1 5 3 0 & 2z 4 7 1o

L
X 2 8y ok
gttt | R
' v
p i
{ "
J A



* Chalienging problem Is it true?
o We can show that:
P2 {imod 3} P=2(mod5) 27=2 (nod 7)

F=B{modB) ¥=3(mod7) £=4 (mod5)
, fa) Isit true in general that
: ¥ = (mod m)
forzinZ,,?
{b} For what values of m does the result hold?

ERAE R ML b L L St R

Reciprocals and division
* 115'2 njeunbéi*é h@:@ a ggrbduc‘é f}iﬁl—,““
. then they are said to be reciprocals

" of each other. T

A veciprocal 15
alen known 85 2
mulipileative

verse,

I we look at the muldplication table for mod 5 arithmetic,
we pbgerve thaty

ZX3=7

4 x4 =1

I1xT=1

Sx2=1

The riumsbers 4 and 1 & T
ave reclprocale of _J*=
themesives.

Thug 2 and B
are reclprocale,

Consider multipEeation in mpd 4.
1xl=1 } # 1and 3 have

end 3x3=1 | reciprocals

We can conclude that i mod 4 the nuniber 2 does not

have a reciprocal,

,_"‘" i --.‘{-_’Hitf_-.’,. ;-"::.Z, . " '-‘::- H . '. ) 'J:." "_"." % :; . .".:..41.., ' " e g -. ’ s
i s piriing, thgn i giod . p arithmetic every Jipn-zerg number has a_ LIl
1 P ) .

As in the case of real nuambers, division is regarded as the inverse of multiplication.
That is, when “dividing’ we ‘multiply by the reciprocal’.

Examples

1 4+3=4x2(mod5)
=3 (mod 5}

2 1+4=1x2 (mod 7)
=2 [mmod 7)

' 4 and 2 are
reciprocals in mod 7,
e dx 2= mod 7.




Exercise 17E Redprecals amd division
1 (a) Do all non-zere numbers in mod 3 arithmesic have reciprocals?

(b) Wiite down the reclprocals of each number
2 Which numbers have reciprocals tn mod 77 List ther.

3 (a) Which numbers have reciprocals in mod 67
(b} Which do not have reciprocals?

4 Bsealuate in mod 7.
{fal 3+2
(d)5+2

() 6+5

@ 3+6+4

% Bwaloate in mod 5.
fa) 12
(d} {2 +3) x4

(@ 4+2+5
& Bvaluate & pod 11
{ay 4+3
{dy 10+ 7
43
® 57

b)2+3 ¢} 1+2

&) 2+6 (£} 4+3
Ix2
(h)4+2 0 T
() 2-3)+2 M Gx2+6
(b)3+2 () 4+3
. 2+3
(e) (1+ 3% {£) 51
W3~1+2 () 4+3x2
(b)2+9 {c} 56
(e} 6+5 (® 7+10
my 253

Fx7

Ly i
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23+ +3 43 L+ (mod 7).

B
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lem Mod primes

1 Show that 1+ 3+ 5+ 7+9 =0 {mod 5),

2 Pind 24+ 648 10+ 12 + 14 (meod 7

3 (Harder) Find 1+ 4 4 7 + ... {22 terms) {mod 5).
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selving equations

The normal rules apply when
Examples
T3x =4 (tmod 5}

x=d+3  (mod5)
=42 (mod 5)
=5 {#rod 5)

solving equations in modular arithmetic.

Divide boihk sides by 3,



2a~3=4 {mod 5)
a=4+3  {mod5) Add 3 to both sides.
=2 {mod 5}
3 Zat+6=1 {mod 7)
20=1-6 (mod7) Take é from both sides.
=1+1 (med7)  Add the opposite.
=3 (ol 7
g=1 (mod 73 Divide both sides by 2.

Exsralse TTF Solving equations

1 Solre the following in med 5.

fa) 2x=1 bixr+4d=3
Dx—-4d=1 (e} Sa=1
gy l—~c=4 (h) 4z =3 .
2 Solwe the following in mod 7, ¢
(@) 3o =2 (b) 7 =3
(dr5+y=0 e} c+6=4
(g) Br=4 ) =1
3 Solve in the modulus indicated.
fa) x4+ 3= 1 (mod 6) (b} 20 — 8= 7 (mod %)
(d) 5-2c=1 (mod 6} {e} 32 — 2 =4 (mod 5}
(5] Bx + 6= 7 (mod 11) (hY3x+1=x+6 (mod 7)
) sir-D=20m0d5) 0 3F =4mod5)

- left hand and 8 apples in your right hand?

. Solve the following sequations in mod 11, then mateh the
letters with the answers 6 solve the riddle,

H: dv -5=7 B r+x=1

D xh7=3 A §=4_
I 3—¢g=10 B =7
=7

G 2x+5=3 N: 5

T

2. 4 W 3 9 B8 7 g

B: Ay
Bd
|

(@ a+6=3
® r-6=3

{c} 5—d =23 (mod 7
() 2x+5=Z (mod 7)
i} 2x+1=3-2x (mod 5)

(I} 3xr—5=6+x {mod 7)

R BB A TR e B T T B i, T

- Riddie What do you have if you are holding 7 granges in vour

T W LT s

IR

BIMET g rerpr

TR T

et s S g

[ e e



Answers

Exersise 1FA

2@0 B1 (@1 @1 @1 ©1 @5 Wi 03
Mme 83 M3
3 mod 3

@0 M1 @2 @2
@0 @0 (@0

fra fowermar 1

o lwirefa oo ls

B

0

L,
12
=

4

5

+
-

51 B3 @1 @0 @6 5 @0 e G5 @1 B0 s e @1 B
T2 M0 (1 (@5 (5 05 pld3 BIX, () Sabrday (D) Priday  {e) Saturday

a2 weeks B Flines ) 2linws

{a) A7 davs, B 3 weeks,

C dvweecks, D 5 weeks

() AY 7 lines  doh ATt

B 5 timas, & 4 thmes, D 5 Hioes
11 () miod 12 (B mod 3
{clinod 7 ) apod 12

Cedsgnd 6 () poed 24

if Sun

o Mlon

e

Ewercize 178 .

1@ 1,254 B L245456 201 B0 (a2 o eyl B3 (s W1 G4 P2

315 M0 D4 B3 @UbE2 @5 W @4 G4 L1 B0 2 e

5{a) 8, 15, 22,20 ®)5 151823 (10.162228 ¢@T (BT T F (@F BT

?{ﬁ} 2 by 5 (E} 3 {d} 2 {E@E {2 8da {Dal‘ 1;2,} ﬂ-’} {D.r 1, 213% {ﬁ:‘ {[:}.r 1,23 é.r B, 5‘:?18}
n{apdb=1 {mod 8] (BIB3=3(madB) o) 108 = 4 (mod B) (D) 153=3 (mad 5) (e) 550 =10 (urod 5

16(2)5 OAI {2 (5 @3 (7 (1@ 40mwd5) O 4imed ) {4 (med7) (D3 (nod 6)

(e) O (e 33 (0 1 {micd £)

Challesging problem Operation @ (@ @5 )4 {10 (b No



Enxersise T¥E .
12 MI D0 242 1 e D3 3@2 ME &1 W6 @7 67 s o

4 {a) 6 (fued Ty ()3 [mod ) {ch B (mnd By () ¥ foood 107 (e} 8 fonod 10} {0 4 (mpd 55 (2D 2 (nod 4)
M0 Gned 6) @B (mod 5 A0 Imed 1) B@2 BF2 @0 (D3 (@2 B0 6% sedd BYmad?
I mod 10 (hmsd 7 (hmod B () mod 3

Bwerslse 178
@4 B0 @3 D4 @1 B4 @3 M0 4 §3 WMo M3

z mod 3 mod 4 mmi &

2 (Bp0 (G0 @i @0 ©1 @0 Wi H9 sdlds BI0 @1 D2 @5 H14 (24
W3 M1 @1 &Ko Bd mrl 2 o) 5@ 1{madd by imedd) (@ 2(med 7y (@) & (med 100
@0 (mod 10} (£ fpood 1Y (b3 (uod B) (W) 20ued 6) D 1fmod2) D 4(mod L 60(x) 4 mod 5)

(b d o 5y (A (mod 8) (D)9 (rmod BE) (2) Z{mind 7) 0D 4 (wod 10) 7 (3 2 (omed BY (b} 6 (mnd F)
fei2mod 8 (D0 (mod® (@) 2 fmpd 10) (12 {mef 12} Biladl )4 (0 (D1 (@6 @Ol 283
WY1 (4 (@1 I8 01 WE2ord BENo G Ldds 11 {nﬁ 012 4 {b}.‘é‘ 5, &

12 J and Jiz 8, 1 have squars reoi(s).

Jix 8, 1 4 7 hurva squeae ook

Challenging protdem Bemaindeny (1)1 (1) 43

Challenging problam Is it broe? () No  {b) Whenw i & prime

Emeorsise 17FE :
2l Yes (b} The reclprocal of 1z tself, The reclproes] of 2 is jteelf, 34, 2,3, 4 5.6 36 1,5 (b30,2,5 4

44al5 bI2 M4 (@& [@F e @4 W2 WL G5 3 M4 Bind B @5 @1
4 @2 @3 M0 DL 65 @I Q10 M3 &I Hd P55 Mt @)1
Challenging problem Mod prime 1 1+3+5+47+8=25=00mod 8} 20 (md?) 38{mod 5 40 {mod 7)

Bxerslse 17F

ifr=3 (Mr=4 Ba=1 da=0 (la=2 Hy=1 {ghr=2 Wxr=2 2{da=3 Blr=5 (WDa=4
y=2 @c=5 By=2 (Px=5 Wx=L6 1@ r=Lmds] a=5{md?) Od=20md7)
{Dre=2(md &) He=2{modl) Oz=20med7) @ar=ned k) (Blx=06(mod?} (#x=4{mod 5)

GrxeCimed ) @ya=1imods) Dax=20mdF



